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4. q-âéîïíéáìøîùå ëïüææéãéåîôù.

q-ÆÁËÔÏÒÉÁÌÏÍ ÞÉÓÌÁ n ÎÁÚÙ×ÁÅÔÓÑ ×ÙÒÁÖÅÎÉÅ (q)n = (1− q)(1− q2) : : : (1− qn). q-ÂÉÎÏÍÉÁÌØÎÙÍ ËÏÜÆÆÉ-
ÃÉÅÎÔÏÍ ÎÁÚÙ×ÁÅÔÓÑ ×ÙÒÁÖÅÎÉÅ Ckn(q) def= qk(k+1)=2 (q)n

(q)k(q)n−k = qk(k+1)=2(1−qn−k+1):::(1−qn)
(1−q):::(1−qk) .

úÁÄÁÞÁ 1. äÏËÁÖÉÔÅ, ÞÔÏ limq→0(q)n=(1− q)n = n! É Ckn(1) = Ckn (ÓÐÒÁ×Á | ÏÂÙÞÎÙÊ ÂÉÎÏÍÉÁÌØÎÙÊ ËÏÜÆ-
ÆÉÃÉÅÎÔ).
úÁÄÁÞÁ 2. Á) ÷ÙÞÉÓÌÉÔÅ C0

n(q) É Cnn (q). Â) äÏËÁÖÉÔÅ \q-ÔÏÖÄÅÓÔ×Ï ðÁÓËÁÌÑ" Ckn(q) = Ck−1
n−1(q)+qn−1Ckn−1(q).

×) äÏËÁÖÉÔÅ, ÞÔÏ Ckn(q) |ÍÎÏÇÏÞÌÅÎ ÏÔ q ÓÔÅÐÅÎÉ k(n+ 1).
úÁÄÁÞÁ 3. äÏËÁÖÉÔÅ ÆÏÒÍÕÌÕ \q-ÂÉÎÏÍÁ îØÀÔÏÎÁ" (1 + qx)(1 + q2x) : : : (1 + qnx) = ∑n

k=0 Ckn(q)xk.
äÌÑ ÐÒÏÉÚ×ÏÌØÎÏÇÏ ËÏÎÅÞÎÏÇÏ ÍÎÏÖÅÓÔ×Á M ÎÁÔÕÒÁÌØÎÙÈ ÞÉÓÅÌ ÎÁÚÏ×ÅÍ ÅÇÏ ×ÅÓÏÍ ÞÉÓÌÏ qs, ÇÄÅ s | ÓÕÍÍÁ

ÞÉÓÅÌ, ×ÈÏÄÑÝÉÈ × M .
úÁÄÁÞÁ 4. Á) äÏËÁÖÉÔÅ, ÞÔÏ ÓÕÍÍÁ ×ÅÓÏ× ×ÓÅÈ ÍÎÏÖÅÓÔ×, ÓÏÓÔÏÑÝÉÈ ÉÚ k ÞÉÓÅÌ ÏÔ 1 ÄÏ n, ÒÁ×ÎÁ Ckn(q).
Â) ðÕÓÔØ Fk | ÓÕÍÍÁ ×ÅÓÏ× ×ÓÅÈ ÐÏÄÍÎÏÖÅÓÔ×, ÓÏÓÔÏÑÝÉÈ ÉÚ k ÞÉÓÅÌ (ÂÅÚ ÏÇÒÁÎÉÞÅÎÉÊ). äÏËÁÖÉÔÅ, ÞÔÏ
Fk(q) = Fk−1(q)=(1 − qk) É, ÓÌÅÄÏ×ÁÔÅÌØÎÏ, Fk(q) = 1

(1−q)(1−q2):::(1−qk) . ×) ÷Ù×ÅÄÉÔÅ ÒÁ×ÅÎÓÔ×Ï ÐÕÎËÔÁ 4Â
ÐÏ-ÄÒÕÇÏÍÕ | ÐÅÒÅÈÏÄÑ × ÒÁ×ÅÎÓÔ×Å ÐÕÎËÔÁ 4Á Ë ÐÒÅÄÅÌÕ ÐÒÉ n→∞.
úÁÄÁÞÁ 5. Á) äÏËÁÖÉÔÅ, ÉÓÐÏÌØÚÕÑ ÒÅÚÕÌØÔÁÔ ÚÁÄÁÞÉ 3 ÉÌÉ Ñ×ÎÕÀ ÆÏÒÍÕÌÕ, ÔÏÖÄÅÓÔ×Ï Ckn(q) = qk(k+1)Ckn(1=q).
Â) ÷Ù×ÅÄÉÔÅ ÏÔÓÀÄÁ, ÞÔÏ ËÏÜÆÆÉÃÉÅÎÔÙ ÍÎÏÇÏÞÌÅÎÁ Ckn(q) ÓÉÍÍÅÔÒÉÞÎÙ ÏÔÎÏÓÉÔÅÌØÎÏ ÓÅÒÅÄÉÎÙ.
úÁÄÁÞÁ 6. Á) îÁÊÄÉÔÅ ÆÏÒÍÕÌÕ, ÏÂÏÂÝÁÀÝÕÀ ÒÁ×ÅÎÓÔ×Ï Ckn = Cn−kn . Â) ðÏÄÓÔÁ×ØÔÅ ÜÔÕ ÆÏÒÍÕÌÕ × q-
ÔÏÖÄÅÓÔ×Ï ðÁÓËÁÌÑ.
úÁÄÁÞÁ 7. Á) äÏËÁÖÉÔÅ, ÞÔÏ × n-ÍÅÒÎÏÍ ÐÒÏÓÔÒÁÎÓÔ×Å ÎÁÄ ËÏÎÅÞÎÙÍ ÐÏÌÅÍ Fq ËÏÌÉÞÅÓÔ×Ï ÐÒÑÍÙÈ, ÐÒÏ-
ÈÏÄÑÝÉÈ ÞÅÒÅÚ ÎÁÞÁÌÏ ËÏÏÒÄÉÎÁÔ, ÒÁ×ÎÏ C1

