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81. MHOX€ecTBa U 0OTOOpaAXKEHU.

1.1. CumBoandeckue COKpalrneHusAd. B sTux 3amnckax Mol NHOI'Ja 3aMEHsACM CTaHIapPTHBIE CJIOBEC-
HBIC O60pOTbI CJIefyIomuMy CUMBOJNTYIECKNMU COKPAIICHUAMMT:

N, Z, Q, R u C — MHOXKeCTBA HAMYPAALHBIT, UCAVIL, PAUUOHAADHBIT, DCTCMEUMEALHDIT T KOMNAEKC-
HHIL GUCEJ COOTBETCTBEHHO.

= U <= — «BICYET M (DPABHOCWILHOY; Hanpumep, k € Z = k(k + 1)/2 € Z; wm: x — 4éTHO <—
x =2k, rne k € Z.

V — «uiis soboroy; Hanpumep: VEEZ k(k+1)/2 € Z.
3 — «cymecTByeTy; HampuMmep: T € Z 4étHo <= 3 k € 7, Takon uTo & = 2k .
: — «TAKOU YUTO»; HAIpUMED: & € Z uétuo < Ik € Z : x = 2k.

{zeX|...}wm{zecX: ...} — MHOKeCTBO BCex £ € X, 1l KOTOPBIX BBIIOJIHSETCS CBOUCTBO
«...»; Hanpumep, Gopmyaa {x € Z| Ik € Z : 2k = x} 3a1a8T MHOXKECTBO YETHBIX HCE .

{ ...} — MHOXeCTBO 4ero-To, 9YTO ONUCHIBAETCS TEKCTOM « ... »; HanpuMep: {4ETHbIE qucaa} .

1.2. MHOoXkecTBa. B Kypce aare6psr MBI He 6y 1eM 3aHIMATHCA OCHOBAHIAMI TEOPUH MHOXKECTB' , mo-

JarasChb Ha MOYEPIHYTHIC U3 IMKOJIBI THTYUTUBHBIC NIPDEACTABJICHUA O MHOXECTBE KaK ((a6CTpaKTHOI>)I
COBOKYIIHOCTH IPOM3BOJIBLHEIX 00BHEKTOB2y. MHOXKECTBA COCTOUT M3 IAEMEHINOE, KOTOPBIE MBI TaCTO
OyJeM Ha3BIBATHL Moukamt. MHOKECTBO 3aA8HO, KAK TOMBKO NMPO 000N 0OBEKT MOXKHO CKA3ATh,
ABJAAETCA OH TOYKOM JAHHOT'O MHOXKECTBa WM HeT. [IpumHaateXHOCTL TOYKKM £ MHOXKECTBY X 3amu-
cuiBaeTcs Kak & € X. Bce Touku B 11060M MHOXKECTBE, IO ONMPENEIEHUIO, Pa3Auumbl. [[Ba MHOXKECTBA,
Pa6HBL, €CAN OHU COCTOAT M3 OJHUX U TEX XKe BJIEMEHTOB. KpoMe TOro, CymecTByeT €IMHCTBEHHOE
MHOXKECTBO, HE CONEpXkKallee HU OAHOTO daeMeHTa. OHO HA3BIBAETCA NYCMbiM U 0003HAUAETCI .
MuoxectBo X HasbBaeTcs nodmmoxcecmsom MHOXKecTBa Y (obosmadenme: X C V), ecam KaK bl
paeMeHT x € X JexuT Takxke u B Y. B 9acTHOCTH, mycTOe MHOXKECTBO ABJIAETCA IOIMHOXKECTBOM
106070 MHOXECTRA.

YnpaxHetue 1.1. CKOIBKO PA3IUIHBIX IOAMHOXKECTB (BK/IOYAs IyCTOE U BCE MHOXKECTBO) UMEETCSI Y MHOXKE-

CTBa, COCTOSAIIETO U3 71, DIEMEHTOB?

st mr06erx nByx mHOXKeCTB X m Y muHOXkecTBO X UY | cocrosimee n3 BCex DI1€eMEHTOB, IPAHAIJIEKA-
X XOTA OBI OMHOMY M3 HUX, HAa3LIBAETCA UX 00Bbedunenuem; MuokecTBo X NY, cocrosimee u3 Bcex
DIEMEHTOB, IPUHAIJIEXKANNX OTHOBPEMEHHO KX IOMY U3 HUX, HA3BIBAETCS UX NEPeceyeruem; MHOKE-
ctBo X 'Y, cocrosiee n3 Bcex IeMEHTOB MHOXKECTBa, X , KOTOPBIE HE COAePKATCA B Y , HA3LIBAETCS
UX PA3HOCTNBIO.

YnpaxHenue 1.2. IIpoBepsTe, 9TO Onepamus NepecevueHns BEIPAKAECTCA Yepe3 pa3HoCTh mo ¢popmyae X NY =

X N (X NY). MoxHO /1 BEIDA3UTh PA3HOCTH Yepe3 IMmepecedeHue u 00bequHenne?

Eciu mmoxecTtBOo X sBAseTca oObermHeHmeM MHOXeCTB Y u Z, TakuX 4T0 Y N Z = &, TO 3TO
sanmmuchBaeTCA Kak X = Y Ll Z m HazwBaeTCA Jusbionkmubim 06bedunenuem. Muoxectso X X Y,
DJIEMEHTAMU KOTOPOT'O SABJIAIOTCS, MO OIPEIETCHNAI0, BCEBO3MOXKHBIE Hmapel (z,y) ¢ ¢ € X, y € Y,
HA3BIBACTCA Jexapmosbim (Wi npambim) npoussedenuem MHOKECTB X u Y.

L4y Th mMO3Ke BBI IIO3HAKOMMUTECH C HUME B KyPCE MATEMATHICCKOM JOT MK

2Ha CaMOM Jele B TEOPHH MHOXKECTB, KAK ¥ B IPOIPAMMEPOBAHME, HALO 3a(UKCHPOBATH HEKOTOPHIA HAGOD BbI-
PA3UTENBHBIX CPEACTB («I3BIK») M OIPAHUTUTHCA TOIBKO TAKAMM (COBOKYTHOCTAMI» M «OOBEKTAMU», KOTOPHIE MOXKHO
OMUCATHL TOCPEACTBOM JTOTO A3BIKA; OMHAKO MPEXIE, 9eM MPUIYMBIBATL HOBBIM A3LIK HPOTPAMMUDOBAHHUA, PA3yMHO
COpoCuTh €65, Iero MBI OT HErO XOTHUM; MUHUMAJIBHBIA HAO0D TPEOOBAHUN K A3bIKY MEOPUU MHONCECTME, KOTOPBIA B
OyzeTe M3y4aTh B KypcCe JOTMKU, KaK pa3 U COCTOUT B TOM, YTOOBI HA HEM MOXHO OBLIO HEIPOTUBOPEYNBO BHIPA3UTH
BCE, YeMy Bac 00y4aT B Kypcax aareOpbl, F€OMETPUAN U AHAIN3A
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1.3. Oro6paxenusa. Orobpaxenne X N Y w3 muOXecTBa X B MHOXKECTBO Y — DTO MPABUIO,
COIOCTABIAIONICE KAXKA0U TouKke & € X HekoTopyo Touky f(z) € Y, o1HO3HAYHO ompeaenseMyo 1o
2. JTa TOYKA HA3LIBAETCA 06pa30M TOUKM % Ipu oToOpaxenun f. MHOXKeECTBO Bcex TodeK x, 06pa3
KOTODBIX PABEH JaHHOU TOYKe y € Y 0603HadaeTCs

FU) € {re X f2) =y}

U HAa3BIBACTCA NOAHLIM Npoobpazom’ Touxy y. IIOMHEI TpoO6pPa3 MOXKeT ObITH KAK MYCTHIM, TaK U

COCTOATH U3 MHOIEX TOYeK. MHOXKECTBO BCeX iy € Y, MMEIOIUX HeIyCTor Ipoodpas, 0603HATACTCA
. def _
im(f) S {yeY|f iy £ot={yeY|IaeX: f(z)=y}

f
U HA3BLIBAETCA 00pazom omobpaxcenus X — Y.

dBa oTobpaxenus X I YuX 2.y PA6HbL, €CAU UX 3HATCHUA B KAXK JOU TOYKE OJUHAKOBLL:
f(x) =g(x) YxeX . MHOXKeCTBO BCeX OTOOPAKEHUN U3 MHOKECTBA X B MHOKECTBO Y 0003HAMAETCSA
Hom(X,Y). pu X =Y orobpaxenus X —— X 00BIMHO HA3BIBAIOT IHJOMOPHU3MAMU MHOKECTBA
X v mumyt End(X) Bmecro Hom(X, X). ¥V Beakoro muoxecrBa X umeerca mosxcdecmeenubili 9ndo-

Idx o o
mopPuzm X — X | KOTOPBIU [EPEBOANT KK BN diaeMeHT B camoro cebs: VzeX Idx(z) =z.

Orobpaxenue X L+ ¥ nassmaercs naaoocenuen (a Takxe cropvexmuyuet WIN SNUMOPHU3MOM),
ecan im (f) =Y, 1. e. mpoobpas kaxnon Touky y € Y He myct. Orobpakenue f HA3BIBACTCS 640XHCE-
nuenm (2 TaAKKe UHDBEeKyUuel, WIn MOKOMOPPUIMOM), ecin x1 # xo = f(x1) # f(x2), T.e. mpoobpas
KaK 0K TOYKM Yy € Y comepxuT He 6oJee OJHOM TOYKM. IIpy KeJaHuM MOTYepKHYThL, 9TO OTOOpa-
XKEHUe UHBEKTUBHO (COOTB. CIOPLEKTUBHO), MBI Oy1eM ©306paxarh ero crpeakon X — Y (cooTs.
X = Y).

Ynpaxuenue 1.3. Hapucyure Bce oTobpaxenns a) {0, 1, 2} — {0, 1}; 6) {0, 1} — {0, 1, 2}. Cxoan-
KO Cpeqn HNX CIOPBEKTUBHBIX U CKOJBKO I/IH’BQKTI/IBHBIX?

f .
Orobpaxkenne X —— Y Ha3LIBAETCA 63aUMHO 00HO3HAUHbIM (2 TakXKe Ouekyuel WIn u30mMopPus-
MOM), €CIU I Kaxkaoro y € Y cymecrByer eamHcTBeHHBIN ¢ € X, Takon 4ro f(z) = y. Wubivu
CJI0BaMM, OMEKTUBHOCTL OTOOPAXKEHUA O3HAYAET, ITO OHO OJTHOBPEMEHHO ABIACTCA BIOXKEHUEM U Ha-

JoxxkeHumeM. MuI 6ymeM 0003HAYATL OUEKITUN CTpeakamMu X Y. Nzomopdpuamer X —~+ X unaue
Ha3BIBAIOT G8MOMOPPUIMAMY WIA CUMMEMPUAMUY. B «@KUTEHNCKOMY MOHMMAHWE, aBTOMOP(PUIMBEL —
DTO Nepecmano8ry a4emenmos. MHOXKECTBO BceX aBTOMOP(GU3MOB MHOXKeCTBa X 0003HATaeTCS “e-
pe3 Aut (X).

o 2 2 —Tx, z—Tx,
YnpaxHenue 1.4. Kakue u3 orobpaxenuu: 7 AR Z; N BARLEY N; Z BiniliN Z; R 7 R spas-
OTCA  a) OuekiuaAMY, 6) UHBEKIUAMHA, B) CIOPLEKIUAMUA?!
1.3.1.Mpumep: oTobpaxenus u cnoea. Ilycre X = {z1,29,...,2,}, Y = {y1,¥2,...,Ym}. Conocrasum
Kax I0My 0TOOpaxkeHuo X v Y summcanseni B PAJ CJAEBA HANPABO HAOOD €r0 3HAYCHUU:
def
w(f) = (f(xl)a f('T?)a te f(xn)) (1'1)

u 6y,z[eM BOCIIPAHUMATDB €0 KaK n—6yKBeHHOQ CJIOBO, HAIIUCaHHOE IIPpU IIOMOIINA m—6YKBeHHOFO aJI(l)aBI/ITa
Y1 Y2 -« Ym -

Hanpuuep, oro6pamennam {1, 2} —» {1,2, 3} u {1, 2, 3} —%» {1, 2, 3}

. 1 1—1

[ ><:2 g: 272
2

3 3 3

'a Taxxe caoem oTo6paxkenus f HaL TOUKOM Y
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orseuator caosa w(f) = (3,2) m w(g) = (1,2,2), cocraprennre u3 Gyks TpéxOykserHoro andasuta {1, 2, 3}.
O4eBugHO, 9TO TTOCTPOEHHOE HAMU OTOOPaKEHNE

w : Hom(X,Y) —» {n-OyxBennbie c10Ba B a1(aBuUTe y1 ¥ - .. Ym} (1-2)
ABJIAETCs OMEKIINEN.

1.3.2.IPEIJIOZKEHUE. Ecru mHOXecTBO X COCTOUT M3 N DJEMEHTOB, & MHOXECTBO Y — U3 M,
o MuokecTBO Hom (X, Y') cocront u3z m"™ saemeHTOB.
[OokaszaTenscteo. O6o3HaIMM depe3 W, (n) KomudecTBo Beex 71-0yKBEHHBIX CJIOB, KOTOPHIE MOXKHO HAIUCATD IPU
IIOMOIIN M(I)aBI/ITa u3 m 6yKB BbIHI/H_HeM BCe€ 3TU CJIIOBAa Ha M CTPaHUIAX, IIOMECTHUB Ha i-TyIO CTPpaHHUIy BCe

CJI0BA, HAYUHAIOIMINECA HA i-Tyl OykBy andasuTa. B pesyabTare Ha KaxKI0U CTPAHUIE OKAXKETCA POBHO IO
W, (n — 1) cros. Crano 66116 W, (n) =m -Wy,(n—1)=m -m-W(n —2) =---=m" L. W(1) = m". O

1.3.3. [IPEAJIOZKEHUE. YV n-sieMeHTHOrO MHOXECTBA, HMEETCA POBHO 1! aBTOMOP(hU3MOB.
[Ookaszatenscteo. llyctes X = {x1,x9,...,2,}. [locTpoennsnt B n°1.3.1 uzomopdusm (1-2) mexay oTobpaxke-
HUAMU U CJIOBAMHU yCTAHABIMBACT B3AUMHO OTHO3HAYHOE COOTBETCTBME MEXKIy Oumekmmamu X e Xun
OyKBEHHBIMU CJIOBaMu (B aadaBUTe T1,L2,...,~Ty), CONEPKAMUMA KaX 1yl0 OYKBY &; POBHO IO OJHOMY Da3y.
O603HaYUM KOIMYECTBO TAKUX CJIOB Uepe3 V(n) u BomuimeM ux 1m0 aadgaBUTy HA N CTPAHWUIAX, IOMECTUB Ha,

i-TYI0 CTPAHUILy BCE (JIOBA, HAYMHAIOIIMECT HA x;. Ha xaxnou crpanuie Oyaer posHo V(n — 1) cios, oTkyna
Vin)=n-Vin—-1)=n-(n—-1)-Vin—-2)=---=n-(n—-1)-(n—-2)- --- -2-1=n!. O

Ynpaxuenue 1.5 («npuHumun Aupuxne»). Ilokaxkure, 9T0 ciaegyiomme TPUA VCJIOBAA HA MHOXKECTBO X IOIAPHO
)
PaBHOCWIBHBL ADYT Apyry: a) X Geckonedno; 6) 3 Broxenne X —— X, He ABIAIOIIEECs HAJOKEHUEM;
8) 3 manoxenue X —> X, He SBIAIOLIEECS BIOKEHUEM.

YnpaxHenue 1.6. Cuérro au MmHOKecTBO Aut (N)7?

f
1.4. OTo6paxenus u pa3buenusa. Co Bcakum orobpaxennem X —— Y cBa3aHO pa3bueHne MHO-
xkecTBa X B OOBEIMHEHNE HETIEPECEKAIOIINXCA MOAMHOXKECTE — TIOJHBIX TPOOOPA3OB PABIUYHBIX TO-

ek y € Y. IlosTomy 3amaTh oTobOpaxenue X AN Y — 5T0 TO XKe camMoe, 9TO NpPEeNCTAaBUTL X B
BHIe 0OBEIUHEHNSA HEMYCTHIX HEIEPECEeKAIOMMNXCA TOAMHOXECTB U 3aHyMEPOBATE DTH TOIMHOXECTBA
ToykaMu y € im (f):
x= ] r'w. (1-3)
y€im (f)
Takou B3rvIsLg HA OTOOPAKEHUA YACTO OKABBIBAETCS MOJE3HBIM.

1.4.1. Mpumep: apyroe gokasatenbcTso npeanoxennit (n° 1.3.2)—(n° 1.3.3). O6osunauum depes Map ,, ,, MHO-
JKECTBO BCEX OTOOPAKEHWN W3 7-2JIEMEHTHOTO MHOXECTBA X B 1M-DIEMEHTHOE MHOXKECTBO Y, 3a(pUKCHpyeM
KAKOU-HUOYAb 1eMeHT & € X U PACCMOTPUM 0MOOPAHCEHUE BLIYUCAEHUA

fr=f(x)

evy : Map ., p Yo, (1-4)

KOTOPOE COMOCTABIAET KAXK IOMY OTOOpaKeHuo X I, Y ero 3uadennue B Touke . OTOOpaKEHNE BHITUCICHUS,
O4YEBUIHO, CIOPBEKTUBHO. [Ipoo6pa3 kax qou ToYku ¢ € Y HAXOAUTCA BO B3AUMHO OJHO3HAYHOM COOTBETCTBUU C
MHOXKECTBOM BCeX 0TOOpaxkeHul u3 (n — 1)-daeMerRTHOr0 MEHOXKeCTBa X \ {2} , MOy IaI0merocs BEIKY IBIBAHAEM
3 X TOuKu ¢, B Y:

vy (y) = {Xn L+ V| f(#) =y} = Hom (X ~ {2}, ¥) = Map ,(n_1) -

Pasznoxenue (1-3) 03Ha49aeT B 9TOM CIydae, ITO MHOKeCTBO Map ,, ,, pacaiaeTcs B JU3BIOHKTHOE 00beINHEHIEe
M TIOJAMHOXKECTB, KaX/10€ U3 KOTOPBIX u30MOphHO Map ,, (n—1)- osTomy!

n

[Map 0| = m - |Mapm7(n_1)\ =m-m- |Mapm7(n_2)| = ... =m" 1. IMap ,,.1| = m

Ananoruunsiv 06pasom, o603uaduM depe3 &,, MHOKECTBO aBTOMOP(PU3MOB N-dIEMEHTHOIO MHOXKeCTBa X, 3a-
duxcupyem z € X u pacCMOTPUM 0MOOPAHCEHUE BLINUCACHUA

f=f(x)

ev, : 6, X, .

'31ece m namee mpr 0603HawAeM depes | M| GmMCIO HIEMEHTOB B KOHEMHOM MHOXkecTBe M
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IloBTOpsAs mpempIgyIIee paccyxkKAeHne, MBI BuauM, 9T0 &, pacmagaeTcsa B 00LEeIMHEHNE HeIepeCeKaMMIXCa
CTO8B 0TOOpaKeHUs ev,, mpuaém caou ev, !(z') majg mpousrorbHOUM Toukon ' € X COCTOMT U3 BCeX GUEK-

mmit X —— X, mepeBoAmmX x B &', M TEM CAMBIM, HAXOIUTCA BO B3AWMHO OJHO3HAMHOM COOTBETCTBHH C
MHOX€ECTBOM BCex Omeknuil Mexay (n — 1)-smemenTHEIM MHOXecTBOM X N {2} u (n — 1)-dJ1€MEHTHBIM MHOXKe-
crBom X' = X \ {2'}. [losTOMy €mCIO 5IEMEHTOB BO BCEX CJOAX OAMHAKOBO u PaBHO |&,_1|. Ctano ObrTs,
Gnl=n-16,_1|=n-(n—-1)|6p2|= -+ =n-(n-1)-(n—-2)- -+ -2-1=nl.

BuuMaTerbHO COMOCTABIAA TOABKO UTO MPOBEIEHHBIE PACCYXKACHUA ¢ NOKaszaTemrbcTBamMu u3 (n° 1.3.2—
n°1.3.3), HETPYAHO COCTABUTH «CIOBAPUKY, IO3BOJIAIINN IEPErOBAPUBATL O4HU B npyrue. Tax ¢ppasa «aduk-
cupyeM KaKOU-HUOYAb daeMeHT & € X» U3 HBIHEIIHEr 0 [0Ka3aTeabCTBa Ha a3bike (n° 1.3.2-n° 1.3.3) 3Byuasua 66t
Kak «adukcupyem B cioBe w(f) Kakowo-HuOY b HO3ULUI0, HAIPUMED, OyAeM CMOTDETH HA CaMyl0 iesylo OyKBY
croBay. IIpu 3TOM «caMyo JIeByIO» B HBIHEIIHEM PACCYKAEHAU O3HAYAET, IYTO B KadecTBe £ € X (uxcupyercs
T = T, & «CMOTDPETh, YeMy DaBHA caMmas JeBas Oyksa B caose f(w)» — 5To «upuMeHuTb K f oro6paxeHue
BBIYHUCICHUA €V, ». IUTATEeN0 PEKOMEHAYETCA IeTAIBHO IPOCIEIUTh HTO COOTBETCTBUE IO KOHIIA.

1.4.2. [pumep: MynsTUHOMMANBLHbIE KO3pdUUmeHThI. [Ipu pacKkpuITUM CKOOOK U MPUBEIEHUN TOIOOHBIX CJAA-
raemMeix B BeIpaxkeHuu (a; + az + -+ + ag)" Oy4yT HOIYy<YaThCA B3ATHE C HEKOTOPHIMU KOd(DUUImeHTaMu
OJHOWIEHH a7 ay'? - - - a;'*, IOKA3aTeINn KOTOPHIX IPIHAMAIOT MoObIe mesble 3Haderns 0 < m; < n cyMMapHOR
creneHu mi; +ms + -+ +mMp =n, T.€.

n
O D DI (R R (1-5)
1-

..m
mi+ma+ - Fmr=n k

rae depes (mlnmk) 0603Ha4eH KO>(DQUIIEHT, BOHIKAIOMNH P COOTBETCTBYIOMEM OfHOWIeHe . YMHOXKeHre
n ckobOK (a; + a2 + -+ + a) 3aKII0YAETCA B BHIOOPE BHYTPHU KAXKIOU U3 CKOOOK KAKOU-HUOYAL OYKBBI,
[EPEMHOXKEHUM HTUX OyKB (BU3YAJIbHO 2Ta ONEPALUs 3AKII0YAETCSA B BLINUCHIBAHUU BHIODAHHBIX OYKB CJEBA
HAIPABO APYT 3a APYI'OM B OJHO N-OyKBEHHOE CJIOBO) U CYyMMUPOBAHUU BCEX TAKUX CJIOB. [lo100HEBIE caaraeMble,
BHOCAINVE BKIAJ B KoddduimenT mpu ai''ay'® - - a)'* — 3TO B TOYHOCTY BCEBO3MOXKHEIE CJIOBA U3 My OYyKB a1,

mso OYKB a2, ... , Mg OYKB a. ITOOB MOACINTATL UX KOJUIECTBO, CAETaEM 1M1 OYKB @i MOMAPHO PA3HBIMU,
CHaOVB KaXXIVIO M3 HUX NOIOTHUTENBHBIM BEDXHUM MHIEKCOM; AHAJIOTUYIHO IOCTYIUM C 1My OyKBaMU a2, 13
OykBamu az u T. I. B pesyabrare moaydurcs Habop u3 N = mq + Mo + -+ + My HDOMAPHO PABIUIHLIX OyKB:
(1 (2 (m1) (1) (2) (m2) (1 (2 (ma)
ay’, a7, e, ay Ay, Ay e, Gy e e A A, (1-6)
m1 Me4YeHBIX OyKB a1 Mo MedeHBIX OyKB as mj Me4YeHBIX OYKB ap

O603uaquM vepe3 X MHOXKECTBO BCEX N-OyKBEHHBIX CJIOB, KOTOPBIE MOXKHO HAIUCATH 3TUMUI 1. OYKBAME, UCIOIb-
3ys Kax [yio OyKBY POBHO 10 ogHOMY pa3y. Kak MbI yxke 3HaeM, Bcero Takux ciaoB 6yger n!. Teneps 0603uadum
qepe3 Y MHTepecyollee HaC MHOXECTBO CJIOB U3 1M1 OAUHAKOBHIX OYKB (1, My OJAMHAKOBBIX OYKB a2, ... , My

f
OJMHAKOBLIX OYKB Gy, 1 paccmoTpuM orobpaxenue X —— Y| KOTOpOe CTUPaET BEPXHUE WHIEKCHL y [TOMEYeH-

HbIX 6ykB. OHO 5HUMOPGHO, U HOIHBIUA IPOOOPA3 KAXKAOrO caoBa Yy € Y cocrout u3 mq!-mal - -+ - my! caos,

IOy Ia0INNUXCA BCEBO3MOXHBIMU IIEPECTAHOBKAMMU 77171 BEPXHUX MHICKCOB y 6yKB agj), M2 BEPXHUX UHAEKCOB y

OyKB agj ) ..., My BEDXHIX WHACKCOB y OyKB ag ) B KaKOM-HUOYIb OJHOM COBE T € X, mepexoaamen B y. M3
passoxenus (1-3) BEITEKAeT PABEHCTBO

n n!
= 1_
<m1mk> mllmz' mk" ’ ( 7)

u ¢popmyaa (1-5) mpuobperaer BUI

n!-aiay? - -ap*

a1 +a o Fap)t = . 1-8
(ay +ax + +a) Z my-mal - - -y (1-8)
mi+ma+ - Fmp=n

IIpu k = 2 oHA IpEBpAIACTCA B U3BECTHYIO (POPMYIY PACKPBITHA GHHOMA ¢ HATYPAJbHBIM HOKa3aTeaeM?:
n kpn—k
n!-a®b
a+b" = 1-9
( ) kl(n —k)! (1-9)

lon HaspBaeTCH MyLBMUHOMUGLHBIM KOS PPUYLEHTLOM
25170 wacTHBIA cry4an @opmyavt Hviomowna, KOTOPYIO MBI 0GCYAMM B MOTHON OOmHOCTH B mpumepe (n° 8.6), korma
OyneM 3aHUMATHCA CTEIEHHLIME PAJAMI
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YnpaxHetnue 1.7. I3 cKOIbKUX ClaraeMbIX COCTOUT CyMMa B IpaBol dactu gopmyast (1-8) 7

1.4.3. Paz6uenus u oTHomeHusA. AJbTEPHATUBHBIA CIOCO6 3a4aBATH PA3OMEHNE TAHHOTO MHOKE-
crBa X B 00DbEIMHEHNE HEMIEPECEKAIOMNXCA TOAMHOKECTB COCTOUT B TOM, YTOOLI OOBABATH DIEMEHTEL,
BXO/AIINAE B OJHO IMOJMHOXECTBO Pa30MEeHUsA «(DKBUBAJCHTHBIMIY. DOpMaNTbHOE ONMUCAHME DTOU IIPO-
nenypel TakoBo. HazoBéM Ounapuvim omuouenuem Ha MHOKECTBE X MPOU3BOJLHOE MOJAMHOXKECTBO
R C X x X B MHOXeCTBe BCEX YIOPAIOUEHHLIX TIap

X xX= {($1,$2)|.%‘1,$2 EX}.

[IpuHa 1IeKHOCTE TapHL (1, L) OTHOMIEHNO R OOBIYHO 3alUCHIBAIOT KAK X1 ~ 2.

Hampumep, na MHOXeCTBe HeablX ducea X = 7 9acTO PACCMATPUBAIOT OMHAPHLIE OTHOIIEHNA

~ = «» (21 < x9 O3HAYAET, YTO X| HE MPEBOCXOAUT I9) (1-10)
S Dy (%122 O3HAYAET, YTO T AEJIUTCS HA T3) (1-11)
5= e (x1 = x9 O3HA4YAET, YTO X PABEH I2) (1-12)
~E e (mod n)» (z1 = x2 (mod n) osmauaer’, ¥ro (r; — x2) i n) (1-13)

BI/IHapHOG OTHOIICHUE ~~ HA3BIBACTCA 3KBUBAACHIMHOCITNDBIO, €CJIU OHO 06J1a;:aeT TpeMa CBOMCTBaMU:
R

VeeX o T (pedaexcusnocmo) (1-14)
Vi, xg,a3 € X (21 e & o ’1}’1’3) = L1723 (mpanzumuenocmn) (1-15)
Vi, o0 € X 11 T2 <~ 19 IR (cummempuurnocmo) (1-16)

Tax, ornomenns (1-12) u (1-13) apagrorcs skBuBaTeHTHOCTAMY, & (1-10) n (1-11) — Her (oHum Hecum-
METPUIHEL).

Ecau muoxkecrBo X pazburo B 00BEIUHEHUE HEIEPECEKAIOMINXCA [HOAMHOXKECTB, TO OTHOLICHYE
T ~ T, O3HAYAIONIEE, UTO £1 U 9 JEXKAT B OZHOM U TOM XKe IOJMHOXKECTBE DTOr0 Pa3OUeHns, OIeBU -
HO SIBJSIETCS SKBUBaJeHTHOCTHIO. Hao6opor, eciu Ha MHO)ecTBe X 3a1aHO KAKOE-HUOY Ib OTHOIIEHUE
DKBUBATEHTHOCTH R, HA30BEM KAGCCOM FKBUEAAEHIMHOCTIY dIeMeHTa & € X MHOXeCTBO

def
Zlr = {zeX|a~z}={2z€X]|z~z}
R R
(paBEHCTBO BHIMIOMHAETCA Onarogapsa cummerpuanocTu oraomenus R). Ecau nepecevenne kakux-nu-
Oyob OBYX KJIacCOB || u [y]r He mycTo, TO T~z ~y 111 z € [z N [y]r, OTKyZa T~y u [z]g = [y]r
R R R
B cuiy (1-15,1-16). Takum 06pazoM, J100BIE IBa KIACCA DKBUBAJEHTHOCTH WM HE MEPECEKAITCA WIN
COBIAAIOT, & 3HAYAT, X Pa3OUBAETCA B TUIBIOHKTHOE O0BETUHEHNE DA3INIHLIX KIACCOB SKBUBAJICHT-

voctu. UTak, pazbuenue X B 00beuHEHNE HEMEPECEKAIOMINXCA TOAMHOXKECTB PABHOCUIBHO 33, TaHUIO
Ha X KaKOro-HUOYIb OTHOIIEHUS SKBUBAJCHTHOCTH.

1.4.4. OTcTyIuleHHe: YaCTHIHO YIIOPAAOYEeHHbIe MHOXecTBa. bBuHapHOE OTHOIIEHNE ~ HA3BIBA-
R

eTCA UACTUUHBILM NOPAJKOM, €CIU OHO PeICKCUBHO U TPAH3UTUBHO, HO (B OTJINYME OT SKBUBAJICHT-
HOCTH) HE CUMMETPUYIHO, & GHMUCUMMEMPUYHO, T. €.

V1,22 € X (11 &2 & o P T1) = 11 =2 (anmucummempuunocmy) (1-17)

U3 6unapubix orHomernun (1-10)—(1-11) Ha MHOXeCTBE HEMBIX YUCE] 7 TaCTUIHBIMU IIOPSIKAMEA SBJII-
IOTCA TIEPBEIE TPH, & IeTBEPTOE — HeT-.

'o603naenne T1 = 2 (mod n) IMTAETCA «T) CPAHUMO C Tz TIO MOTYIIO 1
*menere wncaa —12 u 6 He pasubl, HO —12 = 6 (mod 9) u 6 = —12 (mod 9)



8 Boiwkunckas Anrebpa, 1-n kypc, 1-it moayns.

Ynpaxuenue 1.8. ByayT 1 4acTUIHBIMU HOPAAKAME CIEAYIOMINE OTHOIIEHUA HA MHOXKECTBE MUHYTHBIX [e-
JneHnn 1ndepOaaTa MEXaHMIECKUX IaCOB:
a) T X y, eCJaU UCIUCAAEMBI TPOTUB IACOBOU CTPEJKA YOI OT & K Yy MeHbie 30°
6) r < y, €Cau TOCJIe TOLYJHA MAHYTHAsA CTPEIKA YKaXKeT Ha & PAHbIIe, 9eM Ha, Y
(0TBeT MOXKHO TIOATIALETDL B cHOCKE (1) ).
MHOx(eCTBO ¢ 33 IaHHBIM Ha HEM OTHOIIEHUEM YACTUIHOT'O MOPATKA « < » HABLIBAECTCI YACTUUHO YNno-
padouennubim mHoxHcecmeom (COkp. YyMom). Ecim x < y u OMTHOBPEMEHHO T # ¥, TO DTO BANUCHIBAIOT
KaK T < y U TOBOPAT, IYTO T CMPO20 MEHBIIE Y B CMBICJIE 3aTaHHOT'O OTHOMICHUAA « < »
YnpaxHeune 1.9. Ybeaurech, 9TO eIMHCTBEHHOE OMHAPHOE OTHOIIEHUE, KOTOPOE SABJIAETCSI OJHOBPEMEHHO
SKBUBAJEHTHOCTBIO ¥ YaCTUYIHBIM IOPAIKOM, — DTO PABEHCTBO.

1.4.5. MNMpumep: sBospacTatowume u HeyBbiatowme oTobpaxenns. Paccmorpum X, = {1, 2, ... , m} xak yno-

7]
PAIOYEHHOE MHOKECTBO (CO CTAHAAPTHLIM OTHOLIEHneM nopsagka < ). Orobpaxenue X, — X,, Ha3BIBA€TCsA
sozpacmanwum (WA CMPO20 COTPAHANUUM NOPAJOK), €CIH

V.I’l,ilfg 1 < T2 = (,0(1'1) < (,0(1172) s
u neybvisaruwum (WM HECTPOZO COTPAHAOUUM TLOPAOOK ), €CIT

Voo o<z = @) <plx).

. ¢

Mex a1y MHOX€ECTBOM HEyOBIBAIOIMIIME OTOOpaxenuun X,, — X,, 1 MHOXKECTBOM BO3PACTAOIIUX OTOOpaKe-
. Y ®

Hun X,, — Xp4m—1 UMeeTcsa Omekuus, KOTOpas IEPEBOAUT HeyOwiBalomee oTobOpaxenue X,, — X,

B CTPOro Bo3pacTalolee oToOpaxkeHne X, v, Xntm—1, 3agaauoe dpopmyaon (k) = p(k) + k — 1 rzme
k=1,2,... meX,.

1.5. Kommosunusa oTo6paxkeHun. IlocieoBaTe bHOE BLIIOIHEHAE IBYX 0TOOPaKeHUN
f g
X—Y 7

Has3BIBAaeTCA Komnozuyuet. [lonydarmomeecs B pesyabrare orobpaxkenne X —— 7, MEPEBOANIEE Ka-
x®aywo Touky ¢ € X B Touky g(f(x)) € Z, ob60o3naxaeTcs gof miu mpocto gf.

g
YnpaxHenue 1.10. Y6egurecs, uro orobpaxenue X — Y
f
a) UHBEKTUBHO TOT'JA ¥ TOJBLKO TODa, KOTIa CymecTByeT oTobpaxkenue Y —— X, taxkoe uto fg = Idx
(BcAkoe Takoe f HA3BIBACTCA A€6bIM 00PAMHLIM K §);
h
6) CIOPbEKTUBHO TOI'[a U TOJBKO TOr4a, KOr4a cyluecTByeT orobpaxkenue Y — X, takoe uro gh = Idy
(Besikoe Takoe f HA3BIBAECTCS NPABLIM 0OPAMHLIM K ().
Kax u yMHOMXKeHre 4quces, KOMIO3UINA OTOOPAKEHIH GCCOYUAMUBHA>:

f

(fg)h = f(gh) ana mobon Tpoukm orobpaxkenuin X Py Sz Lo (1-18)

Ynpaxtenue 1.11. Y6eaurecs, 4To 06e gactu paBercTsa (1-18) mepesoxar xkaxawi « € X B f(g(h(z))) € T.
O 1HAKO MOBEPXHOCTHAS AHATOTHUA MEX Y IUCIAMU 1 OTOOPAKEHUSIMEI HA DTOM KoH4aeTcsa. Hampuwmep,
1 OTOOPAKEHU MOXKET He BBIIOJHATHCA PaBeHCTBO fg = gf (Kommymamusenocms, wim nepeme-
CTMUMEALHBIT, 3AKOH,).

YnpaxHenue 1.12. PaccMOTpuM HA IUIOCKOCTHU APy PAa3HBIX MpAMBIX {1, {2, mepecexkaromuxcsa B Touke O,
7 0003HAYUM U€PEe3 01 U O OCEBLIE CUMMETPHUU OTHOCUTEJNLHO dTUX MPAMBIX. SIBHO ONUINMUTE IBUXKEHUA
ILIOCKOCTH, 3aJaBaeMble KOMIIO3ULIUAMU 0102 U 02071. KOr1a OHM PaBHLI!

h !
Bouaee Toro, kommnosumnus He Bcerjga onpegesaeHa (HeIb3sa aepeMHOXUTE X —— Y u Z —— T, ecan
Y Hukak He CBA3aHO ¢ Z), M 9aCTO CIAYIAETCA, YTO ¢f omnpepeneHo, a fg — HeT.

Ynpaxtenue 1.13. TlpugymanTe COOTBETCTBYIONUINE TPUMEPHI.

1
LoH — (®) ® ‘BOLOBIEH (Q) :ILAALO

ZB HaYaIbHOH IIKOJIe aCCOINAaTUBHOCTD 0OBIYHO HA3LIBAIOT COUEMOAMEAbHBIM 3AKOHOM
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OrMeruM, 4TO IPOOIEM € HEONPEAETEHHOCTHIO KOMIO3UINY He BO3HUKaeT, ecin f,g € End(X) apas-
OTCA DHAOMOP(GU3MAMEA OTHOT'O W TOTO K€ MHOXECTBa X, HO CHEJAEM U €II¢ ONHO BAXKHOE MPeIy-
IPEXTEHUE: JaXKe KOTLa BCE KOMIIO3UINY ONPEAEICHEI, N3 PABEHCTBA fg1 = fg2, BOOOWE roBOpA, HE
CTeAyeT PABEHCTBO g = g2, KAK HE CIeIyeT OHO U u3 paBeHcTBa g1f = gof .

Ynpaxsenue 1.14. Tlpugymanite COOTBETCTBYIOUIME IPUMEPHL U IOKAXKUTE, 9YTO UMILIAKAIIAN

fan=fg = g=9 u gf=0f = g=g

UMEIOT MeCTO, Koraa f 06/1a1aeT, COOTBETCTBEHHO, 4€68blM U NPasbim 00pamubis OTOOpaxKeHueM (ITo 1o
yup. 1.10 paBHOCHIBHO, COOTBETCTBEHHO, UHBEKTUBHOCTU U CIOPHLEKTUBHOCTH f ).

1.5.1. [pumep: Tabnuua yMHOXEHUs 9HAOMOPEPU3IMOB ABY3NEMEHTHOrO MHOXecTBa. CocTaBum TabJIuILy yMHO-

XKeHusa d>HIoMopdu3MoB MHOXKeCTBA {1, 2}. Bymem o6osnavars sugomopdusmer {1, 2} AN {1, 2} cnoBamu

w(f) = (f(1), f(2)), xak B (n°1.3.1). B arux oGosmadenuax muHoxkecTso End({1, 2}) cocrounr us wernpéx
srgomopdusmos (1,1), (1,2), (2,1), (2,2) xoTOpBIE HEPEMHOKAIOTCS O IPABUJIAM:

Ny 1,2 21 (272
(1,1) | (1,1) (1,1) (1,1) (1,1)
(L.2) | (L,1) (L,2) (21) (2,2 (1-19)
21|22 1 (1,2 (1,1)
2,2) | (2,2) (2,2) (2,2) (2,2)

<

(g,

Tabmua ymuoxemas End({1, 2}) x End({1, 2}) — 2279 | mna({1, 2)).

~—

O6patute BHEUMaHME, 4TO (2,2)0(1,1) # (1,1)0(2,2), a Takke Ha TO, 9YTO B BEPXHEW U HUKHEN CTPOKAX BCE
NPOU3BEICHUS OJUHAKOBEL, HO («COKPATHTH OOIMI MHOKWUTENb) IIPU DTOM HEAB3A.

Ynpaxtenune 1.15. Tags X = {1, 2} n Y = {1, 2, 3} cocrasbre anamoruuusie (1-19) TabIMIEl yMHOKEHUS

(9,/)—9f

Hom(X,Y) x Hom(Y, X) End(X)

(f,9)—fg

Hom(Y, X) x Hom(X,Y) End(Y) .

1.6. O6parumocTh. Ecin orobpaxenme X .y 6uekTuBHO, TO Mpoobpas g ' (y) C X ka-
KJAOM TOUYKHA Yy € Y COCTOMT POBHO M3 OJHOW TOYKHW, M NPAaBWIo y — ¢ ' (y) 3amaér orobpaxeHne
-1

g
X «——— Y, xoTtopoe HaswiBaeTca obpamubim K ¢. Ilo mocTpoennio, MbI mMEeEM PABEHCTBA

gog t=Idy umw ¢ log=1Idy. (1-20)

1

Taxkum obpazom, oTobpaxkeHue ¢~ ABIACTCA OTHOBPEMEHHO U JEBLIM U IPABLIM OOPATHBIM K § B

cMmbIcae yop. 1.10.

1.6.1. TIPEIJIOZKEHNE. Crexyrorque yCcIoBUA Ha 0TOOpaxkeHne X .y IONapPHO S3KBUBAJICHTHEL:

(1) g B3aMMHO OQHO3HATHO;
/

(2) cymecrByer oTobpaxenue X LY, raxoe 110 gog’ = Idy u g'og = Idx;

(3) g obmamaer Kak J€BBIM, TAK U MPABBIM OOPATHBIMU OTOOPAKEHUAMMY.
IIpu BomoaHeRNy >THX yCaoBu# Ja060e oToOpaxkenue ¢’ u3 (2) u Jar00ble JeBbIe U IPaBbIe OOPATHEIE K
g oTobpaxenus u3 (3) coBnagaroT APYT ¢ APYTOM M C HOCTPOCHHBIM BBIIE OTOOpaKeHmeM g b
[OokazaTenscteo. Ummmukanus (1) = (2) yxke 6buia ycranosieHa B ¢opmyae (1-20). Ummiukanusa (2) = (3)
oueBmana. Tokaxem, aro u3 (3) Berrexaor (2) u (1). Ecmy X —2» Y ecrs eBoe o6parnoe X Loy (Takoe

ar0 fog = Idx) u mpasoe o6paTHoe X Loy (Taxoe uTo goh = Idy), TO
f = foIdY = fo(goh) = (fog)oh = Idxoh =h 5 (1—21)

u ycaosue (2) BemomageTca gua ' = f = h. Hockomsky g(g'(y)) = y a1a mo6oro y € Y, mpoo6pas f~1(y)
Kaxaou Touku y € Y comepxutr 104Ky ¢'(y), u Tem cambiM, He mycT. C APYro CTOPOHBI, 1Js JHOOON TOYKA
T € g~ (y) BemoanseTcs paBenctso g(r) = y, a 3HauuT, u pasenctso T = ldx (z) = ¢/(g9(z)) = ¢'(y). MosTomy
fY(y) cocrout us enurcTBenHON TOUKH ¢'(Yy), T.€. g — Ouekrmsa, a g’ = g~ L. O



§2. 'pynnsl npeo6pa3oBaHUH.