n(q) = q + q2 + · · · + qn. Â) ÷ÙÞÉÓÌÉÔÅ × ÔÏÍ ÖÅ ÐÒÏÓÔÒÁÎÓÔ×Å
ËÏÌÉÞÅÓÔ×Ï ÐÌÏÓËÏÓÔÅÊ, ÐÒÏÈÏÄÑÝÉÈ ÞÅÒÅÚ ÎÁÞÁÌÏ ËÏÏÒÄÉÎÁÔ. ×) äÏËÁÖÉÔÅ, ÞÔÏ × ÜÔÏÍ ÐÒÏÓÔÒÁÎÓÔ×Å ËÏÌÉ-
ÞÅÓÔ×Ï k-ÍÅÒÎÙÈ ÐÏÄÐÒÏÓÔÒÁÎÓÔ×, ÐÒÏÈÏÄÑÝÉÈ ÞÅÒÅÚ ÎÁÞÁÌÏ ËÏÏÒÄÉÎÁÔ, ÒÁ×ÎÏ Ckn(q).
úÁÄÁÞÁ 8. ðÕÓÔØ x, y | Ä×Å ÐÅÒÅÍÅÎÎÙÅ, Ó×ÑÚÁÎÎÙÅ ÓÏÏÔÎÏÛÅÎÉÅÍ xy = qyx. äÏËÁÖÉÔÅ ÒÁ×ÅÎÓÔ×Ï (x+y)n =∑n
k=0 q−k(k+1)=2Ckn(q)xkyn−k.
òÁÓÓÍÏÔÒÉÍ ÂÅÓËÏÎÅÞÎÙÅ ÍÎÏÖÅÓÔ×Á M ÃÅÌÙÈ ÞÉÓÅÌ, ÏÂÌÁÄÁÀÝÉÅ ÓÌÅÄÕÀÝÉÍ Ó×ÏÊÓÔ×ÏÍ (\ÓÕÝÅÓÔ×Ï×ÁÎÉÅ

È×ÏÓÔÁ"): ÓÕÝÅÓÔ×ÕÅÔ N ÔÁËÏÅ, ÞÔÏ ÍÎÏÖÅÓÔ×Ï M ÓÏÄÅÒÖÉÔ ×ÓÅ ÞÉÓÌÁ s ≤ −N É ÎÅ ÂÏÌÅÅ ÞÅÍ ËÏÎÅÞÎÏÅ ÞÉÓÌÏ
ÞÉÓÅÌ s > −N . îÁÚÏ×ÅÍ ÚÁÒÑÄÏÍ ÍÎÏÖÅÓÔ×Á ÞÉÓÌÏ Z(M), ÒÁ×ÎÏÅ ËÏÌÉÞÅÓÔ×Õ ÐÏÌÏÖÉÔÅÌØÎÙÈ ÞÉÓÅÌ × M ÍÉÎÕÓ
ËÏÌÉÞÅÓÔ×Ï ÎÅÐÏÌÏÖÉÔÅÌØÎÙÈ ÞÉÓÅÌ, ËÏÔÏÒÙÅ × M ÎÅ ×ÈÏÄÑÔ. üÎÅÒÇÉÅÊ ÍÎÏÖÅÓÔ×Á M ÎÁÚÏ×ÅÍ ÞÉÓÌÏ E(M),
ÒÁ×ÎÏÅ ÓÕÍÍÅ ÐÏÌÏÖÉÔÅÌØÎÙÈ ÞÉÓÅÌ, ×ÈÏÄÑÝÉÈ × M , ÍÉÎÕÓ ÓÕÍÍÁ ÎÅÐÏÌÏÖÉÔÅÌØÎÙÈ ÞÉÓÅÌ, × M ÎÅ ×ÈÏÄÑÝÉÈ.
ïÞÅ×ÉÄÎÏ, ÚÁÒÑÄ É ÜÎÅÒÇÉÑ ËÏÎÅÞÎÙ, ÐÒÉÞÅÍ ÜÎÅÒÇÉÑ ×ÓÅÇÄÁ ÎÅÏÔÒÉÃÁÔÅÌØÎÁ.
úÁÄÁÞÁ 9. Á) ðÕÓÔØ F+(t; q) = ∑