2.1.Tpyunsl mpeo6paszoBanun. 3adukcupyeMm HekoTopoe MHOkecTBo X. Habop G C Aut (X)
aBTOMOP(MU3MOB MHOXKeCTBa X HA3LIBAETCA 2pynnotl npeobpazosanudi (WX IPOCTO 2pynnot), ecam
o6paTHble 0TOOpaKeHNsA KO BceM mpeobpazoBanuaM u3 (¢, a TakKe KOMIOBUINAU JIO0BIX IBYX Tpe-
oOpaszoBauun u3 G Toxe gexkatT B (G. OTMETUM, ITO NPY BLIIOJIHEHUN STUX YCJIOBUHA (G aBTOMATUYIECKA
6yIeT ComepkKaTh TOXKIeCTBEHHOe ImpeobpazoBanue Idy = gog™! (roe g — TpPOM3BOJIBHOE TIPEOOpPa-
sopaume u3 G). Yuciao npeobpaszoBaHuU, U3 KOTOPHIX COCTOMT rpymna G (mpu yCIoBUM, 9TO OHA
KOHEYHA ), HA3LIBACTCA NOpAdkom 2pynnut U ob6o3Hadaercsa |G|.

2.1.1. Mpumep: cummeTpuueckas rpynna. Muoxectso G = Aut (X) Bcex GUEKTUBHBIX 0TOOPAKEHUN U3 Ka-
KOro-1160 MHOXKeCTBa X B ce0f OYeBUAHO ABIACTCA rpymnnod. OHa HA3LIBAETCA (MOMHOM) CUMMEMPUUECKOT
epynnot muoxecta X. Cummerpudeckas rpynna muoxectsa X = {1, 2, ..., n} o6osunadaerca &, u HA3BI-
Baercsa 2pynnot nepecmanosokx n saemenmos. Cornacuo n°1.3.3 ona umeer nopagok |S,| = n!. Mu 6ygem
3aIUCHIBATH IIEPECTAHOBKY

{1,2,...,n} 2> {1,2,...,n}

cTpouKon (01,09, ...,0,) €€ 3HadeHUN 0; = 0(i), KaK MBI 3TO yXKe fgejaau B npuMepax (n°1.3.1) u (n°®1.5.1).
B stux o6o3navenusx nepecranosku o = (3,4,2,1) u 7 = (2,3,4,1) gercTByioT 1m0 mpaBuIam

1 2 3 4 1 2 3 4
o L L L L L L L]
3.4 2 1 2 3 4 1

a UX KOMIIO3UIVHA 3ANUCHIBAIOTCA Kak: 07 = (4,2,1,3) u 70 = (4,1,3,2).

YnpaxHenue 2.1. CocraBbre TabIMIly YMHOXKEHUs MIECTU 3IeMeHTOB rpynnsl G, anajmorudnyo rabaune u3
npumepa (n° 1.5.1).

2.1.2.Mpumep: rpynna noBOPOTOB fb,. JaduKCupyeM HaTypatbHOEe wucao nn > 1. I'pymnma w, cocrout
13 N MOBOPOTOB KOODIMHATHON MmIockocTu R? BOKpYT Hadana koopausaT Ha yrasl 27k/n ¢ 0 < k < (n — 1).

O6paTHBIM K TOBOPOTY Ha yroa 2wk /n ABJIseTCs IOBOPOT HA yroa 3.21

27(n — k)/n, paBubm nosopory Ha yroa —2wk/n. Kommosuuus 4.27 12 9.2m
HNOBOPOTOB HA yruikl 27k /N w0 2wm /n ABASETCA TOBOPOTOM Ha YTOTI

27 (k + m)/n. Tox necTReHHOE MPEOOPA3OBAHEE —- DTO MOBOPOT O 2 1-27

HA HyJeBOU yroj, orsedaroumu k = 0.
OTMeTuM, YTO KOMIOBUIWS B TPYIIE [, KOMMYMAMUEHA:

V71,72 € Uy TiTo = ToTi -

I'pynnei, B KOTOPBIX KOMIIO3MIMA KOMMYTATHBHA, HAa3bIBAIOTCA 7. 27 11. 2¢

KOMMYMAMUBHBIMY UTA G0EACBBIMY.
21
DJIeMEHTHI TPYIIIEL 4, yAOOHO IPEACTABIATL cebe B BUAE 1~ 833 o 2r 10- 55
depbraTa, gereHns KOTOPOro M300paXamT YIVIBI TOBOPOTOB, MC- 12
YuCAseMbIe B I0AX OT MOJHOrO o6opora. CkaxkeM, I'Dymma fio Puc. 201. lludepbaar ps.

BEITVIAINT TOYTH KaK CTaHAApTHHI 12-1acosor mudepbrar! (cm. puc. 201). Ipu TakoMm n306paskeHnr KOMIIO-
3UIUU TOBOPOTOB OTBEYAET MOCIEI0BATENBHOE OTKIAIBIBAHNE YIVIOB APYT 33 APYTOM, & Iepexoay K 0OpaTHOMY
IIOBOPOTY — OTKJIAILIBAHUE yIVIa B IPOTUBOIOJOXKHOM HAIIPABICHIH.

WNHuade sneMeHTHI TPYIIIEL [y, MOXKHO BOCIPUHUMATDL KAK KIACCHI LEIBIX YUCENT, JAIOMNAX OINHAKOBBIE OCTAT-
KW OT [eJeHus Ha 1. B camoM gene, moopots Ha 2wk/n u 27k’ /n coBnagamoT TOrga M TOJBKO TOTIA, KOTIA
k' — k nenurca ma n, wiu k' = k(mod n) B ob6oznavenusx uz gopmyast (1-13). Taxum o6pazom, daeMEeHTHI
TPYIIHL 4, MOXHO OTOXIECTBUTL C OCTATKAMU OT AeJeHus Ha n. KoMmosunus moBOPpOTOB MPEBPATUTCS MpU
9TOM B HM3BECTHOE IPABUIO CJIOXKEHUA OCTATKOB: «OCTATOK CYMMBI IBYX UHCEI PABEH OCTATKY OT CYMMBI UX
OCTATKOBY.

'HO ¢ M3MEHEHHON OpHEHTAIVEN, MOCKOILKY YBEIMYEHNIO YINA OTBEUAET ABUKEHVE IMPOTUB YACOBOM CTDEIKM, U
MOBEPHYTHIN HAOOK, TOCKOILKY HYJEBOU YOI OTBEYAET HAIPABICHUIO TOPU30HTAILHOU KOOPAMHATHON OCH

10
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2.1.3.'pynnel ABMXKEeHMH U Ipynnsl ¢puryp. PaccMoTpuM TpéxMepHOe eBKINI0BO IPOCTPAHCTBO
R3. Asromopdumamer f € Aut (R?), KOTOpEIE COXPaHSIOT PACCTOAHUA MEXKTY TOTKAME, HA3hIBAIOT-
ca deudcenuamu. [BUKEHHUs, OMeBHAHO, 00pa3yioT rpymmay. CoOCTBEHHbIE IBIKEHHA' 0OpasyioT B
CpyIIe BCeX IBMKEHUN MOATPYNIY (OHA HABBIBACTCA 2PYnnoti coOOCMEEHHBIT J6UNCEHUTD).

Ecin 3a1aThca Kakon-umbyap ¢urypoir § C R3, To MOXHO paccMOTpeThb IBUXKEHHS, KOTOPHIE
mepeBomaT § B ceOsa. I'pymnma OMEKTUBHLIX OTOOpaxkeHHU (GUIYPHL § B ce0sA, ONpemeaseMBEIX DTH-
MM JBUKEHUSAMHM, Ha3bBaeTcs (noanot) epynnot dueypwr § n obosHadaercs G(F) C Aut (F). Ha-
PALY C MOJHOU TPYyIImou (PUCYPEL MOXKHO PaCCMa-
TPUBATH COOCMEEHHYIO TPYTILy (PUTYPhI, B KOTOPOU
OOIIYCKAIOTCSA TOALKO COOCTBEHHLIE ABIKeHHA. OT-
METHUM, YTO ANA INIOCKUX NPOCTPAHCTBEHHBIX (DU-
Cyp cOOCTBEHHAA IPYIINA COBIALAET C MIOJHON: Geps
KOMITO3UIINIO JI000T0 HECOOCTBEHHOT'O TBUKEHUSA U3
rpynnsl GUIYPHL C 3€PKAJTBHBIM OTPaXKeHUuEM OTHO-
CUTEIBLHO COMEPKAIENn Ty PUrypy IIOCKOCTU, MBI
[TOJIYYUM COOCTBEHHOE IBUXKEHUE, KOTOPOE TEUCTBY-
eT Ha QPUTYPY TOUYHO TaKXKe, KaK U UCXOTHOEe HecOO- Puc. 202. [pynma IByyroasHEKA.
CTBEHHO€ [IBUXCHUE.

Huxe paccmaTpuBatoTcs cOOCTBEHHBIE U HECOOCTBEHHBIE TPYIINBI HECKOJABKUX U3BECTHBIX (PUTYP.

YnpaxckHenue 2.2. 3roToBbTe MOLEIN MATH ILIATOHOBHIX TEJI — TETPa’Ipa, OKTanapa, Kyba, 1ogeKasapa u
ukocasapa (cM. puc. 205 u puc. 209). Bee nocaenyronme yrBepxaeHus 0 JBUKEHUIX DTUX GUryp OyayT
oueBuHEL, eciu y Bac B pykax OygeT COOTBETCTBYIOMIAA MOAEIb, HO MOI'YT IOKA3aThCA «TPYAHBIMEY [IPU
TIOMBITKE TIOCTUYIb UX UCTO YMO3PUTETHHO.

2.1.4.lMpumep: rpynnsl andapos 2,,. ['pynma npaBUILHOTO MWIOCKOTO N-yIOJIBHUKA B MPOCTPAHCTBE HABHI-
BaeTCA N-TOH epynnoti duadpa® u 0603HATAETCA D)y
IMpocrennmu gusaAp — ABYYTOJBHUK — DTO CUMMETPUIHASA JYHOIKA C IBYMs CTOPOHAME, U300paKEHHAL
Ha puc. 202. [pynma® Dy COCTONT U3 TOXKICCTBEHHOT'O OTOGPaXKEeHNA U TPEX IOBOPOTOB Ha 180° BOKpYT mep-
MEHAUKYIAPHLIX IPYT APYTY OCEeU, OMHA W3 KOTOPHIX MPOXONUT YEpPEe3 BEPIIVHLI JYHOUKM, IPyras — depe3
1 CepeIuHbl €€ CTOPOH, a TPEThs MEPIEHIUKYIAPHA IIOCKOCTU JTYHOUYKN
u TPOXOAUT €€ 1eHTp. [lencTBUTEnsHO, J060e HETOXKIECTBEHHOE Tpe-
o6pa3oBaHue AU IPA JOMKHO MEHATH MEeCTaMu JuOO ero CTOPOHBI, JuOO
BEpLINHEL, JuO0 TO U APYIOe CPa3y, U POBHO DTO U MPOUCXOAUT IPU TPEX
[I€PEYUCIEHHBIX BBIIIE I0BOPOTAX.

012 031
47 - % Ynpaxtenue 2.3. CocraBbre TaOINILy YMHOXKEHUS DJIEMEHTOB ['PYIIILI
5 u ybenuTech, YTO OHA KOMMYTATUBHA.

OrmeTum, 9TO rpynna Dy COBIATAET KAK C IPYIIION OMMUCAHHOTO BOKPYT
JYHOYKY TIPAMOYTOJNLHUKA, TAK W C TPYTNON BIUCAHHOTO B HEE pomba,
OpU yCIOBUU, 9TO 008 OHM HE KBAIPATHL (CM. puc. 202).

Cremyrommin Ausap — MPaBUILHEIA TPEYTOMbHUK. [loKaxkeM, 9TO ero

9 3 Tpymma D3 COCTOUT U3 WIECTU IBUKEHUN (CM. puc. 203): TOXK IECTBEHHO-
% ro nmpeo6pazopanusa Id, gByx moBopoTos 7, 7! mHa +120° BOKPYT HEHTpA
023 TPEeyrObHUKA U TPEX OCEBBIX CUMMETPUH 0jj = 0;;° OTHOCUTEILHO €ro

Puc. 203. [pynma Tpeyromprmka. —MeAuaH. [l 5TOro 3aHyMepyeM BEPIIMHEL TPEYrOMbHIKa, “metamu 1, 2,
3 ¥ CONOCTaBUM KaxKOMY IBIXKEHUIO U3 TDYNILI TPeyTroJbHUKA OCYIIe-
CTBJIAEMYIO UM IEePECTAHOBKY ero BepunH. [loryany oTo6pakerre IPyIIbl IX3 IPa B CHMMETPHYIECKYIO [PYIIILY:

Dy —» G5 = Aut ({1, 2, 3}). (2-1)

! HamOMHIIM, YTO IBYIKEHVEe HA3BIBACTCA COOCITE EHHbLM, €CIIA OHO COXPAHAET 0PUEHMAY U0 (TOBOPA HAMBHO, EPEBO JIT
JEBOCTOPOHHUY BUHT B JEBOCTOPOHHUI); HAIIPUMED, IOBOPOTHL — 3TO COGCTBEHHBIE ABIKEHUA, 8 OTPAKEHUS OTHOCH-
TEIBHO INIOCKOCTH U IEHTPAIbHAA CUMMETPHUA IPOCTPAHCTBA — HET; €CIU BOCHOIb30BATHCA TEOPEMOH O TOM, ITO JI060€
OBIKEHUE ABJIAETCA KOMIIO3UIUEU OTPAKEHUM, TO COOCTBEHHBIE ABWKEHUA — DTO T€, KOTOPBIE MOXHO IPEICTABUTH B
BUI€ KOMIO3UIWKA I6THOTO YUCIA OTPAKEHUN

1. e. (IBYIPAHHMKAY; MMEETCA B BUAY, YTO IPOCTPAHCTBEHHBIM MHOIOYIOJbHUK MMEET [BE BU3YAIbHO HEOTIMIAMBIE
OPYT OT APYyra I'PAaHU — JBE HOBEPXHOCTHU IUIEHKN, KOTOPYIO HA HEIO MOXKHO HATAHYTH

3 qusapadbHas rpymma D, MHOIJA elé Ha3hBaeTCa uemsepmuoti 2pynnoti Kaetina u o6osnauaerca By
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OHO MHBEKTUBHO B CUIY CJIEAYIOMIErO XOPOIIO U3BECTHOIO MEOMETPUIECKOrO (PaKTa:

YnpaxHenue 2.4. [lokaxxuTe, YTO ABA IBUNKEHUS MJIOCKOCTH COBMANAIT TOTAA W TOJIBKO TOrAA, KOTAA OHU
OJVHAKOBO JEUCTBYIOT HA BEPIINHBI KAKOTO-HUOY b TPEYTOJILHUKA.

Mockonbky rpynna G3 TOKE COCTOMT M3 MIECTU MEPECTAHOBOK, oToOpaxkenue (2-1) B3aumuo oxuozHawuo. Ilo-
BOpOTHI Ha +120° 0TOXKAECTBIAIOTCA UM C UUKJIMIeCKuMuU nepecranoBkamu (2, 3, 1) u (3, 1, 2), a oceBble cum-
mMeTpuu — ¢ TpaHcnosuuusamu nap oyks (1, 3, 2), (3,2, 1) u (2, 1, 3).

Ynpaxetenne 2.5. O6o3uaum gepes 0;; € G3 nepecTanoBKy OyKB ¢ 1 j. Y0eAuTeCh, ITO IpeoOPa3OBAHNA U3
TPYIIIBL 63 MOXHO 3aIIICAaThb B BHUMEC: Id, Jg12, 023, 013, 012023, 023012 . F,qe B OTOM CHHUCKE IIOBOPOTHI
1-2—-3—-1u3—-2—->1-37
IMokaxem Ternepsb, YTO A1 IPOU3BOJILHOIO N > 2 MPYIIA A3 APA D, COCTOUT U3 2N IBUKEHUN: 71 IOBOPOTOB

BOKDYT IIEHTPA MHOTOyTroMbHIKA HA yrusl 2wk /nck =0, 1, ..., (n—1) (npu k = 0 mony4aeTcs TOX IeCTBEHHOE
IpeoOpPA3OBAHNE) U 71 OCEBHIX CUMMETpHUE (T.e. MOBOPOTOB Ha 180° B MPOCTPAHCTBE) OTHOCUTEABHO MPAMBIX,
MPOXOJAIIUX TIPU HEIETHOM 7, U€pe3 BEPIIUHY U CePeIuHy MPOTUBOIMOJIOXKHON CTOPOHBI, 8 MPU YETHOM 1 —
Yepes3 mapbl IPOTUBONONOKHLIX BEPIIMH U 9€Pe3 CePEAUHBI IPOTUBOIOIOKHBIX CTOPOH (CM. puc. 204).

1 1 1

3 47 3
Puc. 204. Ocu gusapos nus n = 4,5, 6.

[I7151 5TOr0 3aHyMepyeM BePIINHBI U3 Apa IuciaaMu 1, 2, ... , n 1 pa30obbEM BCe IBUKEHUA U3 TPYIILI TUS IPA HA
n menepecekaoumuxcs knaccos C,Cs, ..., C,, orHeca B knacc C; BCe IBUKEHUS, KOTOPHIE IEPEBOIAT BEPIIUHY
1 B Bepiuuny i. YoeauMcsa Tenepb, 9T0 B Kaxk oM kaacce C; IMeeTcs POBHO CTOMBKO XK€ IBUKEHUN, CKOJIbKO U B
kiaacce Cy. [lns sroro sadukcupyem kakoe HuOyap asumxenue g € C; u paccCMOTPUM OTOOPAKEHUs YMHOXKECHUS

CcjIeBa Ha ¢ 1 HA g_1 :

h—goh fegtof
e

’)/101

Jlerko Bugers, 4TO OHU OOPATHHL APYL APYLY:

VIeC; v('(f)=vg " f)=99 ' f=Ff m VheC v (y(h)=+(gh)=g 'gh=h,

a 3HaIUT, B cuity npemioxenus (n°1.6.1), onu 6uextusnel. Takum o6pasom, |D,| = n - |Cy|. 3amerum Teneps,
9YTO COTVIACHO yTIp. 2.4 MMeeTC A POBHO IBA NBKEHUS, HEPEBOANMX MHOTOYTOIBHYK B €0 U OCTABIAIONINX HA
MecTe BepiuHy 1: TOXIecTBeHHOE (TOXIECTBEHHO NEUCTBYIOIIEE HA TPEYTOJbHUK, 0OPA30BAHHBLIN BEPIIUHON
1 ¥ CMEeXHBIMU C HEWl BEPUIMHAMY 2 U 71) U CUMMETPHUA OTHOCUTEIBHO OCH, IPOXOMAIIEN Yepe3 BepumHy 1 u
LEHTD MHOIOYyTOJbHUKA (IepeCcTaBAomas BepmuHsl 2 u i Mexay cobon). Uraxk, |Ci| =2 u |D,| = 2n.

C; u v :C; . (2-2)

Ynpaxtenue 2.6. CocraBbre TAOIUIBL YMHOXKEHUs 1s Tpynn Dz, Dy u Ds.

2.1.5.pumep: nonHast u coOOGCTBEHHAs rpynnbl NpasunsHOro Terpasapa. CoOCTBEHHAsA TPYINa TETPadIpa
IOMEUMO TOXKIECTBEHHOT'O mpeobpasoBanusa conepxutT 4 - 2 = 8 moBopoToB Ha yrubl +120° BOKPYTr HIPsAMBIX,
MPOXOMAIUX Y€pe3 BEPIIMHY U IEHTP NMPOTUBOMOJOKHOU I'PaHU, a Takke 3 moBopora Ha 180° BOKpyr mps-
MBIX, IPOXOISMIKX YepPe3 CePeJUHbl IPOTUBOLONOKHBIX PEGep (cM. puc. 205). OTMeTnM, 9TO STUX IBUKEHUN
NOCTATOTHO, YTOORI TIEPEBECTU 000 BEPIIUHY TETPa’apa B IOy APyryo. B Heco6CTBEHHOU TpyMIe, TO-
MUMO TIEPEUUCTEHHBIX TIOBOPOTOB, UMEETCA 6 OTPAKEHUN B TUIOCKOCTAX, TPOXOAIINX depe3 pebpo U Cepeauny
MPOTHUBOIIOJOXKHOTO K HeMy pebpa. Kakue emé nemxenus ects B rpyimne TeTpasapa’

[l1st oTBETA HA BTOT BOMPOC MOACIATAEM, CKOJIBKO BCETO ABUKEHUN UMEETCSA B COOCTBEHHON U HECOOCTBEH-
HOU PyIIaxX TeTpasapa. SaHyMepyeM BepIInHbL ducaamu 1, 2, 3,4 u pazobbem Bce aBrKeHUs u3 (Kak coOCTBeH-
HOI, TaK U HeCOOCTBEHHON) I'PyNIIbl TeTpasapa Ha 4 nenepecekaomuxcs kiacca Cp, Co, C3, Cy, OTHECS B KIacc
C; Te MBUXKEHUs, KOTOPBIE MEPEBOAAT BepiinHy | B BepmuHy . 3aduKCUpyeM Kakoe-HuOyIb MpeoOpa3oBaHue
g, IEPEBOAAINEE BEPIINHY 1 B BEPUINHY %, U PACCMOTPUM, KaK U B MPEABLAYIIEM NpUMeEPe, OTOOPAKEHU

—go —g lo
v:Ch hrach Ci n W/SCiM'Cu (2-3)
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YMHOXKAJOIIIE BCe mpeobpasoBanus u3 kaacca C] Ha g, a Bce npeobpasopanmi w3 kiracca C; — Ha g L.

YnpaxHenue 2.7. llokaxure, 9T0 7 u ' ABIAIOTCA 0OOpaTHEIMU APYT Apyry Omekuuamu mexay Cq u C;.

Taxum o6pasom, Bce kraccsl C; COCTOAT U3 ONUHAKOBOT'O M- 1
CJIa BIEMEHTOB, U IOPALOK TPYIIEL TeTpasapa pased 4 - |Cy].

Yro6wur manTu |Cq|, 3aMeTUM, ITO IBUKEHUA, COXPAHAIOLINE

Ha MecTe BepiuHy 1, 06pa3yioT IPyIny, KOTOPYI MOXHO OTO-
KAECTBATH C I'PYNION OPABWIBHOIO TpeyroabHuka 234, mo-

CKOMBbKY OHA COCTOUT M3 TPEX COGCTBEHHBIX IBMKEHWN — To- 712034 éz
K I€CTBEHHOT'O OTOOPaXKEeHUA U ABYyX MOBOPOTOB Ha +120° BO-
KPYT' OCH, COCIUHSIOMIEN BEPUINHY 1 ¢ IEHTPOM TPEYrOJbHU-
Ka 234, a Takxke TPEX HECOOCTBEHHBLIX ABUKEHUN — OTPAKE-
HEUH B ILIOCKOCTAX', IPOXOAAIMX Yepes BepIIuHy 1 1 Meama-
HBI TpeyroibHuKa 234, DTO BEITEKAET U3 TPEXMEPHOU BepCUu
ymp. 2.4:

YnpaxHenue 2.8. [lokaxure, 9TO I/ COBIIAICHUS IBYX IBU- 034
JKEHMH IIPOCTPAHCTBA HEOOXOMUMO U JOCTATOIHO, ITOOBL
OHU OJIMHAKORBO JEUCTBOBAIN HA BEPIIUHBI KAKOTO-HUOY Ib

TEeTPadaApa.
4

Puc. 205. [l1ockoCTh CUMMETPUHT 034
u ock noBopora Ha 180°
(PABHOI'O KOMIIO3ULMU 012034).

Takum o6paszom, coOGCTBEHHAS IPYIINa TETPA3APA COCTOUT U3
3.4 = 12 gBUXKEHUN, U CTANO OLIThH, UCIUCPILIBACTCA [BEHA-
OUATHIO OMUCAHHBIMU BhIie oBopoTamu. [loaHas xe rpynma
TeTpasapa cocTouT u3 4 -6 = 24 ABUXKEHUN, a 3HAYUT, KPOME
LIECTH OMUCAHHBIX BBIIIE OTPAKEHUU COTEPKUT eé 6 HeCOOCTBEHHBIX MBUXKEHUU. ITO DTO 32 NBUKEHUAT!

s oTBETA HA 3TOT BONPOC PACCMOTPUM BJOXKEHUE IIOJHOU IPYIIILL TETPA3APA B CUMMETPUIECKYIO I'PYIIILY
&4, KOTOPOE COMOCTABIAET KaXK JOMY ABIKEHWIO TeTPa’Apa OCYIIECTBIIEMYIO UM IepeCTaHOBKY BEPINUH, KaK
B 1n°2.1.4 (MHBEKTUBHOCTH >TOr0 OTOOpayKeHUs BhITeKaeT u3 yup. 2.8). Ilockoneky |Gy = 24, 510 BrOXKEHUE
aBageTcsa oueknyen. OG03HAMUM |U€PE3 0;; OTPAXKEHNe TeTPadAPa B INIOCKOCTH, IPOXOIALIEH Ye€pe3 CepefuHy
pe6pa [i, j| u mpoTuBonoaoxuoe pe6po. lllectn oTpaxenuam o;; B cummerpudeckon rpynne &4 COOTBETCTBYIOT
Tparcnosunun Oyks ¢ u j. Ilosoporam ma £120°, npeacrapaaiommM cO60I0 BCEBO3MOXKHEIC KOMIO3UIUN 0450
C TOMAPHO PA3JUYHBIMU i, j, k, OTBEYAIOT IUKINYECKUE MEPECTAHOBKU TPEX OYKB i, j, k. Tpém Bparmenusam
uHa +180° OTHOCUTENIBHO OCEU, COEIUHAIOIINX CEPEIUHEI MPOTUBOMONOKHLIX PEGEp, OTBEYAIOT OTHOBDEMEHHBIE
TPAHCIO3UINY HelepeCceKauxcs map OyKB:

012034 : 12342143
013 024 : 1234+—3412
014023 : 1234—4321,

B urore «uemocTaoIlmey mecTh HECOOCTBEHHBIX MPEOOPA30BAHUN JOMKHEI OTBEYATH MIECTH BO3MOXKHBIM IIU-
KJIWYIECKUM [IepeCTaHOBKAaM BEPIINH:

1-2—-3—-4—>1 2—-3->1—-4—->2 3—-1—-2—-4—-3
2—-1—-3—-4—2 1-3—-2—-4—-1 3—-2—-1—-4—3
7 UX MOXHO Peajn30BaTh, HAIIpUMEp, moBopoTamu Ha +90° 0THOCUTENBHO MPAMBIX, IIPOXOIAIIIX IePe3 Cepeau-

HBI IIPOTUBOIOJIOKHBIX PEGED € MOCIEAYIOMAM OTPAXKEHUEM B ILUIOCKOCTH, IIPOXOJAILIEN Y€Pe3 LEHTP TeTPadapa
U TIEPIEHIUKYIAPHON OCU TTOBOPOTA:

012093034 : 1234+—4123 034093012 : 1234+—2341
0130230924 1234+—4312 09240923013 1234+—3423
0140924093 : 1234+—3421 093094014 : 1234+—4312.

(o6paTuTe BHUMAHVE, UYTO MEPECTAHOBKY U3 MPABOM KOJOHKMA OOPATHBI IEPECTAHOBKAM U3 JEBOH).

2.1.6. [Mpumep: nonHas n cob6cTeenHas rpynnsl gogekasapa. CobcTBernas rpynmna gonekasapa (cMm. puc. 206)
cocrout u3 6 -4 = 24 nooporos Ha yrusl 27k/5 (rge k =1, 2, 3, 4) BoKpyr ocel, NPOXOSIIUX Y€PE3 LEeHTPHL
TIPOTUBONOMOKHLIX TPaHen Jonekasapa, 10-2 = 20 moBopoToOB Ha yIUIBl +27 /3 BOKPYT OCeH, MTPOXOIAIINX Yepes
MPOTUBOIMOJIOKHEIE BEPIIUHEL, 15 TOBOPOTOB Ha 180° BOKpPYT OCen, MPOXOIAIINX UepPe3 CepeIUuHBI TPOTUBOIMIO-
JIOXHBIX pEOEp I0aeKadIpa, U TOXK IeCTBEHHOIO MpeoOpa3oBaHus.

'y mpumepe (n°2.1.4) UM COOTBETCTBOBAIM OCEBBIE CHMMETPHH TPEyTOIbHIKA
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B nmoammou rpymnme gogexasapa nmoMumo 3Tux 60 IBMXKEHUU COIEPKATCI UX KOMIOZUIAU C HEHTPAIHHOU
CUMMETpPUEN OTHOCUTEILHO MEHTPA NOAEKAdAPa. YOEIUTHCA B TOM, YTO HUKAKUX MPYTUX NPEeOOPA3OBAHUU B
CPYIIe T0AeKadIPa HET, MOXKHO BLEITUCIUB MOPAJOK STOU TPYIIEL TEM K€ METOAO0M, UTO U B MPEALIIYIINAX ABYX
npuMepax. [1asa pa3zHoo6pa3nsa MBI HA 9TOT Pa3 3aHyMepyeM He BEPIINHEL, &
rpaHu goaekasapa aucaamu oT 1 1o 12 u pa3o6bém rpymnmny a0aeKasapa Ha
12 menepecexkaromuxcs kaaccos C;, oTHecs B kinace C; Bce npeobpa3oBaHus,

[I€PEeBOAsAIINE IEPBYIO I'PAHDb B ¢-TYIO.
YnpaxHenue 2.9. Ycranosure 6uexuunio Mexkay xraccamu C; u C.

Kuacc C1, nepesogsammu B ce6s1 IEPBYIO I'PaHb, MOXKHO OTOXK IECTBUATE C -
papanbHON rpymnon Dy. [Ipu 5TOM IATH MTOBOPOTAM MATUYTOILHUKA, Oy Iy T
OTBEYATH MMOBOPOTHI T0IEKAdIPA, BOKPYD OCH, IPOXOIIIEN Yepe3 IEHTD
[IEPBOM ¥ IPOTUBOIOJIOXKHON K HEH I'DaHH, a CAMMETPUAM IATHYTOJLHU-
K& — HECOOCTBEHHEIE IBWIKEHUA, KOTOPBEIE MOXKHO PEATn30BATH OTPaKe-
HUAME JOJEKADAPA B IIATH INIOCKOCTSAX, IEPIEHINKYAAPHEIX IIEPBOU I'PDAHI
U TIPOXOIAIINX Yepe3 BEPIIUHY MEPBOU I'PAHU U CEPEIUHY TPOTUBOMOI0NK-
HOTO en pebpa mepBou rpanu. UToro, B COOCTBEHHOU TPYIINE NOAEKADAPA
umeerca 12-5 = 60 gsuxenun, a B Hecob6cTBennon 12-10 = 60 guxenun. Puc. 206. [logexasap.

Ynpaxtenue 2.10. Emgé pas nogcauranTe 9ucao JBUKEHUU B IPYNNAX TETPAdAPA U JOAECKA3IPA, PACCMOTDEB
OEUCTBUE dTUX TPYII Ha PEOpa.

YnpaxHenue 2.11. TlokaxuTe 9TO MOJIHBIE TPynnsl Kyba (cM. puc. 207) u okTasapa (cM. puc. 208) cocToaT

3 48 nBuxKeHuu, a COGCTBEHHBIE — U3 24.

Puc. 207. Ky6. Puc. 208. OxTasap. Puc. 209. Uxocasap.

YnpaxHenue 2.12. TlokaxxuTe 4TO MOJHAA TPymma ukocasapa (cM. puc. 209) cocrout uz 120 aBuxenun, a
cobcTBenHas — u3 60.

2.2. Cmexnrble Kjaacchbl. Paccyk qenne, HCIOIb30BAHHOE HAMHE BBIIIE A IOACIETA KOJIMIECTBA MIpe-
00pas30BaHui B CPYIOOax GUIyp OIYTEM Pa3OneHusa >TUX TPYIN HA KJIACCHL, HOCUT OYeHL OOIINU Xa-
paxTep u AOIyCKaeT Clefykoliee airebpandeckoe onucanue. Ilycts B rpymme G umeeTcs moarpymma’
H C G. lna xkaxaoro g € G HA30BEM 4€6bIM CMEHCHBIM KAGCCOM TIOATPYINEL H, OTBEYAOMIAM DJie-

MEHTY ¢, MHOXKECTBO MPe0Opa3OBAHUN
def
gH ™ {gh| he HY, (2-4)

MOy JAIOIIMXCSA YMHOXKEHNEM Bcex npeobpasoBanui h € H ciaeBa Ha ¢g. B KaX10M TakOM MHOXECTBE
DIEMEHTOB CTOJBKO K€, CKOJIBKO B moArpynne H, MOCKOAbKY 0TOOpaKeHus

h+—goh

g tof

H gH

L1, e. mogMHEOXKeECTBO, TakXke O6pasyioLee IPYILY; B IPEIBIIYIINX IPIMEpax dT0 O0bu1a moarpymma O, COCTOABIIA
73 IPeo6pa30BaHUU, MEPEBOAAINX B Ce0A BEPIIMHY WIM IPaHb, IOMEIEHHYIO HAMH IUCIOM 1
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3a,aI0T B3aUMHO oOparHble Ouekimu mexxay gH u H, kax B (2-2,2-3). C 1pyrou cTOpOHBL, JTI00LIE 1BA,
cMexXHBIX Kaacca g1 H u go H 1ubo He mepecexatoTcs, mubO coBmanaoT. B camoM mene, 3 paBeHCTBA
g1h1 = g2ho BEITEKAET 4TO g1 = thth_l, a sHaqdutT, g1 H = thth_lH C goH. Ilo Tem xe mpuInHAM
g2 = gihihy ' w goH = gi1hahy 'H C g1 H.

Ynpaxtenue 2.13. Y6eiurech, 9TO OTHOIIEHUE IIPUHAIJIEKHOCTH ABYX DIEMEHTOB (1, g2 K OJHOMY CMEXKHOMY
KJIACCY DKBUBAJIEHTHO KAXKIOMY U3 YCJIOBUU: a) gz_lgl € H 6) gflgz € H u sABusgeTcs omuouweruem
axeusasenmuocmu Ha rpynne G B cmbicae n° 1.4.3 (310 gaér gpyroe LOKa3aTelbCTBO TOrO, YTO JIOOBIE
IBa CMEXKHEBIX KIACCHI MO0 HE MEPECEKAIOTCA, JUO0 COBIAIANT ).

Uraxk, eciu B rpynne GG 3ajaHa Npoum3BodbHAsA moarpynmna H, To rpynna (G pacnagaeTcs B AU3b-
IOHKTHOE 00beMHEHNE PABIUIHBIX JEBBIX CMEXKHBIX KIACCOB (2-4), KaX b U3 KOTOPBIX COCTOUT U3
TOTO XK€ YUCIA DAEMEHTOB, YTO U moarpynna H. MHOXeCTBO JIEBLIX CMEXKHBIX KJIACCOB IMOATPYIIILI
H B rpynne G o6bruHO o6o3Havaercs G/H, a 9ucja0 PasIMdHBIX CMEXHBIX KJIACCOB 0003HAYAETCs
[G : H] = |G/H| n naswBaerca undexcom noarpynnsl H. Mbl moaydaeM CIeIyIOUIMN De3yJabTaT,
M3BECTHBIN KaK meopema JIaepanica 0 CMENCHbIT KAGCCAT:

2.2.1. TEOPEMA (J. L. LAGRANGE). Yucro saemeHTOB B Jt060u nogrpymnne H Opou3BOIBEHOH KO-
meynou rpynnsl G gequT Halego 9ucIO 31eMeHTOB B rpymue (G, u JaCTHOE OT 3TOr0 JeJeHHS PABHO
KOJIM9eCTBY Pa3INdHBIX CMeKHEIX KaaccoB G mo H , r.e. [G: H] = |G| : |H]. O

2.2.2. [lpumep: cMeXHbIE KNACCHI B rpynne noBOpoToe. PaccMOTpuM B I'pyIIe IBEHAIIATHA MOBOPOTOB G =
p12 u3 mpumepa (n°2.1.2) mogrpynny H C GG, 06pa3oBaHHyIO 9€THIPHMS IOBOPOTAMU HA yYIUIBL, KPATHBIE 7 /2.
Ecau o6o3uaduts nmoBopor Ha yroa 27k/12 1uepes 74, (cM. puc. 2010), To nogrpynna H Gyzer cocTosaTs u3 u3
[IOBOPOTOB Ty, T3, T¢ U Tg. Bes rpynna G pacnagércs npu 5TOM B 00beIMHEHUE
TPEX CMEKHBIX KIaCCOB

H :T()H :T3H :TﬁH :TQH = {T(), T3, T6, Tg}
nH =mH =1mH =10H ={m, 74, 77, 710}

T2H = T5H = TgH = 7'11H = {7—2; T5, T8, 7_11} 3

IpPEJCTABUTENN KOTOPHIX 0003HAYEHBI HA puC. 2610 COOTBETCTBEHHO TOYKOM,
3aCevIKon U AByMs 3acedkamu. QOpaTuTe BHUMAHUE, ITO OIUH U TOT K€ CMEXK-
HBIN KJACC MOXET OBITH MO PA3HOMY 3amucaH B Buge gH — B xadecTse g B
STOM 3AIMCH MOXKHO B3ATH JI000U a1eMenT ¢ € gH.

B reomerpuueckux Tepmuuax noarpymnmna H cocTouT u3 Bcex IOBOPOTOB,
KOTOpBIE IEPEBOAAT B Ce06s1 OUH U3 TPEX KBAIPATOB C BEPIIMHAMY B feqeHnax EHuc. 2010. CmexHBIE KI1aCCEL
m300paxEnHOro Ha puc. 2010 mudepbaara (4 UMEHHO CILIOIIHOTO KBaApaTa), MOATPYTIH IOBOPOTOB HA yTUIBI
a OCTaJIbHBIE CMEXHBIE KJIACCH COCTOAT M3 IIOBOPOTOB, IIEPEBOIAMNX ITOT 7k/2 B rpynme pis.
KBAJApAT B ABA IPYrUX KBAAPATA.

T9

Ynpaxuenue 2.14. B co6cTBennon rpynne (G KaXJ0Oro U3 MATH ILIATOHOBLIX TeJ OMUIINTE CMEKHBIE KJIACCHI
noarpynnst H C G, cocrosmen u3 Bcex MOBOPOTOB BOKPYT OCH, IPOXOAAILIEN Yepe3 LEHTP Tela U
a) Bepuiuny 1; 6) uenTp rpanu 1; B) cepenuny pebpa 1.

2.2.3. IIpaBbie cMexHbIe Kaacchl. OTMETNM, 9TO BMECTO JEBBIX CMEXHBIX KI1ACCOB (2-4) MbI MO
OBI ¢ TEM XKe YCIeXOM HCIOIB30BATE NPA6bIE CMENCHbIE KAGCCH

Hg% {hg|he H} . (2-5)

YnpaxkHenue 2.15. [loBropure mis mpaBbIX CMEXHBIX KJIACCOB BCE MPELBIAYINIAE PACCY K JEHUA, T. €. TOKAKI-
Te, YTO BCE OHU COCTOAT W3 OJIWHAKOBOI'O UUCJA BJIEMEHTOB (PaBHOTO MOPALKY moATpynnbl H) u mobbe
IBA CMEXHBIX KJIACCA WIN HE TEPECEKAITCA WIN COBIAJAIOT; KPOME TOrO, CHOPMYIUPYUTE U PEITUTE
«IPABOCTOPOHHIOIO» Bepcuio ymup. 2.13.
MHOXeCTBO IPaBBIX CMEXKHBIX KIaccoB nmoarpymnsl H B rpynme G o6braHo o6o3nagaerca H\G. B
Ka4eCTBe (JIENCTBUA U3 TeOpeMbl Jlarpanika MbI IOMY9aeM, UTO YUCJIO JEBBIX CMEXKHBIX KIACCOB (2-4)
PABHO YHUCJIY [IPABBIX CMEXKHBIX KJIACCOB (2-5):

[H\G| =[G : H] = |G|/|H| = |G/H|.



83. Op6uTshl.

3.1. Op6urel. Opouton G(zr) Touku £ € X OTHOCUTEIBLHO IPynnel mpeobpasosanun G C Aut (X)
Ha3bIBACTCA MHOXKECTBO BCEX TOYEK, KOTOPHIC MOXXHO IIOJAYYINTH U3 TOYKU I, IPUMEHAA K Heﬁ BCEBO3-
MOXKHBIE IPEOOPA30BAHUA U3 rpymnsl G:

G(z) € {g(z)| g € G} .

OpOuTHl ABYX PA3IUYHBLIX TOYEK T1,To € X WIM HE MEPECEKAIOTCA WK COBHanaioT. B camom nerne,
ecan g1(z1) = g2(x2) A1 HEKOTOPHIX g1,g92 € G, TO 1 = gflgg(l‘g), u ctano OuiTh, G(x1) C G(z2).
Buecre ¢ Tem g g1 (%1) = x2, n nosromy G(z9) C G(x1). Mer noryaaenm

3.1.1.IPEIJIO?KEHUE. Bcakoe MmuOXecTBO X NMpeacTaBIaeT cOO00 IU3BIOHKTHOE 00BeTHHEHTE
opbur srobon rpynmer G C Aut (X). O

3.1.2. lnaunast op6ur. Paszbuenne muoxecTBa X Ha OPOUTHI yCTPOEHO HE TAK PEryJIAPHO, KAK
pa3bmeHre TPYNIILL HA CMEYXKHBIE KJIACCHL, U PA3HBIE OPOUTHI MOT'YT COCTOATH U3 PA3HOTO YUCJIa TOYEK.
KoauuecTBo TO4Uex B opbure (€ OHO KOHEYHO) HA3BIBAETCS 0AUHOU DTON OPOUTHL.

Yrob6ur Hautu AauHy opouThl G(x) NPOM3BOIBHO 33aTaHHOU TOUKU € X, 3aMeTUM, €UTO Ipe-
obpaszoBanusa g € (G, KOTOpPHIE TIEPEBOJAT TOYKY T B cebsa, obpazywT B rpymmne G moarpymmy. JTa
MOATPYIINA HA3LIBAETCA CMaOUAUIGMOPOM TOUYKU T U 0003HATALTCA

Stab(z) & {h € G| h(z) = 2} .

[Ipeo6GpasoBanHus, MEPEBOAAIINE TOUKY & B TOUKY y = () TOU e OpOUTHI 0OPA3YIOT JEBLIM CMEKHBIN
KJacC CTaOUAN3aTOpa:

{5 eG| f(z) =g(x)} = g - Stab(z) .
B camowm nene, ecu h(x) = x, To gh(z) = g(x), u HaoGopor, ecin f(x) = g(z), To f MOXKHO 3anucaThb
BBuge g-g~ ' - f=g(g™" - f), rae g7' f € Stab(z), nockoapky g7 f(z) = g7 g(z) = .

YnpaxHenue 3.1. IIposepbTe, 9TO MOCTPOEHHOE HaMu cooTBeTcTBHE ¢(x) < ¢ - Stab(z) 3amaér Guexknuio
MeX 1y ToukaMu op6uThl G(Z) U CMEXKHBIME KIaccaMy MOArpynnsl Stab(z).