M tZ(M)qE(M), ÇÄÅ ÓÕÍÍÁ ÂÅÒÅÔÓÑ ÐÏ ×ÓÅÍ ÍÎÏÖÅÓÔ×ÁÍ M , ÓÏÄÅÒÖÁÝÉÍ
×ÓÅ ÎÅÐÏÌÏÖÉÔÅÌØÎÙÅ ÞÉÓÌÁ. äÏËÁÖÉÔÅ, ÞÔÏ F+(t; q) = ∏∞

n=0(1 + tqm). Â) ðÕÓÔØ F−(t; q) = ∑
M tZ(M)qE(M),

ÇÄÅ ÓÕÍÍÁ ÂÅÒÅÔÓÑ ÐÏ ×ÓÅÍ ÍÎÏÖÅÓÔ×ÁÍ M , ÎÅ ÓÏÄÅÒÖÁÝÉÍ ÐÏÌÏÖÉÔÅÌØÎÙÈ ÞÉÓÅÌ. äÏËÁÖÉÔÅ, ÞÔÏ F−(t; q) =∏∞
n=1(1 + qm=t). ×) ðÕÓÔØ F (t; q) = ∑

M tZ(M)qE(M), ÇÄÅ ÓÕÍÍÁ ÂÅÒÅÔÓÑ ÐÏ ×ÓÅÍ ÍÎÏÖÅÓÔ×ÁÍ M (ÕÄÏ×ÌÅÔ×Ï-
ÒÑÀÝÉÍ ÕÓÌÏ×ÉÀ \ÓÕÝÅÓÔ×Ï×ÁÎÉÑ È×ÏÓÔÁ"). äÏËÁÖÉÔÅ, ÞÔÏ F (t; q) = F+(t; q)F−(t; q).

úÁÄÁÞÁ 10. Á) ÷Ù×ÅÄÉÔÅ ÉÚ ÒÅÚÕÌØÔÁÔÁ ÚÁÄÁÞÉ 4 ÆÏÒÍÕÌÕ F+(t; q) = ∑∞
k=0

tkqk(k+1)=2

(1−q):::(1−qk) , ÇÄÅ ÆÕÎËÃÉÑ F+(t; q)
ÏÐÒÅÄÅÌÅÎÁ × ÚÁÄÁÞÅ 9Á. Â) ðÕÓÔØ F (N)

+ (t; q) = ∑
M tZ(M)qE(M), ÇÄÅ ÓÕÍÍÁ ÂÅÒÅÔÓÑ ÐÏ ×ÓÅÍ ÍÎÏÖÅÓÔ×ÁÍ M ,

ÓÏÄÅÒÖÁÝÉÍ ×ÓÅ ÞÉÓÌÁ s ≤ −N (ÔÁË ÞÔÏ ÐÏ ÏÐÒÅÄÅÌÅÎÉÀ F+(t; q) = F (0)
+ (t; q)). äÏËÁÖÉÔÅ, ÞÔÏ F (N)

+ (t; q) =∑∞
k=−N

tkqk(k+1)=2

(1−q):::(1−qk+N ) . ×) ðÅÒÅÈÏÄÑ Ë ÐÒÅÄÅÌÕ × ÒÁ×ÅÎÓÔ×Å ÐÕÎËÔÁ 10Â, ÄÏËÁÖÉÔÅ ÒÁ×ÅÎÓÔ×Ï
F (t; q) = 1

(1−q)(1−q2):::
∑∞
k=−∞ tkqk(k+1)=2, ÇÄÅ ÆÕÎËÃÉÑ F (t; q) ÏÐÒÅÄÅÌÅÎÁ × ÚÁÄÁÞÅ 9×.

éÚ ÒÅÚÕÌØÔÁÔÏ× ÚÁÄÁÞ 9 É 10 ×ÙÔÅËÁÅÔ ÒÁ×ÅÎÓÔ×Ï ∑∞
k=−∞ tkqk(k+1)=2 = (1+t) ∏∞

m=1(1−qm)(1+tqm)(1+qm=t),
ÎÁÚÙ×ÁÅÍÏÅ ÔÏÖÄÅÓÔ×ÏÍ çÁÕÓÓÁ.
úÁÄÁÞÁ 11. Á) ÷Ù×ÅÄÉÔÅ ÉÚ ÔÏÖÄÅÓÔ×Á çÁÕÓÓÁ ÔÏÖÄÅÓÔ×Ï üÊÌÅÒÁ (1−q)(1−q2)(1−q3) · · · = ∑∞

k=−∞(−1)kq(3k2+k)=2.
Â) ÷Ù×ÅÄÉÔÅ ÉÚ ÔÏÖÄÅÓÔ×Á çÁÕÓÓÁ ÔÏÖÄÅÓÔ×Ï (1− q)3(1− q2)3(1− q3)3 · · · = ∑∞

k=0(−1)k(2k + 1)qk(k+1)=2.

1