Taxum obpaszom, mamHa opouTsl G(z) Touku x € X pasHa muzgekcy [G : Stab(z)] eé crabummsaropa.
N3 reopewmer Jarpanxka (n°2.2.1) Borrekaer:

3.1.3. CJIEJCTBUE (POPMY.JIA IJIA JJIUHBI OPBUTHI). |G (z)| = |G| : |Stab(z)] . O

3.1.4.pumep: ewg pas o nopsiakax rpynn naaToHosbix Ten. Hame BbMuCI€HWE MOPAIKOB T'PYII IATH
IUIATOHOBBIX TeJ, & TaKXke MOPAKa o0men rpymnnsl gudapa D, (cM. npumepst (n°2.1.4)—(n°2.1.6), 6bui0 B
CYIIHOCTY HU 9€M WHBLIM, KAK MPUMEHEHHEM (POPMYJEl A AJWHBI OpOUTEL B caMoM mese, BCe BEPUIMHBI ILIA-
TOHOBA Tesa 00pa3yioT ogHy opbury rpyunsl G 2TOro tena, u crabuiumsarop Stab(e;) Bepumuer 1 — 510 B
TOYHOCTU paccMmaTpuBasmmica HaMmu kaacc Cp, otkyna |G| = |Stab(ey)| - (uucao sepmmn). C Tem ke ycme-
XOM B Ka4€CTBE TOYKM I, Iepe3 KOTOPYK NMPOXOAUT OpOUTA, MOKHO OBLUIO OBl B3ATH HE BEPIIXHY, & LEHTD
KaKOU-HUOYAb I'DAHU, CKAXKeM, UEHTD 21 IepBOK rpau. Torga Mel MOMIK Obl BEIMUCIATE MOPALOK I'PYIIILL KaK
|G| = |Stab(ey)| - (aucao rpauent). O6parure BHUMaHUe, 4T0 OpOuTHL G(61) 1 G(21) UMEIOT PA3HYIO LJIKHY.

Ynpaxuenue 3.2. [[1s1 Kaxg0r0 U3 MATU IUIATOHOBHIX TN HAUIUTE [IUHBI OPOUT BCEX TOYEK HTOTO TEIA
[pU JAEUCTBUU HA HUX COOCTBEHHOU M HECOOCTBEHHOU I'PYNNHI Teda. ECTh au cpequ opOuT Takue, AJIMHA
KOTOPBIX PABHA MOPSIAKY Ipynnsi! Kciam ga, TO rje pacmoiaraloTcs TAKUE TOYKU !

3.1.5. [Npumep: apyroi BbiBOA SABHON HOPMY NI ANt MYNBTUHOMMANBHOMO KOadduumenTa. [Ipumennm dhopmyny
st bl op6uTer (n° 3.1.3) 414 moACIéTa KOMUIECTBA CJIOB, KOTOPHIE MOXKHO IOLYIATh NEPECTABIAA OyKBHI
B CJIOBe

W= A1, ALy euv y A1, A2y A2y o vy A2y e ven ven s Oy Ay vy G (3-1)
| e —
my GyKB aj mo GYKB as my OYKB ap
COCTOSAIIEM U3 1. = My + Mo + -+ + my OykB. CuMmmeTpudeckas rpynna &,, IENCTByeT HA BCEBO3MOXKHBIX 71-

OYKBEHHBIX CJIOBaX IepecTaHoBKaMu OykB. lckoMoe 1ucio — 510 B TouHOCTH AiuHa opouthl &, (w) caosa (3-1)

16
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OoTHOCUTENBHO >Toro fercteusa. CtabmmsaTop Stab(w) cOCTOUT M3 BCEBO3MOXKHBIX IEPECTAHOBOK O TMHAKOBEIX
GyKB IPYT C APYTOM U MMeeT MopAnoK |Stab(w)| = my!-my!- -+ - my!l TlosTomy

(my +mg + -+ +my)!
ml'mg'mk' '

|G (w)] = [Gn|/[Stab(w)| =

3.1.6. [Mpumep: packnagku CONOMMHOK NO cTakaHam. IloxcumTaeMm, CKOJBKUME CIIOCOOAMU MOMKHO PA3JIO-
JKUTH HIATH PA3HOLBETHHIX COJIOMWHOK IO TPEM OJUHAKOBBIM CTAKAHAM, €Ciu TPeOyeTCs Pas3jokKUTh BCE IMATH
COIOMWHOK, HO Pa3penIaeTcs, YTOOB HEKOTOPHIE U3 CTAKAHOB OCTABAJIUCH MycThIMU. Byaem 0603Ha4aTh 1IBETA
coaomuuok mudpavu 1, 2, 3, 4, 5. Ha MHOXKecTBe BCex PACKIAJ0K ACUCTBYET cUMMeTpudeckas rpymmna Sy,
[IEPECTABJSIOMIAA COTOMUHKA MEXK Iy CO000. DTO AEUCTBUE HE M3MEHSAECT KOUUIECTBA COJIOMUHOK, HAXOISAIMINX-
Cs B KaXKOM U3 CTAKAHOB, X €r0 OPOUTHI B3AUMHO OJHO3HAYHO COOTBETCTBYIOT PA3IUIHBIM KOJUIECTBEHHBIM
paCIpeIeIeHUsAM COJIOMUHOK IO CTaKaHaM. Takoe KOIUYIeCTBEHHOE paclpeaeneHne ygqoOHO m300paxaTs Jud-
epammoti FOnea — COMOMUHKY, HAXOAAIIUECA B OJHOM CTAKaHe, PUCYIOTCA IIOJOCKON U3 KJIETOK (IUCJI0 KIETOK
PABHO YHUCIY COJOMMHOK), ¥ DTHU IOJOCKK PACIOJATAITCA APYT NOJ APYIOM B MOPsIKE YOBIBAHUA KOJIUIECTBA

COMOMMHOK. B Hamewm crydae moaydaeTcs 5 Takux gmarpamm’:

oo T o PP

T.e. rpynna ©; umeer 5 opoUT, U Kaxgas OpOUTA COCTOUT U3 BCEBO3MOMXKHBIX 3AIONHEHUN KIETOK COOTBET-
cTByIOImIEN auarpammer mudpavu 1, 2, 3, 4, 5 (kaxgas mudpa UCIOIb3YeTCA POBHO OIUH pa3).

Crabuin3aTop packIaIKu, OTBEYAIONIEN TOMY WIA UHOMY 3AMOJHEHUIO (pUKCUPOBaHHOU AuarpaMmbl FOHra
uudpaMu, COCTOUT U3 BCEBO3MOXKHBIX IIEPECTAHOBOK UMD, CTOSALIMX B OHON CTPOKE (T. €. U3 P OU3BOILHEIX IIe-
PECTAHOBOK COJOMUHOK BHYTPU OJHOT'O CTAKAHA), 4 TAKKE BCEBO3MOXKHBIX IIEPECTAHOBOK MEXK Y COOOK CTPOK
OIUHAKOBOU JIUHEL (T. €. MIEPECTAHOBOK MEXK Iy COO0K CTAKAHOB, COAEPKAIIUX OJUHAKOBOE THUCJIO0 COJOMUHOK).
HuraTemio npenmaraeTca yoeIuThCA, ITO

| Stab (1]2[3[4]5)) | = 5! = 120 ‘Stab(l 234)':4!:24-1!

112]3] 1]2]3]
‘Stab( )’:3!-2!:12 Stab |4 =3.11-11.20 =12
4[5 o
5]
1]2
Stab [ [3]4]| [=2!-2!-1!-2! =8,
5]
U AJUHBI COOTBETCTBYIOIIUX OPOUT, TEM CAMBIM, PABHBI
120 120
| (L[2[3[4]5)) | = 55 = 1 ’65<é234)‘:%:5
1]2]3]
12[3)) | 120 _ _ 120
‘G5<45 )‘_12_10 Ss % =5 =10
1]2 19
G;5 34 :70:15.
5 8

NToro, numeercsa 41 cmocob pacKIaIKU IATH PA3HBIX COJIOMUHOK IO TPEM OJAMHAKOBBEIM CTAKaHAM.

3.2.IluknoBou Tun nepectaHoBku. llycte X = {1,2, ... ,n} u g € &, = Aut (X) — xakas-To
nepecTaHoBKa. IIpuMeHsas aBToMOpU3M ¢ K TPOU3BOIBHOMY BJIEMEHTY 2 € X, MBI TOJYyIUM MOCJIe-
JIOBATEIBLHOCTD TOIEK

lya mepBol qEArpaMMe Bce COIOMUHKIY HOMATA B OQUH CTAKAH; Ha BTOPOI: YeThIPe — B OMH, ¥ €16 0JHa — B JPYI O,
Ha TPETLEU: TPU — B OJWH, IBE — B APYTOU; HA YETBEPTOU: TPU — B OJUH, U €IIE 10 OJAHOU — B JABA OCTABIIAXCA
CTakaHa; Ha TMOCIeJHEN: IO ABe — B IBa CTAKaHA, U OJHA — B TPETHUN



18 Boiwkunckas Anrebpa, 1-n kypc, 1-it moayns.

B cuny xoneunocTu MuOX)ECTBA X B DTOU MOCIEIOBATEILHOCTH OYIYT MOBTOPAIOMNECA DJEMEHTHI, U
TIOCKOJIBKY OTOOpaxKeHue g OUEKTUBHO, CAMBIM IIEPBLIM U3 IIOBTOPUBIINXCA DIEMEHTOB Oy IeT CTapTO-

BLII DJaeMenT!

& g(@) = g*(2) — - = g (@) o a = M) (3-2)

Boaee Toro, us GuextuBHocTu 0TOOpakeHus (G BHITEKAET, YTO JIOOLIE MBA TAKUAX LUKJIA (HAIUHAIO-
IIUECs U3 PA3HBIX TOYEK T U Y) JMOO He MEePECEeKAITCsA, TN60 COCTOAT U3 OJHUX U TEX Ke DIEMEHTOB.

Takum obpazom, MHOkeCTBO X pACmagéTcsa B AU3BIOHKTHOE OOBEIMHEHUE LUKJIOB BHAA (3-2).
DTo pa3bUeHre MOXKHO MHAYE OMUCATL KAaK Pa3OUeHne MHOXKECTBA X HA HEMEPEeCeKAoNMecs OpOuTh
CPYIIIBI, COCTOAINEN U3 BCEBO3MOXKHLIX MTEPAIUU [EPECTAHOBKM ¢ U OOpPATHOU K HEU. JTa CPYIIa
HA3LIBACTCA YUKAUUECKOT 2pynnoti, TOPOXK IEHHON MEPECTAHOBKON g U 0003HAYMAETCA

DE{ g%, g %}, taeg P gl g ke N, (3-3)
—_—
k pa3
Hampumep?, g = (6, 5,4, 1,8, 3,9, 2, 7) € Gy pasbupaer MHOKecTBO {1, 2, ..., 9} Ha TpU HuKIA:

15653754251
22,5 2,8:2,9 (3-4)
7v9ed T

npeACTABAAIMEE COO0K OPOUTEL AeUCTBUA TPynbl (3-3), KOTOPas B JAHHOM CJAy9ae COCTOUT m3 12

IpeobpazoBaHun

5,4,1,8,3,9,2, 7 -

(6, )
(3,8,1,6,2,4,7,8,9)
(4,2,6,3,51,9,2,7)
(1,5,3,4,8,6,7,5,9)
(6,8,4,1,2,3,9,2,7)
(3,2,1,6,5,4,7,8,9)
(4, )
( )
( )
( 9)
( )

N Q
I

10

w

-9

W

-8

5 -7

[=2}

—6

(3-5)

7 -5

5,6,3,81,9,5,7
1,8,3,4,2,6,7,2,9
6,2,4,1,53,9 8,7
3,5,1,6,8,4,7,5 9

4,8,6,3,2,1,9 2,7
Id=¢"2=(1,2,3,4,5,6,7,8,9)

(oOpaTuTe BHUMaHME, ITO MUKIHL (3-4) CTOAT B MPABBIX YACTAX DTUX (HOPMYJ IO CTOJIOIAM).

Bymem maswpiBaTh mepecTaHOBKY, KOTOPasa IEPECTABIET II0 KPYr'y KaKMe-IuOO 1M IOMAPHO pPas-

JNIHBIX 3JI€M€HTOB3

o)

—4

©

-3

S - TSRS
Il

-2

@
Il

9
g
g
9
9
g
g
9
g
g
g

Q
I

N o 03 o Gy ] — Uy — 17, (3—6)
a BCE€ OCTAJBHEIC JIEMEHTEI OCTAaBJACT Ha MECTE, YUKAOM IJIUHEL 1M 1 O603Ha“laTb TaKOfI UK Iepe3
(11,82, -y im) -

Ynpaxnenue 3.3. [lokaxuTe, 9TO 4BA UUKIA C1,Co € &y KOMMYMUPYIOT, APYT C APYTOM (T. €. YIOBIETBOPAIOT
COOTHOIIEHUIO C1Cy = CpC1) POBHO B ABYX CIAydasaX: KOrga c]* = ¢y mia HekoToporo m € N, wim xorjga
MHOXXECTBA, YIACTBYIOIIUX B HUX DJIEMEHTOB HE IePeCeKalTC .

'60aee popmamsno: ecau g™ (x) = ¢g¥(x) npm m > k, To npumensa x o6emm wacTam g nomyamm g™k (z) = x
2Mpr ncmoab3yem o6o3uadenna n° 1.3.1
Sqmena iy, 42, . .., 4m MOIYT OBITH JIOOBIME, HE 06A3ATEIHHO COCEHIMMA LI BO3PACTAIOIIAMI



§3. OpbuTsi. 19

[Mukanl, mepecTaB/IAoNIe HEMEPeCeKAOIINECS MHOXKECTBA, SJIEMEHTOB, HA3LIBAIOTCA HE3G8UCUMBLMU.
W3 cka3zaHHOTO BHINMIE BBITEKAET, ITO MPOU3BOJLHASA MEPECTAHOBKA ¢ PACHATAETCA B KOMIIO3UIILIO
HE3aBUCUMBIX KOMMYTHUPYIOIIIX MEXIy COOOK IHUKJIOB, IPUYIEM TaKOEe DPA3JOKEHHE eTUHCTBEHHO U
COBTATAET C PA3TOKEHUEM MHOXKECTBA X Ha OpOUTHI MUKIMIECKON TPYIILI, TOPOXK IEHHON ¢.

Habop mauH MUKIOB, HA KOTOPBIE PA3JaraeTCA TaHHAA MEPECTAHOBKA § HA3BIBAETC €€ YUKA0BbIM
munom u obosHadaerca depes A(g). Hukmoson tun ygoGHO MpeICcTABIATEL cebe B BUAE Juaepammbl
IOn2a — BEIPOBHEHHOrO M0 JEBOMY KPaIo HAO0PA MOPU3OHTAILHLIX KIETIATHIX MOJOCOK HEBO3PACTA-
0NN CBEPXY BHU3 [IMHLI, KAXKIAA U3 KOTOPHIX CUMBOIM3UPYET COOTBETCTBYIONINN UK. Hampumep,
paccMOTpEHHAA BHIIIE IEPECTAHOBKA

1[6]3]4]
9=16,5,4,1,8,3,9,2,7) =(1,6,3,4)(2,5,8)(7,9) =258
719
uMeeT UUKJIOBOU Tuml A(g) = I l. Bumecto Toro, 9To6581 IOTHOCTHIO pUCOBATE AuarpamMMmy FOHra, Mbl

JUIA SKOHOMUY OyMard MHOT' A3 OyIeM IPOCTO BBIIUCHLIBATEL B CTPOYKY JJIUHEL €¢ cTpoK. Tak, 3amick
A(g):<)‘17A27"'7Am)5 FﬂeA1>A2>"'>)\m>0

03HAYAET, ITO MEPECTAHOBKA ¢ COCTOUT U3 < 1M IUKJIOB, JJIUHBI KOTOPBIX CYThb A1, A2,. .., Apm. Ha-
mpuMep,

A6,5,4,1,8,3,9,2,7)=(4,3,2)

Huceno KIeToK, U3 KOTOpOro cocrout auarpamma KOHra A\, HaseiBaeTcs eé decom u 0003HAIAETCA |A|.
Taxum 06pa3oM, DUKIOBLIE TUIIEI IEPECTAaHOBOK u3 &, m3obpaxarTca aumarpammamu HOHra Beca n.
E 1uHCTBEHHON HepecTaHOBKOU ¢ NUKIOBLIM TunoM A = (1, 1, ..., 1) (on m306paxkaeTcs quarpamMMon-
CTOJ6IIOM BBICOTHI 7 M MUPHUHLL 1) ABIAETCA TOXAecTBeHHAs nepecranoka Id. Tuarpamme A = (n)
(cocTosAen w3 OOHOM CTPOKY [IJIUHBL 71) OTBEYAIOT BCEBO3MOMKHBIE IUK/IBI MAKCUMAJBLHOU [IJIWHEL,
MIePEeCTABJAIONINE BCE DJIEMEHTHI MHOXECTBA X 10 KPYr'y B HEKOTOPOM TOPSIKE.

YnpaxHenue 3.4. Ckonbko umeercs B S, Pa3IUMIHBIX [UKJIOB [INHBL 73 7

3.2.1.lMpumep: CKONbKO pa3nuuHbliX NepecTaHoBok 3 S, umeloT 3aaaHHbi umknoson Tun A? IlycTs nua-
rpamma FOHTa A COCTOMT M3 M| CTPOK IIMHLL 1, My CTPOK JIHHEL 2, ... , My CTPOK IJIMHLI' 1. 3aIIOJHEM eé
KJIeTKEU ducaamu 1, 2, ..., 1 Tak, 9TO0BI KaXA0€ YUCJIO0 UCIOJb30BAIOCH POBHO OAUH Pa3, U UHTEPIPETUPYEM
CTPOKHU KAK HE3aBUCUMBIE IUKJIBI, CJEBA HAPABO CABUTAIOMIME CTOSIINE B HUX TUCJIA.

Cummerpudeckas rpynna &, AEACTBYeT IMepEeCTAHOBKAMU HU(P HA MHOXKECTBE TAKUX 3AMOJHEHUN, a 3HA-
YUT, U HA MHOXKECTBE IePECTAHOBOK 33 JAHHOI'O IMUKJIOBOI'O TUIA A, IPUIEM JM00as IEPECTAHOBKA MOXKET ObIThH
mepeBeIeHa dTUM [EUCTBUEM B 00y Apyryio. MHade roBops, MEPeCTAHOBKY 3aJaHHOTO IIUKJIOBOT'O TUMA A
00pa3yIoT OJHY OpPOUTY CUMMETPUYIECKOU rpynnbl G, U UX KOJUIECTBO PABHO JJUHE DTOU OPOUTHI.

Crabuin3aTop 000U MEPECTAHOBKY, 3aJaBAEMOU HEKOTOPHIM KOHKDPETHBLIM 3ATTOJHEHUEM AUArPAMMBI \
YUCAAMU, COCTOUT U3 BCEBO3MOXKHEBIX MEPECTAHOBOK IUKJOB OJUHAKOBOU [IJIUHBI MEXIY COOOK KaK €IUHOTO
[IEOr0, & TAKXKe NUKINIECKUX MEePECTAHOBOK HMudp BHYTPU KAXKIOO UX HUKIOB. Takum 06pazoM, MOPSIOK
CTAbWIN3aTOPA 3aBUCUT TOJBKO OT (POPMBI JUATPAMMEBL U PABEH

[Stab(A)| = 1™ -my!-2™2 oyl -0 ™ om, ! = H a™mg! . (3-7)
a=1

Crosmiee B IpaBO YaCTU NPOU3BEIEHUE TIPUHATO 0603HAYATE z). 110 (popMyae misa pmuubl opoutsr (n° 3.1.3)
YUCIO0 TEepEeCTAHOBOK, PACHAJAIOIIAXCA B MPOU3BEICHUE 1| NUKJIOB IIWHLI 1, ms IUKIOB IJIUHEL 2, ..., My
UVKJIOB JIAHLI 7 (BCE IUKILT HE3ABUCUMEL) DABHO

n! n!

2\ 17n1.m1!.2m2.m2!. e .nmn.mn!

)

IOTMeTI/IM, 9T0 MiA1 + Moz + -+ + My, =N U cpeau 4ucea Mm; ¢ Hew30eXKHOCTHIO BCTPEIAIOTCA HyJIEBEIE
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rge miA; + medy + -+ +mpA, = n . Ormerum, 9T0 ducao n!/zy, TeM caMbIM, BCEra LEI0E U
1
> =1
z
IXl=n

(cymmupoBaHue npoucxoautT o BceM Aumarpammam HOura A Beca n).

3.3. [Tukimvueckue TPyIbl U TOPAAKA DJIEMEHTOB. PacCMOTPUM Temeph MPOU3BONBHYIO TPYIITY
npeobpazopanuil G ¥ IPOU3BOJALHOE Ipeobpasosanue g € (. Haumenpinas noarpymnna rpynmns G, co-
Jepxamas g, 0003HATATCA Uepe3 (g) U HA3LIBAETCA YukAuueckol nodepynnotd, nopoxrcdénnot g. Ona
COCTOUT M3 BCEBO3MOXKHEIX IeIBIX cTenenen’ g™ mpeobpasosanus ¢. Eciu Bce »Tu npeobpa3oBaHus
IIOTIAPHO PA3INIHLL, TOBOPAT, YTO MIEMEHT g UMeeT beckoneunbiti nopadox. Ecau cpemnn nmpeobpaso-
BAHUN BUA ¢ BCTPEUAIOTCS OJIMHAKOBHIE, CKaxeM, ¢ = g* 11 mHekoropex m > k, TO mpuMmenas
K 00enM 4dacTaM ¢ F, Mer mpuxogum K paseHcTBy ¢" ¢ = Id. Hammenbmee n € N, mia xoToporo
g" = 1d, HA3BIBAETCA B 3TOM CIy9Iae NopAdKom DIEMEHTA (.

ODJeMEHTHI OECKOHEYHOr 0O MOPAIKA MOIYT OLITL TOJLKO B OeckoHedHLIX rpynmax (. B xomeunon
rpymmne G BCAKUU daeMeHT g € (G ¢ HeM30eXKHOCTBHI0 MMEET HEKOTOPHIU KOHEYHBIU TOPAIOK N, U
HOPOXK IEHHASA UM NUKIXYECKasd IPyIna (g) COCTOUT B 3TOM CIydae B TOYHOCTU 1 IPeoOpPa3OBaHUN

Ida g, g2u R gn—l (3_8)

B camom meme, mpencTaBiAa MPOU3BOIBHYIO IEAYK CTENEHL 1711 B BUAE M = ¢ - n + T, Toe OCTATOK
r sakmo4eH B npegenax 0 < r < (n — 1), Mbr Bugum, aro g™ = (¢g")?¢" = Id%" = ¢". C apyrou
CTOPOHHI, BCe IMpeobpa3oBanusa (3-8) MONAPHO PA3IMYHBL, MOCKOIBLKY U3 paBeHCTBa ¢° = ¢° ¢ 0 <
$77 = 1d, B koropom 0 < (s — 7) < 7 BOIPEKU ONPEIETCHUIO
MOPAIKA N daeMeHTa ¢. Takum 06pa3oM, MOPAI0K JI000r0 SIEMEHTa KOHETHON IPYIIIEL PABEH MOPAIKY

7 < 8§ < N NoJyYaJoCch ObI PABEHCTBO ¢

MOPOXK AEHHON 3THUM BJEMEHTOM NUKIMIeCKON nmoarpynmnbl. s Teopembr Jlarpanxa seiTexaeT

3.3.1. CJIEACTBUE. Iopsagok mr060r0 31eMEeHTa KOHETHOU TPYIITH HAIEGAO ACIAT MOPALOK T'PYII-
net. B gacrrocrr ¢l¢l = 1d Vge@ . O

3.3.2.Mpumep: nopsaok nepectaHoekn g € &S,, mukiaosoro tuna A(g) = (A1, Az, ..., Apn) paBeH
[(g9)] = HOK(A1, A2, . Am)

T. €. HAUMEHbIIEMY HaTyPaIbHOMY HUCILY, HALeJIO NeIAIIEeMYCsA Ha JINHBI BCeX He3aBUCUMBIX IUKJIOB, U3 KOTOPBIX
coctout g. Hampumep, mopsagok nepecTaHOBKY

6123(3,12,7,9,10,4,11,1,6, 2,8,5) = (1, 3,7, 11, 8)(2, 12, 5, 10)(4, 9, 6)
paBen 5 -4 -3 = 60.

3.3.3. Hukamieckue rpynnsl. | pynna G HasbiBaeTCsa yukiuveckol, eciu G = (g) 1is HEKOTOPOro
g € G. llpuMepoM GECKOHETHOUN MUKINIECKOU TPYIIIEL ABIACTCA TpyIna 1, TapallelbHBIX TEePeH0OCOB
(MIOCKOCTU MM TPOCTPAHCTBA) HA BCEBO3MOXKHBIE [IEJILIE KPATHBIE 33 IAHHOTO BEKTOPA, ¥. DTa TPYIa
COCTOUT W3 TOXKJECTBEHHOI'O IMpeobpasoBanus (casura Ha HyJaeBou BeKTOp 0 = 0 - v) u GECKOHETHON
cepuu CIBUT'OB Ha BEKTOPHI v, +2v, +3v, ...

Huxauygeckas rpymmna mopsagka 17 — >TO IPYIIa IOBOPOTOB i, u3 npuMepos (n°2.1.2) u (n°2.2.2).
AcHO, YTO IPOU3BONBHYIO MUKINIECKYIO TPYIIY MOPAIKA 71, TOPOXKIEHHYIO DJIEMEHTOM § MOXKHO OTO-
XK IECTBUTH C TPYNIION MOBOPOTOB TAK, YTOOLI KOMIIO3UIIAU JIEMEHTOB IEPEXONUIN B KOMIIO3AIIUN —
UL 3TOTO HAJA0 OTOGPAa3UTh 2MeMeHT gF B mosopoT Ha yrox 27k/n. Taxum 06pa3om, Bee THKTAYe-
CKM€ T'PYIIILL TOPALKA 1 «YCTPOEHBI O TUHAKOBOY. TOUHBIN MATEMATUIECKUU CMBIC DTOI0 MBI OOCY 1M
HIXKe B 84, a cenvac pacCMOTPHUM €I HECKOIBKO TTPUMEDPOB.

3.3.4.Mpumep: BCsikas rpynna NnpoCcTOro NopsiAKa ABASETCS UMKIUYECKOWU, TPUIEM B KAIECTBE TTOPOK TAOIIETO
€€ pIeMEeHTa MOXKHO B3SATh JI000€e mpeobpasoBanue g € (G, OTIMIHOE OT TOXKIECTBEHHOrO. B camoMm rese, B 3TOM

110 onpenerenmio g~ ™ = (gil)m mpu m €N, a g =1d
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caydae |(g)| GyaeT 6ouabIIe eAMHINEL 1 IO TeopeMe Jlarpanxa JomkeH Haneao geauTs |G|, 9T0 BO3MOXKHO TOIBKO

ecnn [(g)| = |G|, T.e. (g) = G.

Ynpaxuenue 3.5. fIBasercs au DUKIMYECKOU IPYNOA IBYYIOIbHUKA Do 7

3.3.5. [pumep: uueontoumn. OTanyHBIE OT TOXKAECTBEHHOIO NPEO0OPA3OBAHUSA ¢ MOPALKA 2, T.€. TAKUAE ITO
g # 1d, so ¢ = Id, HaswBatOTCA UHEO0MOYUAMY. VHAME MOKHO CKA3ATH, ITO MHBOIIONUN — 3TO IPeo6pasoBa-
HIUA, KOTOPEIE O6paTHEL camu cebe: g2 = Id <= g = g~ 1.

B cummerpuueckou rpynne &,, npuMepaMu MHBOIIOLUAUN SABJSETCS UUKIbL JIMHBL 2 (WIU MPAHCNOZUYUUL),
MEHSIOIINE MECTAMU KAKWe-HUOYIb IBA DJIEMEHTA U OCTABMNINE HA MECTE BCE OCTAIBHBLIE. 3aMEYaTENbLHO,

YTO TaKWe MHBOJIOIUU ITOPOXK AT CUMMETPDUYICCKYIO I'DYIILY.

YnpaxHenue 3.6. [lokaxure, 9TO NIPOU3BOIBHAS IEPECTAHOBKA MOXKET OBITH (MHOIMME CIOCOOAMHU) IIPEACTA-
BJEHA B BU€ KOMIIO3ULIUKN HECKOJIBKUX (HE 00S3aTENbHO HE3ABUCUMEIX) TPAHCIO3UINN.

[l1s TOro 9To6s! mepecTaHoBka g € &,, GbLIA UHBOIIONMEN HEOOXOAUMO U JOCTATOYHO, YTOOLI B €€ PAa3JIOKEeHNN
B KOMIIO3WINIO HE3ABUCUMBIX IIMKJIOB He OBLIO UMKJIOB AauHbL > 3. UHave roeops, uuponoonuu B8 S, — 5T0 B
TOYHOCTY KOMIO3UIUYA HE3A6UCUMbIT TPAHCIOSUIIN.

YnpaxHenue 3.7. [lokaxure, 9T0 NPOU3BOIBHAA IEPECTAHOBKA MOXKET OBITH MPEACTABIECHA B BUIE KOMIIO3M-
U7 TBYX WHBOJTIOIAM.
nOACKa3Ka: CHaYaJla IpeacTaBbTE B BUAEC MIPOU3BEACHUA NBYX HHBOHIOHHﬁ HpOHBBOﬂBHBIﬁ ].II/IKJI:l
PaccmoTpuM Tenmeps MpomM3BOIBHYIO KOHeUHYIO rpynmy G u mo0yio mapy HE PaBHBEIX APYT APYTY WHBOJIO-
i gi,gs € G. O603raUM depe3 (g1, g2) TOPOXKIAEHHYI0 UMU MOATPYIITY> U TIOKaXKeM, 9TO (g1, ga) MOXKHO C
COXpaHEHIEM OIePaldil OTOXKICCTBATL ¢ IPYIIION Iudapa D, IIe n — 3TO HOPAIOK dleMeHTa’ g1gs B G.
Moarpynmna (g, g») COCTOMT M3 BCEBO3MOKHBIX U€DPEAYIONMXCA IPOU3BENECHUN §1G29102 - - - A §2919201 - - - -
JloMHOXasT PABEHCTBO
Id = (9192)" = 91929192 - - 9192

n nap

CTIpaBa Ha g2 U TIOMB3YACH TEM, 9TO g3 = Id, MBI OIy9aeM COOTHOMIEHNE Jy = §1Gagl -+ * J1, KOTOPOE TO3BOJAET
mepenucars Ji060e IPou3BefeHue BUAA §2G19291 --. B BAIE §1029192 - - .. s 5TOro Ha10 MOLCTABUTHL BMECTO
CaMOU JIeBON OYKBBI gy PABHOE € CJIOBO §1g2g1 - ** g1 W INPOU3BECTU BCE BO3HMKAIOIIME HA CTBHIKE ABYX CJIOB
COKDAIIIEHUS, B PE3yJbTaTe KOTOPBLIX JUOO MOTHOCTBIO COKPATUTCA UCXOTHOE CJIOBO ¢2g1g29) --., UTO CPa3y
IpUBEIET HAC K KEJAEMOMY Pe3yJIbTATY, 100 MOTHOCTHIO COKPATUTCA BCE MOACTABICHHOE CIOBO ¢1G2g1 - - g1
X OCTaHeTCS CJIOBO BUAA ¢201¢291 ---, KOTOpOe OymeT CTPOro KOPOdYe MCXOAHOIO, W K HEMY II0 WHIYKIIIN
MOXKHO OyZeT IPUMEHUTH Ty Ke caMmylo npoueaypy. Arak, ar000l 31eMEHT IPYNOBL (g1, g2) 3alUCHIBAETCSI B
BU€ HOPOU3BENCHUS §1¢20192 ..., KOTOpOE mpu momomu coorHomenus (g192)" = Id moxuo peasyumposars
IO TIPOM3BEIEHNUs, COJepKaIero e 6oaee 2n — 1 comuoxutenen. Bee Takue peqynupoBaHHbBIE TPOU3BEIEHUA
oramanbl o1 Id. lencTBUTEABHO, €Cau OBl KaKOe-HUOYIb PEIYIUPOBAHHOE MIPOU3BEACHUE §1 2]y - -. PABHAIOCH
Id, To nocneaHUM coMHOXKUTENb B HEM OBLI OBI PaBeH g1 (MHAYE MOPAIOK BIEMEHTA (1go ObLI Obl MEHBILE 7, W,
YMHOXKas1 06€ JacT! PABEHCTBA ¢1¢2¢1 -+ g1 = ld caeBa m crnpaBa HA ¢, MBI ObI MOIYYWIN HA 2 MHOXKUATEJS
MEHBbIIIEEe PABEHCTBO §20102 - .. g2 = Id, KOTOpOE MOXKHO YMHOXWUTE C IBYX HA 2 U HOJIYUUTH €€ MEHbIIEE HA
2 MHOXUTENS PABEHCTBO U T. 1., MOKa He mpugém au6o k¥ g; = Id, smmbo k g» = Id, uTo He Tax.

Ynpaxtenue 3.8. TlokaxxuTe aHATOTUIHEIM PACCY K JEHUEM, UTO BCe 21— 1 TPOU3BENEHUN §1g2g1 g2 - - - TIOTTAPHO
DPABIUIHHL.

Taxum 06pazoM, (g1, ge) COCTONT U3 TOXKIECTBEHHOrO NPe0OpPa3oBaHusa U 2n — 1 mpeo6pasoBaHuil §1g29) - - - -
ConocTaBuM Temepb MHBOMIOUUAM ¢ U ¢z CUMMETDUA Oy, U Oy, OTHOCUTEIBHO ABYX COCETHUX Ooced {1 u {9
N-yroJbHUKa (yronl MexXIy HAMHU IpU 96THOM 71 pPaBeH 7/n, a upu HeuéTHOM — 27/n). Kommosuuuu g;gs
COIOCTABUM KOMIIO3ULMIO Oy, 0y, , KOTOpas coruacHo yup. 1.12 seiasercs nosoporoMm ot ¥y k ¢4 Ha yroa 27/n
upu 9€THOM N, ¥ HA yroa 2 - (2w /n) npu HeYETHOM.
Ynpaxtenue 3.9. Yoequrecs, uTo orobpaxkas 2n — 1 npousBeqeHunt gi¢agigs - .. B COOTBETCTBYIOLIME KOM-
TO3UIUU CUMMETPUU N-YTOJBHUKA, MBI TIOJYYUM COXPAHSIONIYI KOMIO3UINN OUEKIIMIO MEXIY TPYIIION
ousapa D, U UPYNIoN, TOPOXK IEHHON UHBOMIOUUAMU ¢ U (o.

1310 yTBepxk AeHMe ABIAETCA AHAIONOM TOIO, YTO KOMIIOSHIMA JBYX OCEBBIX CHUMMETPHH OTHOCHTEILHO IIEPeCeKalo-
LINXCA TPAMBIX ABIAETCA MOBOPOTOM BOKPYT TOYKU IEPECEUCHUA DTUX MPAMBIX HA YABOCHHBIM YIOX MEXIY IPAMBIMHU,
cp. ¢ yop. 1.12

2O ArPYNION, N0P0X#cOENNHOT DIEMEHTAME 1,72, - .., gn € G, HA3BIBAETCH HAMMEHBIIAA 110 BKIOYEHHIO NOATPYIIIA
H C G, cogepxamasa BCE dTU dIEMEHTHI; TaKasd MOATPYINa COCTOUT U3 BCEBO3MOXHBIX KOMIIO3UIUY TPe0Opa30BaAHUN g;
1 O6pPATHBEIX K HIM IIPeo6pa3soBaHUL g;l

3oTMeTHM, 9TO N > 2, HOCKOIBLKY g1 7 g2 = g;l



84. A6cTpakTHbBIE I'PYIIILI 1 I'OMOMOP(PU3MBI.

4.1.Tomomopdpuamsr rpynn. OTobpaxenne rpymnn G —?+ H uasuBaercs 20MOMOPPUIMOM, €CITT
OHO TIEPEBOAUT KOMITO3UIIMIO MPEOOPABOBAHUN B KOMIIO3UIIXAIO, T. €. JJIA JIOOLIX ABYX MPEOOPA3OBAHUN
g1,92 € G1 B rpynne Gy BHIMOTHAETCA COOTHOIIEHME Y(g10g2) = ¢(g1)op(ge). Hauuumas ¢ sroro mo-
MEHTA TEPMUHELL INUMOPPUIM, MOHOMODPUM T U20MOPPU3M TPUMEHATEILHO K OTOODAKEHUAM IPYIIIL
OVAYT MJIA HAC MO YMOTYAHUIO O3HAYUATL, 9TO OTOOpaKEHNe, K KOTOPOMY OHU OTHOCATCSH, ABIAETCA
2comomopgduzmonm. B qacruoctu, Aut (G) Oyger 0603HAMATE MHOKECTBO BCEX OMEKTUBHBIX OMOMOD-
¢usmoB u3 G B cedsa, Hom(G, H) — MHOXECTBO BCEBO3MOXKHLIX roMOoMOpdu3amoB u3 G B H u T. 1.
Ecan xe MBI 3aX0TUM paccMaTpuBaTh HE TOJBKO TOMOMOpPQHBIE, HO ai06be 0TOOPaXKEHUs, MBI OY-
geM mucaThb Aut gt (G), Homget (G, H), rae ungexc set MOKA3BIBAET, 9TO B JAHHOM KOHTEKCTE CDYIIILL
pPaccMaTPUBAIOTCA MIPOCTO KAK MHOXKECTBA, 6€3 yI€Ta KOMITO3UIINN.

Hagum4ue Mex 1y rpynmnaMu n3oMop@uaMa 03HAMAET, ITO DTU TPYIIE MOXKHO OTOX IECTBUTD IPYT
C APYTOM C COXPAHEHWEM TAOMUILI YMHOXKEHUA DIEMEHTOB. [IPOCTENIMMYA TTPUMEPAMU TAKUX M30-
MOPGU3MOB ABIAIOTCA HocTpoeHHsle B (n°2.1.4), (n°2.1.5) 0TOXAeCTBICHAA TPYIIBEL TPEYTOJILHUAKA,
C CUMMETpUYIeCKOU rpymmon G3 U MOAHOU Tpynnel TeTpasapa ¢ G4, a TakkKe OTOXACCTBJICHUA Gec-
KOHEYHOHU IMUKINIECKOU CPYIILL ¢ TPYIIION CABAMOB, KOHEYHON IMUKINIECKON TPYINLI — € DPYNIION
moBOpoTOB (1n° 3.3.3), a KOHEUHOU T'PYIIILL, OPOXKAEHHON IBYMA UHBOTIOMUAME, — C TPYIION JU>IPA,
(n° 3.3.5). PaccMoTpuM eré HECKOIBKO IPUMEPOB I'OMOMOP(MU3MOB.

4.1.1. Npumep: nzomopdmam cobcreennon rpynnsl kyba ¢ S4. CobeTBenHas rpynmna Kyda coctouT u3 24
MOBOPOTOB (CM. puc. 401): TOXAECTBEHHOrO, 3 - 3 = 9 MOBOPOTOB Ha yruibl, KpaTHbEe 90° BOKPYT OCEH, Ipo-
XOIAINIUX Yepe3 MEeHTPHI MIPOTUBOIOMOKHBIX Ipaden, 42 = 8 9 3
IOBOPOTOB Ha yIuIbl, KpaTHbIe 120° BOKPYT QUATOHAJIEH, CO-

€IUHAIOMNX IPOTUBOIOJNOXKHEIE BEPIIXHEL, 1 6 IOBOPOTOB HA | \ 4 %
180° BOKpPYT OCen, MPOXOAAIIAX YePe3 CePEeIUHbI TPOTUBOTIO- - \
JIOXKHBIX pe6ep. YT0oOBI yOe IUTHCSA, ITO IPYTUX COOCTBEHHBIX ~

IBUXKEHUU HET, TOCTATOYHO PACCMOTPETH NEUCTBUE I'PYIIIEI \

xyba HA BOCBMU €r0 BEPIINHAX, COCTABJAIIIX, OI€BU THO, ~
OJIHy OpOUTY, U BOCIOJIB30BATHCA (POPMYJION [JIsl [UIUHBL OP- ~
outsl (n°3.1.3). 7 ? ~
YnpaxkHenue 4.1. Y6eaurecs, 9T0 CTAOMIN3ATOD BEPIIVHE \ >
B COOCTBEHHOU I'PyIIIe Ky0a COCTOUT U3 TPEX IIOBOPOTOB s \
Ha yrubl, KpaTHee 120°, BOKPYT TPOXOIAIIEH Yepes3 DTy - / \
BEPIIVHY BHYTPEHHEN TUaroHaIu KyOa.

SaHyMepyeM Telnepb IUaroHaIu Kyba, COeIUHSIONNE IPOTH-
BOIIOJIOXKHEIC BEPIIMHBL (IOMEYeHHEIE HA puc. 401 oxmHako- 3/ 9/

BLIME YUCJIaMHU) COOTBETCTBYOIMMU udpavu 1, 2, 3, 4 u Puc. 401. K geiicTsuio rpymms: Ky6a
COMOCTABUM KAaXXAOMY BPAIIEHUIO KyOa OCYIIECTBIAEMYO UM Ha 4 gmaronam (1, 2, 3, 4)
EPECTAHOBKY [QUATOHAJEH. SICHO, 9TO MBI MOJIYYUM TOMO-

7 3 mapbl IPOTUBOIOJIOKHBIX IDAHEN
MOp}hu3M u3 COOCTBEHHOU I'PYNIEL Ky0a B CHMMETPUIECKYIO (IPO3padHYIo, CBETIVIO, TEMHYIO).
rpynny &4. Ou nepesoaut 6 moBopoTos Ha +90° B 6 HUKIOB

IIUHBL 4 TUKI0OBOrO THna [ [ [ [ ], 8 ToBOpoTOB Ha +120° — B 8 MMKJIOB AIMHLI 3 IIUKJIOBOIO TUIA Bj, 3 moBo-
pora Ha £180° BOKPYT OCeH, IPOXOAAIIMX YePe3 MEHTPHI PO TUBOMONOKHBIX I'PAHEN, — B 3 APl HE3ABUCUMBIX

TPAHCIO3UINN UKJIOBOT'O TUMA , a 6 moBopoToB Ha 180° BOKPYT OCEH, MPOXOMAIINX YePe3 CePequHbl MPO-

TUBONONOXKHBIX pEGep, — B 6 IPOCTHIX TPAHCIO3UIUAU IAKIOBOIO TUIA . Tem campbiM, cobcTBeHHASA IPYIIIA

Kyba, KaK U TOJHAA TPYTNa TeTPasapa, n30MOpdHa CUMMETpUdecKon rpymmne G .

4.1.2.Mpumep: anumopdusam &4 — S3. Eciu B mpegbiayieM npuMepe BMECTO YETHIPEX NUATOHATIEU
Ky6a pacCMOTPeTh TPU LAaphl €0 IPOTUBONOIOKHBIX I'paHenl (Ha puc. 401 — mpo3padHyo, CBETIYIO U TEMHIO)
WM, 9YTO TO e CaMOe — TPHU OTPE3Ka, COCAUHAIOIINE IEHTPHl MPOTUBOMONOKHLIX TPAHEN, TO COMTOCTABIAL
KaXK IOMY BDAIICHUIO Ky0a OCYIIECTBIAEMYI0 UM MEPECTAHOBKY STUX Hap (COOTB. OTPE3KOB) MBI MOIYYIUM ['O-
MOMOPGU3M U3 COOCTBEHHOU T'PYNNBI Ky0a B CUMMETpPUYIECKYIO rpymmy Oz, cocrosanryo us 6 saementos. Oun
snuMOpQdeH, TpuIéM Mpoodpas Kax JOU NepecTaHoOBKU n3 O3 COCTOUT B TOYHOCTHU U3 YETHIPEX MOBOPOTOB KybOa:

22
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TOXK JAeCTBEHHOE mpeobpasoBanue u 3 moBopora Ha +180° BOKPYr ocel, NPOXOAAIMX Yepe3 IMEHTPHI POTUBO-

MOJIOXKHBIX TPAHEN, TIEPEUIYT B TOXKIECTBEHHOE OTOOPAKEHUE @, 8 moBopoToB Ha +120° BOKpYr AMaroHasien

IEPEeRAyT B 2 UUKIA PA3IUYHBIX [UKJIA E, a 6 moBopoToB Ha 180° BOKpYT OCeH, MPOXOIAMINX 9€PE3 CePeNUHbI
MPOTUBOMOJIOKHEIX pEGep u 6 moBOpOTOB Ha +90° mEepenayT B TPAHCIO3UIUY E}j

YnpaxcHenue 4.2. Tlokaxure, 9TO TOXIECTBeHHOE mpeoOpaszoBanue kyba m 3 moBopora Ha £180° BOkpyr
ocell, MPOXOAAIIMX Yepe3 HEeHTPhI [IPOTUBOIOIOKHEIX I'PaHel, COCTABAAIT B COOCTBEHHOU IpyIie Kyba
OOArPYIIy, U30MOP(HYIO I'PYIIE IUDIPa-IBYYTOJBHUKA o, U ITO MOJHLIE MPOOOPA3LI BCEBO3MOXKHBIX
ameMeHTOB 13 &3 OTHOCUTEIBHO MOCTPOEHHOTO B mpeabiymem npumMepe (n°4.1.2) snumopdusma — 310
B TOYHOCTU CMEKHEIE KJIACCHI COOCTBEHHOU T'PYNNEI KyHa MO TOU MOATPYIIIE.

4.1.3. [Npumep: 3Hak nepecTaHoBkn. B 5TOM mpumepe MBI TIOCTPOUM 20MOMOPPU3M 3HAKA
sgn
sgn: &, LW gy (4-1)
COIOCTABJIIOMUN KX JOU nepecTaHoBke g € &, eé 3nak sgn(g) = £1 rak, uro

V91,92 € 6, sgn(gig2) = sgn(g:)sgn(g2) . (4-2)

Hanomaum (cm. (n°3.3.5)), 9T0 MBI Ha3BIBAEM LMK AJuHBL 1B (i,j) € &, (MeHAIOmMMI MecTaMu i-THIU U j-
THIU BJEMEHTHL C COXPAHEHUEM Ha, MECTE BCEX OCTAILHEIX) mpancnosuyueti aemenTos ¢ u j. CortacHo ymup. 3.6
BCAKAs MEPECTAHOBKA MOXKET OBITH PA3J0KEHA B KOMIIO3WINIO TPAHCIO3UIWU, IPUIEM CHEJATH DTO MOMKHO
MHOrUMHU pasubiMu crmocobamu. Ham 61 xoTenocs 3agate romomopdusm (4-1) tpebosanusavu sgn(Ild) = 1 u
sgn((i,j)) = —1 Vi # j, a 3aTeM NpPOJOKUTH €ro Ha NPOU3BeeHWs TPaHcno3uuui mo ¢opmyae (4-2). To-
I'a BCE IePeCTAHOBKHU, IPEICTABAMEIE B BUe KOMIIO3UINY YETHOIO YMCIa TPAHCIO3UIHIA®, 6y IyT IMETh 3HAK
+1, a mepecTaHOBKM, PACKIA,ILIBAIONIAECS B KOMITO3UIINIO HEIETHOTO UC/Ta TPAHCIIO3NIINI® , MOTyIaT 3HAK — 1,
u cBOUCTBO (4-2) GygeT aBTOMATHIECKM BHIIOAHEHO. OIHAKO, MBI JOMKHBLI IPOBEPUTH, ITO TAKOE MOCTPOE-
HUe He NPUBEAET HAC K IPOTUBOPEYUUIO: MOCKOIBKY PA3JI0KEHNE NEPECTAHOBKY B KOMIIO3UIIUIO TPAHCIO3UINN
HE eIMHCTBEHHO, CJAEIYET yOenuThCA, ITO HUKAKAA MEPECTAHOBKA, ABIAIIIAACA KOMIIOZUIMEN I6THOrO YHUCIA
TPAHCIIO3UINN, HE MOXKET OJHOBPEMEHHO ObLITh KOMIIO3MIWEN HEIETHOrO 9IUC/IA TPAHCIO3UIMU, M HAOOOPOT.
MNupiMu cioBaMM, HAM HAIO JOKA3aTh, ITO YETHOCTH UNCAA TPAHCIO3UINN, HA KOTOPLIE PACKIAIBIBACTCS TIPO-
M3BOJBHAA IEPECTAHOBKA g € G,,, 3aBUCAT TOJBKO OT ¢, HO HE OT CIIOCO6A PABJIOKEHII.

11 5TOro MBI yKaxXeM CIIOCOO OTHICKAHUA YETHOCTU IIEPECTAHOBKY ¢, HE UCIOIL3YIOMINN DABJIOKEHUA ¢ B
KOMIIo3uuuio Tpancnosuuui. Hazosém ynopsagodennyio napy uucea (i, j), Takyio uro 1 < i < j < n, unsepcroii
napot nepecTaHoBku g, ecau g(i) > g(j). Takum 06pasom, MbI pa3buBaeM MHOKECTBO BCEX YIODPALOYEHHBIX 1D
amcen {i < j} € {1,2,...,n} (cocrosmee u3 n(n — 1)/2 s1eMeHTOB) HA IBA HENEPECEKAIOMINXCS IIOAMHOKE-
CTBA, 00PA30BAHHEIE, COOTBETCTBEHHO, MHBED CHBEIMU ¥ HEMHBEPCHBIMU MTapaMU, IPUIEM >TO Pa3OUeHne 3aBUCUT
TOJBKO OT ¢, <HIYEr0 He 3Has» PO TO, KAKUM 00pa30M ¢ PACKIAJBIBACTCS B POU3BEIECHNE TPAHCIO3UINH.

IMokaxem Temepnb, 9TO YETHOCTDL YMCIA WHBEPCHBEIX AP MPOW3BOJLHON MEPECTAHOBKA COBNAAET C I6THO-
CTBIO KOIMYIECTBA TPAHCIO3UINN, HA KOTOPLIE €€ MOXKHO Pa3JokuTh. 1A 5TOro BHAYAIE MPOBEPUM, UTO IPH
KOMIIO3ULUY [IPOU3BOJIBHOU IEPECTAHOBKHU ¢ C IPOU3BOJILHON TPAHCIO3ULKEN (7, j) YETHOCTD IUC/Ia UHBEPCHBIX
nap MeHseTcsa. IlepecTaHOBKEU g U go(i,j) OTIMYAIOTCA APYT OT APYTa MEPEeCTAHOBKOM DJIEMEHTOB g; = ¢(i) u
g; = g(j), cTOAIMX Ha 4-TOM M j-TOM MECTaX B HAIIEH CTAHIAPTHOM 3AINCH IEPECTAHOBKH ¢ CIOBOM:

(gla cer 5 9i—15 Gis Git1s -+ 5 Gi—15 G55 Gj+15 - - - ;gn)

97 (4-3)
g°<27.7> = (gla cev 5 9i-15 95, i+l -+ 5 Gi—1, 915 i1y -+ - 7gn) .

YnpaxHenue 4.3. IIposepbre, 9T0 ¥ ABYX IepecTaHoBOK (4-3) unBepcHOCTH Haphl (i,7), a Takxke 2(j —i — 1)
nap Buga (i,m) u (m, j) ¢ TPOM3BOTBLHBIM 1M, U3 TTPOMEKYTKA i < m < j TPOTHROIOIOKHAS, & MHBEPCHOCTH
BCEX OCTANLHBEIX TIAp OJUHAKOBA.

TeMm caMbIM, KOJUYIECTBO MHBEPCHBIX AP B DTUX IIEPECTAHOBKAX PA3HUTCS HA HEYETHOE YUCJIO, U CTAJIO OBITH,
MBI TOKA3AJIY, 9TO KOMIIO3UIWS ¢ TPAHCIIO3UIIUEN U3MEHAET YETHOCTh YUCJIA MHBEPCHBIX nap. Ecau npencrasurs
Teneph MEPECTAHOBKY ¢ B BUAE KOMIO3UIIUU TPAHCIO3UIIAN:

g = (ir, j1)oliz, j2)o -+ o{ik, k) = Ido(ir, jr1)o(iz, j2)o -+ o(ik, k)

! raxue mepecTaHOBKY HA3ZBIBAIOTCH UEMMbLMAU

% paKme IePEeCTAHOBKH HASBIBAIOTCA HEUETMHbBIML

3T.e. ecau GBLIM WHBEPCHBIME B g, TO ABIAIOTCA HEMHBEPCHBIME B go(i, j) M HAOG0POT, ecan GHLIN HEMHBEPCHBIME B
g, TO CTaIu MHBEPCHBIMA B §o(Z, J)
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TO 96THOCTb YMCJIA WHBEPCHBIX I1ap B Hel OyeT OTIMYATHCS OT HyJs (PABHOIO YETHOCTU YMCIA WHBEPCHBIX
map B TOXIECTBEHHOU TEPECTAHOBKE) B TOYHOCTH HA IETHOCTHL uucia k. CrenoBaTeabHO, IETHOCTH UHUCIA,
TpaHCHOSHHHﬁ, Ha KOTODBIE DACKIAIBIBACTCA ¢, PaBHA YETHOCTHU YUCTA UHBEPCHBIX IIap NEepecCTaHOBKU g, N
cTan0 OBITH, HE 3aBUCUT OT CIOCO0A PABJIOXKEHUA.

1 2 3 4 ) 6 7 8 9

2 9 6 1 8 3 5 7 4
Puc. 402.sgn(2, 9,6, 1,8, 3,5, 7,4) = +1 (Bcero 18 nepeceuenutr)

Nurepuperanus 4€THOCTHU MMEPECTAHOBKU KAK YETHOCTU YUC/IA WHBEPCHBLIX AP Aa€T IPAKTUYECKUU CIOCOO
OTBICKAHUA IETHOCTU, U3BECTHBIN KAK NPABUAO HUMOUEK. A VUMEHHO, HATWIIEM IPYT MO IPYTOM MCXOTHBIE
qucaa 1, 2, ..., n ¥ UX NepecTaHoBKy g = (g1,92,---,gn) U COEIUHAM ONUHAKOBBIE UMCIA HUTAMUA TAK, ITOOBI
HU OJHA U3 HUTEN He BbLIE3AJA U3HYTPHU IeTHIPEXYroabHuKa 11 g, g1 (cM. puc. 402) u 9T06Bl BCe TOYKHU Hepe-
CeYeHNA HUTEH GBLIM HPOCTHIME ABOHMHBIME'. TOrga 96éTHOCTH YMCIA MHBEPCHBIX Iap OyIeT paBHA I6THOCTH
YUCIA TOYEK MEPECEUeHUsT HUTEN.

YnpaxHenue 4.4, TokaXuTe 5TO 1 HAXIATE IPY ITOMOIIY IPABWIA HUTOYEK YETHOCTD Macyouet nepecmanos-
Kt (41,92, ...,%k, J1,J2,--->Jm), B Koropor HaGopsr HoMepoB {i, }, {j.} C {1, 2, ..., n} He nepecekatorcs,
U KaxKIBII M3 HUX CTPOTO BO3PACTAIOT CIEBA HATIPABO.

IOpyrum 5PQPeKTHBHEIM CIOCOG0M OTBICKAHUA I6THOCTH ABILAETCA DA3JIOKEHUE EPECTAHOBKY B KOMIIO3HULMIO
He3aBUCUMBIX IUKIOB (cM. n° 3.2).

Ynpaxuenue 4.5. [lokaxure, 9TO MEPECTAHOBKA YETHA TOTAA W TOJLKO TOT[A, KOTIA KOIUIECTBO IIUKJIOB
YETHOU JJIWHBL B €€ IIUKJIOBOM TUTE IETHO.
Hampumep g1 mepecraHoBku c puc. 402 monydaem (2, 9,6, 1,8, 3,5, 7, 4) = (1,2,9, 4)0(3, 6)o(5, 8, 7), o1-
KyIa TOXE BUIHO, YTO OHA IETHA.

4.2. 3uakonepemenHsbie rpynibl A, C S,,. YéTHbe NepecTaHOBKE 00Pa3YIOT B CAMMETPUIECKON
rpyune &, noarpynny nopsjaka n!/2. B camom gese, o6paTHas K 4€THOU NOICTAHOBKE [OACTAHOBKA
TaKXke 46THA, MOCKOJLKY €€ DA3JIOKEeHNe B TMPOU3BENCHNE TPAHCIO3UIMNA OyIeT COCTOATH POBHO U3
TeX XK€ CAMBIX TPAHCIOBUINY, HO 3aMUCAHHBIX B OOPATHOM TOPAIKE:

YnpaxHenue 4.6. [lokaxure Caeqyomyo GpOPMYILy IS BEIYUCIEHUSI 00PATHOIO DIEMEHTA K IIPOU3BE[ECHUIO:

(G192 - gr) =gt gy tar

Komnosurmus 1€ THEIX mepecTaHOBOK TAKXKE, OY€BUIHO, Y€THA. Takum 06pa3oM, IETHRIE [I€PECTAHOB-
KN IEHCTBUTEILHO COCTABIAIOT MOATDPYHIy. IIOCKOILKY AIA JHOOLIX ABYX HEUSTHBIX IEPECTAHOBOK
g1, g2 MEPECTAHOBKA §1gy ! apnsercs JETHOH, BCE HEUETHLIE IEPECTAHOBKH JEXKAT B OJHOM CMEKHOM
KJIaCCe DTOU MOArpynnsl. Taxum 00pas3oM, BCA CPYIIIA IEPECTAHOBOK MPEACTABIICT COO0U 00beInHe-
HUE B TOYHOCTU IBYX CMEXKHBIX KJIACCOB, U TaK KaK CMEXXHBIE KJIACCHL COCTOAT U3 OJUHAKOBOI'O HUC/IA
DJIEMEHTOB, YETHBIX U HEUYETHBIX MIEPECTAHOBOK UMEETCsA TTOPOBHY.
ITo uctopuyecknMm mpuiInHAM, KOTOPBIE MBI 0OCYIUM TTO3Ke, KOraa OyaeM u3y<iaTh Teoputo ['anya,
MMOATPYIITA, Y€THBIX MOICTAHOBOK HA3BIBAETCA 3HAKONEPEMEHHOT 2pynnoti 1 o6ozuauaerca’ A, C S,.
Ynpaxtenue 4.7. Yoequrech, 9TO Npu U30MOpdU3Me MOTHON TPYNNLI TeTpasapa ¢ G4, MOCTPOCHHOM B TIPU-

mepe (n°2.1.5), cOGCTBEHHAA MOATPYIIA TETPASAPA OTOXKAECTBIACTCA CO 3HAKOIEPEMEHHON TOAT YO
Ay C Sy.

1310 o3Hauaer, 4TO B Kax0H TOUKE HEpeCcedeHHA BCTPEYASTCA POBHO ABE HUTH, IPUYSM IIEPECEYEHHe IIPOMCXOIUT
TPAHCBEPCAIBHO: ), & HE [0 KACATeIbHOI: Y
2rorumueckas GykBa «A», yIaCTBYIOIAA B 3TOM 0G03HAYEHNM, IIPOUCXOIUT OT alternate
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4.2.1. MNpumep: anumopdmuam rpynnsl goaekasapa Ha As. 3HakomepeMmeHHas rpymna 2As IOILyCKaeT reomMe-
TPUIECKYIO PEATUIAINIO, TTOXOXKYIO HA TEOMETPUIECKYI0 PeATn3aIuio Mpynnsl /A4 u3 ymp. 4.7, 1 OCHOBAHHYIO Ha,
TOM, YTO HA MOBEPXHOCTH JoAekasapa (cMm. puc. 463) uMeeTcs poBHO 5
KyOOB C BEPIIMHAMY B BEPIIVHAX JOAEKadIPA.

Ynpaxtenue 4.8. [JokaxuTte, 9TO BOCBMUBEPIITUHHBIN MIECTUTPAHHUK,
00pa30OBaHHBIN U300PaKEHHLIMYU HA PUC. 4¢3 IBEHAIIATHLIO [UAIO0-
HASIMU TPaHe!d NOAEKAdIPa, NEUCTBUTEILHO ABIAETCA KyOOM, U
y0enuTech, YTO TaKUX KyOOB U B CAMOM JeJe IATh.

3anymepyem >Tu KyOwr nudpamu 1, 2, 3, 4, 5 u CONOCTABAM KaXKIOMY
[OBUKEHUIO U3 TPYIILL JOLEKAIAPA OCYIIECTBIAEMYIO UM IePECTAHOBKY
ky6oB. Mel moxydnM romMoMopdusM U3 TPYNOBL OLEKasIpa B CHMMe-
Tpudeckyio rpyuny S;. Jlerko Bugers (cp. ¢ (n°2.1.6)), aro obpasamu
60 moBopoToB mpu aTOM OyayT B TOYHOCTH 60 YETHEIX EPECTAHOBOK:
6 -4 = 24 moeopora Ha yrusl 27k/5 ¢ k =1, 2, 3, 4 Bokpyr ocen, mpo-
XOOAIUX 9€Pe3 IEHTPHI MPOTUBOMOJIOKHEIX TDAHEN NOAEKadapa, pea-
JU3YIOT BCEBO3MOXKHBIE IUKJIBL IIUHEL 5 (T.e. Bce 24 mepecTaHOBKY 11~
Ka0Boro Tuna [T 11 1]), 10 -2 = 20 noBopoTos Ha yrisl £27/3 BOKpyT
OCe’, IPOXOISIIKX Ye€Pe3 PO TUBOIOIOKHBIE BEPIIUHBL 0 [EKAd 1PA, Pe-

AIM3YIOT BCEBO3MOXKHBIE NUKJIBI AIuHBEL 3 (T.e. Bce 20 mepecTaHOBOK
[]

UUKJIOBOrO Tuna [ ), 15 moBoporos Ha 180° BOKPyr OCell, IPOXOAAMIAX UEPE3 CEPEAUHB IPOTUBOIOIOKHBIX

Puc. 403. Oqun u3 maru Ky6os,
JIEKAIINX HA JT0JEKadIpe.

pébep momexanapa, pealu3yioT BCEBO3MOMXKHBIE IMAphl HE3ABUCUMLIX TpaHcmosuimi (T.e. Bce 10 mepecTaHoBOK
IWKJIOBOTO TUIIA, ); HAKOHEI, TOXIECTBEHHOE NMPEOOPa30OBAHUE TMEPENIET B TOXKIECTBEHHYIO MEPECTAHOB-

Ky. Cortacuo (n°2.1.6) co6cTBeHHAs DpyNa NOIEKadIPa MCIEPILIBAETCA MECTHIOACCATHIO NePEInCICHHBIMA
MOBOPOTAMU, & 3HAYUT, TOCTPOEHHBIN HAMU TOMOMOP(U3M yCTAHABIMBAET U3OMOPPUIM MEXK Iy COOCTBEHHOU
PPYIIOU [OJEKA3APA U 3HAKOMEPEMEHHOU rpymnmnon 2As.

Ormerum, 4ro B oTaudue ot npumepa (n°2.1.5) u yup. 4.7 nepexos oT cOOCTBEHHON I'DYNIILL JOAEKA3APA
K TIOMHOU HE NO0aBIAET HOBHIX MEPECTAaHOBOK KyOOB. B camom meme, mo Teopeme Jlarpauxka monHas Tpymma
pomexkanapa (G mpeacrasiaseT co00w0 OOBbeqUHEHUE IBYX CMeXHBIX kmaccoB: G = H LUgH, rne H C G —
MOATPYINa COOCTBEHHBIX NBUMXKeHUu, a g € G\ H — mob0oe HeCOOCTBEHHOE ABUMXKeHUE. bepsa B kadecTBe g
LIEHTPAIBHYI0 CUMMETPHUIO OTHOCUTEJBHO IEHTPA NOAEKA3IPA, MEPEBOAAILYIO KAXKABIA U3 KyOOB B Ce0s, MBI
3aKJI09aeM, 4To o6pas romomoppuzma G — Sy coBnagaer ¢ o6pazoMm romomoppusma H — S5 u paBen
As. Ilpu 3TOM MPOOH6PA3 KAXK IO MEPECTAHOBKY ¢ € A5 COCTOUT U3 OJHOTO U3 TEPEINUCAEHHBIX BHIIIE TTOBOPOTOB
U KOMIIO3UIIAU 3TOT'O TIOBOPOTA C IEHTPATLHON CUMMETPUEN OJAEKADAPA.

Ynpaxtenue 4.9. [lokaxkure, 970 cumMeTpudeckas rpynmna Sy He m30MOpQHA MOJIHON TPYIIE J0AEKADAPA.

4.3. A6cTpakTHBIe I'PyHbl. M30MOpdHbIE IPYONBEl TPEOOPA3OBAHUN, NEUCTBYIOIINE HA DPA3HLIX
MHOXKECTBAX, UMEIT OIVHAKOBYIO TAOIUIY YMHOXKEHUsA, U TODTOMY JH000€ AIrebpamieckoe COOT-
HOIIIEHNE HA KOMIIO3UIUY IIPeoOPA3OBAHNN, CIPABENINBOE B OJHOU U3 HUX, OyAeT CIPABEIJIUBO [
COOTBETCTBYIONUINX KOMIIO3UIUA U B IPYror. UTOOBI UMETh BO3MOXHOCTH TOYHO (POPMYJIUPOBATL U
U3y49aTh TAKWe COOTHOLIEHWS He MpUOeras K SBHOU Pealu3aldy CPYIILL B BUIE COBOKYIHOCTHU KOH-
KPETHBIX CUMMETPHUH TOTO-WIM UHOT'O OOBEKTA, YIOOHO BBECTU a0CTPAKTHOE MOHATHUE TPYIIILL.

A mmenno, Gyaem HazweIBATH (G6CMparmmoi) 2pynnoti TPOU3BOIBHOE MHOKECTBO (7, HA KOTOPOM
sagaua oneparusa G X G —— (G, COMOCTABIAIMAA KXk IOU Iape dIeMeHTOB (g1,¢92) € G X G Heko-
TOPBIU BJIEMEHT ¢1go € (G, TaK ITO TPU HTOM BBITIOJHAIOTCA CJACAYIONIME TPU CBOUCTBA:

(fg)h=f(gh) VY f,g,heG (accoyuamuenocmp) (4-4)

dJeeG :eg=ge=g Vge@ (cywecmeosanue edunuybt) (4-5)

VgeG 3gleG:g9t=glg=e Vged (cywecmeosanue 06pammno2o) (4-6)
DJEMEHT €, CYILIeCTBOBAHUWE KOTOPOT'O MOCTYAUpyeTcs B (4-5), aBTOMATUYECKM €IWHCTBEHEH, II0-
CKOJILKY /A JIOOBIX ABYX Takux ajeMeHTOB € u e’ pnmomnsiorcs pasercTsBa € = e'e”’ = €. Kax
Mel Bugean B n° 1.6.1, cBoucTtBo (4-6) MOXKHO OCIabUThL 4O TPeOOBAHUA CYIIECTBOBAHUA I KAXKI0-
ro saementa g € G aesoro obparsoro f: fg = e u mpasoro oGpartuoro h: gh = e, me Tpebys

MpU 3>TOM, UTOOBI OHM COBHAJATM APYT ¢ APYTOM — DTO COBNAMEHWE TOKA3LIBACTCS BBIKJIAIKOU
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f = fe= f(gh) = (fg)h = eh = h, moKa3BIBAIOIIEH 3a0IHO, YTO OOPATHEHINA BIeMeHT g ' = f = h
OTIIpeneIAeTCA IO ¢ OJHO3HAYHO. MUHUMI3NPOBATE YCAOBUSA, ONPEEIAIONINE TPYIIY MOXKHO U JATBIIIE.
YnpaxHenue 4.10. Jlroburesam GpopMaIbHBIX BHIKIA 0K MPEIJIATAETCA YOeIUThCsA, 9TO B ycaosuu (4-5) 10-
CTATOYHO TPEOOBATH CYLIECTBOBAHUA OJHON TOJBKO JEBOU €IMHULEL (T.€. TAKOI'0 DIEMEHTa €, 9TO € = ¢
Vg€@), a B ycioBuu (4-6) — cymecTBOBaHUA OZHOI'O TOJIBKO JIEBOI'O OOPATHOrO (pEIIeHne MOXKHO MO[-
raaneTs B cHocke (1)).

4.4. Peasmuzanusa a6cTpakKTHOM I'PYyINbI I'PYINOHN Ipeo6pa3oBauuid. Beakas rpynma npeobpa-
30BAHM, PACCMATPUBACMAA KAK MHOXKECTBO OTOOPAXKEHUU € ONEPATMEN KOMIIO3UINK, ABJAACTCA ab-
crpakTHOU rpymmon. Hao6opoT, aasa Beakon abCcTpakTHON CPYIILL (G MOXKHO CTPOUTEL TOMOMOP(MU3MEL

G —2» Aut (X) B rpynnst aBTOMOPGU3MOB PA3IMYHEIX MHOXKECTB, IO3BOLIONINE UHTEPIPETAPOBATD
paeMEHTEl A6CTPAKTHOU I'PYIIBI KAK NMpeobpasoBanua MHOKECTBA X . Beakuit Taxon romoMopdusm
(0 HABBIBAECTCA npedcmasaenuem adCTPAKTHON Trpynnsl G aBToMOpdU3MaMu MHOKeCTBa X wiau deti-
cmeuem Tpynnel G Ha MuHOXKecTBe X . [Ipeacrapienne HA3BIBAETCA MOUKNbLM, €CTU OHO WHBEKTUBHO.
B sTom cay4dae rpynny G MOXKHO OTOXIECTBUTL ¢ rpynnon npeobpasosauun ¢(G) C Aut (X).

4.4.1.JIeBoe peryaapHoe mnpegcrabiaeHue. [I[puMepoM TOYHOrO MPEACTABICHUS ABIAETCI AEB0E
peayaapnoe npedcmasaenue, B KOTOPOM B KadecTse X BLEICTYIAeT caMa rpymna (¢, paccMaTpuBacMast
KaK MHOXECTBO. JTO NPEICTABICHNE COMOCTABMAET KAXKIOMY dIeMeHTy g € (G oTo6paXKeHue

h—gh

A G G, (4-7)

YMHOXKaoIllee Bce 2NeMeHTE rpynnsl G clesa Ha g. OTobpaxenue \, OMEKTUBHO, IOCKOILKY OTOOpa-

h—g~—1h

wenne A\g-1: G G sBAsSIETCA IS HET'O ABYCTOPOHHUM OODATHBIM:

VheG AgAg-1(h) =X(g'h)=gg 'h=h m X1Ag(h)=X,~1(gh)=g 'gh="h.

Bosurukarommee TakuM 00pa3oM 0TOOpaKeHe?

A G 92

Aut gt (GQ) (4-8)
ABIACTCA TOMOMOP(GI3MOM I'DYIII, T. €. YAOBICTBOPACT COOTHOMICHUIO Ag g = Ag; Agy , T. K.
VheG )‘9192 (h) = g192h = >\g1 (th) = )‘91 ()‘g2 (h)) = /\91 )‘92 (h) .

F'omomopduam A NHBEKTUBEH, HOO TIPU g1 7 g2 TPEOOPA3OBAHUA A\g, U g, PABIUUHLL eCIu Ag, (h) =
Ag, (h) x0Ts1 681 st oHOTO B € G, TO yMHOXAA paBeHCTBO g1h = goh cnipasa Ha h™ ', MBI mOTyUaem

g1 = g2-
4.4.2.TIpaBoe peryJsapHoe npejgcTasiaeHune. Hapsany ¢ JeBBIM PEryJsAPHBIM MIPEICTABICHAEM MOXK-
HO PACCMATPUBATDL NPaAGoe Pe2yaaproe npedcmasieniue

0:G —2% 1 Aut o (G),

KOTOpOE COIOCTABJACT KaxKA0My 2/1eMeHTy g € G oToOpazKeHne 9, IPaBOr0 YMHOXKECHIA Ha, g &

h—hg~1
0q:G

G. (4-9)

1
b =bs = 5({_55) = (61_5)5 = o0 :monmHNYY nogedn 1 OXICL BILOBIEE

2 Ok ‘ardfmal oxior adomor ‘WorHowore 6 3 wiaHIedgo Wiagedn M BOLOBIEE MMOOLUILRNOLIR 175 OLh Q'L ‘9 = 1755
WORKL ATrOII ‘I_E 3 m9HIedQO UITder RH REOUD ILORh OIA€er n ordgedn BesKOHWA fI_b’ = I_[J’a = 1_551_5 omrHordrodIo xu
oL eYI0L ‘ATIMHIYD O1Agor (rAguH-o1d>es) — o © ‘6 31 manLedgo magor (4 AQUH-KOMEN) LORRCHEO 6 9LoAN :HUHANId

2HaII0MHI/IM, 9T0 mHAEKC set B 0003HaIeHMH AUt set((G) yKasplBaeT Ha TO, ITO MBI PACCMATPHUBAEM IPOU3BOILHEIE
6uekuy, He 063aTEILHO COMVIACOBAHHBIE C KOMIO3MIuen B (G; 0TOOpaXKeHne Ay, KaK MPABUIO, HE ABAAETNCA 2OMOMOD-
dusmom, .. Ag(h1hs) = gh1hs 06brano He paBHO Ag(h1)Ag(h2) = ghighs
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[losBaeHe MUHYC TIEPBOY CTEMEHN BLI3BAHO TEM, YTO MMEHHO MMEHHO TaK 33JaHHOE OTOOpaXKeHue g
OymeT ABIATHCA TOMOMOP(MU3MOM IPYIIL, T.€. MEPEBOAUTE NPOU3BEICHUE g1 o B KOMIIO3UIWIO Og, Og,:

VheG 09192 (h) = h(9192)_1 = h92_1.91_1 = 0¢; (th—I) = Og; (992 (h)) = leng(h)7

TOr1a KaK HAUBHOE ITPABMWJIO, KOTOPOE MBI 0O03HAYNM Q’g : h — hg, yooBaeTBOPIO 6B COOTHOIIEHUIO

Oprgs = 0905, » T-K. VREG g} . (h) = hgiga = 0y, (hg1) = 0}, (0}, (h)) = &}, 04, (h),

T. €. IepeBOINUI0 OBI OpOM3BEACHNEC B IIPOU3BECICHUE, 3alIMCAHHOE B IIPOTUBOIIOJOXKHOM nopﬂ,zu(el.

YnpaxHenue 4.11. Y6equrecs B TOM, 9TO oTOOpaxenue GG %, @ GuexTHBHO VgeG uuTO 04, # 04, IPU
91 # g2

4.4.3. Orcrymierne 06 o6Go3HadveHumsax. B aqreOpamvdecKou JIUTepaType OAMHAKOBO B XOAY ABE
CUCTEMBI 0003HAYEHUN /A KOMIIO3UIUN OTOOPAKEHUN.

O6o3nauenus, KOTOpBIE MBI BBeaIU B (n° 1.5) 1 KOTOPBIM MBI Gy €M CJIeI0BATH NPAKTUIECKA BCIOAY
B DTUX 3aMUCKAX, HA3BIBAIOTCA A€6blM Jelicmeuem, TOCKOIBKY B HEM OTOOPAKEHUA TPUMEHAKOTCA K
CBOUM apr'yMeHTaM CJIeBa U IEPEeMHOXKAIOTCA CIIPaBa HAJIEBO:

fo(@) ¥ flg(x)),  foh(x) ¥ flg(h(z) ur.a

[lpyrou cTuibL — TakK HA3LIBAEMOE Npasoe deticmeue — 3aITUCHIBAET KOMIIO3UIINIO TAK, 9TO OTO-
OpakKeHUs IPUMEHAITCA K CBOMM apryMeHTaM CIIPaBa M IEPEMHOXKAIOTCA CJIEBA, HAIIPABO:

h

[Folupan : 2 = F(2) 5 g(F() , [fohlupan s 7 = F(2) = g(F(2) - Fo(f(2)) mrm

B «paBomn»y cucteMe 00O3HAMEHUN JEBOE U TIPABOE PEryJIAPHLIE TMPEACTABICHUA TPUILIOCH OBT 3a,1a-
BaTh POPMYJAMU, IPOTUBOIOIOKHEIMYA HAIINM, T.€. 00paIlaTh § B JEBOM PEryJIPHOM IIPEICTaBJE-
HIW, U UCHOJB30BATEH CAMO ¢, & He ¢ ' B IpaBoM. UnTaTens, KOTOPHIT IOMUMO HACTOAIINX 3AIIHNCOK
[IONL3YETCA U APYTUMH YIeOHMKAMU, NOMKEH CICIUTDL 3a TE€M, KAKOW CTWIb B HUX NPUHAT, U IIPH
HEOOXOTUMOCTHY TIEPEBOIUTD € MPABOT0O A3LIKA, HA JEBLIU U HAOOOPOT.

4.4.4. MNpumep: yucnoesie rpynnsl. Juciaoseie mEOXKECTBA Z, Q, R ABIAIOTCS aOCTPAKTHBIMU TPYIIAMEA OT-
HOCHTEIBLHO OINepaluu ClIoxKeHuA>. [Ipy HOMOIIY JeBOTr0 PEryIapHOro IpeICTaBIeHuA 13 n° 4.4 MBI MOXKEM BOC-

NPUHUMATEL DTU CPYIIEl KaK TPYNNEl CABATOB YUCJIOBOU TPAMOU: KAXKA0€ YUCIO ¢ € R B 1€BOM peryJaspHOM

T—g+T
TIpEeICTABICHUN MTPEBPAIIIAETCSA B TPeoOpa30BaHMe CABUTA ¢ @ R R. Muox)ecTBa HEHYJEBBIX UUCET

Q* =Q~ {0} u R* = R~ {0} apmsmorcsa Tak:ke CPYIIaMi OTHOCUTEABHO OMEPAIMN YMHOXKEHUsA (HEHy/IeBHIe

LEBIe IMCIA TAKOU IPYIIEL He 06pa3yioT). JIeBoe pery apHoe IpeACTABICHIE YMHOKEHNA TUCEA NHTEPIPETH-
TgT

PyeT Kaxmoe HEeHyJeBOEe YHMCJIO § KaK roMoTeTuio ¢ : R R. Muoxectso 3nakoB {1} u3 npumepa

(n°4.1.3) Taxxke ABLAETCA IPYNION OTHOCHTENBHO yMHOXKEHUI. Bce pacCMOTPEHHEBIE B TOM NPUMEPE IDYIIIBL

KOMMYTaTUBHBL (WIN abenesbt), T.e. HOMAMO CBOUCTB (4-4)—(4-6) 061a1a10T JOTOMHATEIBLHBIM CBONCTBOM:

Vg1,92 € G 9192 = o1 (Kommymamuernocmn) (4-10)

Ynpaxtenue 4.12. [IpoBepbTe, 9TO U3 AUAPAIBHBIX IPYIN ¥ I'PYNI IPABUILHLIX MHOIOIDAHHUKOB KOMMY-
TATUBHA TOJBKO PYIa ABYYTOJbHUKA Do (Cp. ¢ ymp. 4.2).

4.5. lMoarpynns! a6ecrpakTHbIX rpyni. Henycroe nogvuoxectso H C G (aO6CTpakTHOR) DPYNITLL
G naswiBaeTcsa nodepynnotd B G, eciu oOpaTHBIE KO BCeM pieMeHTaM u3 H, a Takke NpOU3BeIeHUs
JI00BIX ABYX dieMeHTOB u3 H toxe jexar B H. Kak u B (n°2.1) u3 5TuX yCcJIOBUU BHITEKAET, UTO
equanna rpyunst G aexut B H, nockonbky e = hh™!' s npoussoasso B3sToro h € H.

Ynpaxuenue 4.13. [Jokaxwure, 970 moagMHOXKeCTBO H B rpymnme G ABIAETCA MOATPYIION TOTLA W TOJBKO
torma, xorga ¥V hy,hy € H hihy' € H.

'Oro6paxenne rpynn G LA @', ynosaersopsiomee V g1,g9> € G1 ycaosmo (gi1g2) = ¥ (g2)1¥(g1) masemaerca
aAHMU20MOMOD PU3MOM
20TMeTHM, ITO HATYPAIbHEIE HUCIA TAKOH CPYIIEL He 06pa3yoT
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[asa noarpynn abCTPAaKTHBIX I'PYNI CIOPaBeIINBLL BCe (DAKTHI, YCTAHOBJIEHHLIE HAMHU B §2 1714 MOI-
CPYIN Cpymn mpeobpaszoBauuil. A uMeHHO, ¢ Kaxkaou noarpynmon H C G MOXHO CBA3aTL IBA pPas-
6merna rpynmn G @ B IM3BIOHKTHOE OOBEIMHEHNE JeBEIX CMeKHEX kiaccos! gH = {gh| h € H} n
B IU3BIOHKTHOE 00LeJUHeHNe IPaBhIX cMexHEX Kiaccos? Hg = {hg| h € H} , npuuém kaxaniit u3
HTUX KIaccoB Oypetr 6uexkTuser noarpynmne H. s m060i KoHeIHOU I'PyIIbL (G BHIIOIHAETCSA TEOPEMA
Jlarpamxka:

|G/H| =[G : H] = |G|/|H| = [H\G] ,

rae depes G/H u H\G 0003HaMEHB MHOXKECTBA JEBBIX U MPABBIX CMEKHBIX KJIACCOB COOTBETCTBEH-
vO. C KaxabM 2jaeMeHTOM ¢ € (G MOXHO CBA3ATH IMUKJIMYECKY MOACPYNNY, 00OPA30BAHHYIO BCE-
MU HeIeIME cTeneHaMu ¢. s xoreusou rpynnel G oTa mogrpynna Takxke Oyner koHedHa: (g) =
{1,9,6% ...,9" '} C G, rae n = |{g)| paBHO HauMeHbIIEMY HATYPATLHOMY THCIY, A1 KOTOPO-
ro g" = e. ITO YUCIO HABLIBACTCA Nopsdrxom daeMmenta g. Ilo Teopeme Jlarpamka mopanox Jo60ro
SIEMEHTa HALleIO JeInT HopAfok rpymmsl |G|. B wactaoctn, VgeG g¢l¢l = e. Beé sTo gokasnBaer-
¢ 60 HEIOCPENCTBEHHEIM IIOBTOPEHNEM PACCYXICHUN W3 IPEALIAYIIEro naparpada, b0 TOTHBIM
IpecTaBIeHreM abCTPAKTHON IPyHnsl G aBTOMOP(U3MAME KAKOTO-HIOYIb MHOXKECTBA®.

YnpaxHenue 4.14. Ob6a3aTenbHO €€ pa3 NEPErOBOPUTE I CeOSI BCE TOKA3ATEIbCTBA U3 §2.

! mamomumM (cm. n° 2.2 m ynp. 2.13), 9T0 MI06BIE ABA JEBBIX CMEXKHBIX KIACCA IAGO0 HE MEPECEKAIOTCA, Tu60 COBHAAAIOT

% HanoMHIM (cm. n°2.2.3), 9T0 aI00BIE ABA IPABBIX CMEXKHBIX KIACCA TAKKE JUOO He MEPECEKAIOTCA, MO0 COBIALAIOT

3 11060e romomopguoe Broxkernme G — Aut (X) (cxaxenm, meBoe peryaapaoe mpegcrasrerne (n° 4.4.1)) npespamaer
BCE TIEPEIUCICHHEIE BhIIe (DAKTH B yXkKe NOKA3aHHBIEC HAME B §2 PE3yIbTATHI O MOATPYNNAX TPYHI OIPeo6pa3oBaHuN
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5.1. CTpoenne romomopdpuamos. Jwobou romomopdusm rpynn G el MIEPEBOIUT €IUHUILY €
rpynnst G B eqununy € rpynnst G'. B camom zerne, ¢ (e) ¢ (e) = p (ee) = ¢ (e) u, ymHOKAA 06€ acTh
Ha ¢ ()", momyuaem ¢ (€) = €. Jlanee, TOCKOIbKY ¢ (7Y elg) =¢ (97 g) = ¢ (e) =€, s moboro

g € G BHITIOJHAETCA PABEHCTBO (g_l) = ¢(g)~'. IlosToMy 06pas romomopduama G 2.
im(p) = p(G) ={g' € G'| g€ G:9(g) =4}

spasercst noarpynnoi 8 GV ¢(g), ¢ (f) € im (¢) @(9)e(f) ™" = w(g)o(f1) = ¢(gf ") € im(p).
Tonuwi npoobpas equnnikl € € G HazbBaeTCa A0pom TOMOMOPMU3MA Y 1 0603HAYACTCS

ker ¢ def @ ! ()Y={g9ed ‘ plg) =€} .

flapo asnserca mogrpymmoint B G: V g, f € ker(p) gf ! € ker(y), mockoneky

p(9)=w(f)=¢ = ¢af ") =wlge(f ) =plo)e(f) =€ (¢) " =¢.

Hoanbwr mpoobpas mpousBoabHOro saementa ¢ = (g) € im (p) npeacrapaseT COGO0 CMEKHBIT
KJIACC AAPA, OTBEYAIOMINN dIeMEHTY g € (¢, IpUIéM 3>TOT CMEXHLIU KJIACC OJHOBPEMEHHO ABIACTCA
KaK JIEBBIM, TAK U IIPABLIM CMEXKHBIM KJIacCcoM moarpynnst ker(p), T.e.

¢ (p(g)) = g - ker(yp) =ker(p) - g . (5-1)

B camom gene, ymuoxkas o6e gactu o(g) = ¢(f) caea Ha ¢(g) !, MBI IOIyHaEM PABHOCHILHOE PABCH-

ctBo € = p(g) " lp(f) = ¢ (g_lf), KOTOpOe O3Ha¥aeT, uTo g~ ' f € ker(p), wm f € g - ker(p). Anamo-
rudHO, yMHOXKas 06e yactu ¢(g) = ¢(f) Ha ¢(g) ! cupasa, mpt nomyaaem e’ = o(f)(g) ™t = ¢ (fg71),
410 OHauaeT, 410 fg ! € ker(p), T.e. f € ker(yp) - g.

CyMMupyeM BCE CKa3aHHOE B BUIE CACTYIOMIEH MEOPEMbL 0 CTMPOEHUU 20MOMOPPUIMA 2PYNN.

5.1.1. TEOPEMA. O6pa3 .mo6oro romomopgusma rpymn G —— G apaserca noarymmos 8 G,
a arpo — noarpynmon B G. JleBble u mpaBhle CMeXHBIC KJIACCHI AApa COBIaAaloT APYT C APYTOM U

ABIAIOTCA croamu smaMopduama G —o» im (@) : VgeG g -ker(p) = ker(p) - g = ¢ (¢(9)) -
B gacrrocru, [im (¢)| = [G : ker(p)] = |G| : | ker(y)| . O

5.1.2. CJIEACTBUE. /laz Toro, 9066 roMoMopguamM rpynil ObLT HHBEKTUBEH HEOOXOIUMO U JO-
CTATOYHO, ITOOBI €0 AAPO COCTOAIO TOJIBKO U3 €IUHUTHOTO IEMEHTA. U

5.1.3. lMpumep: aapo anumopduzma Sy % S3u3 npumepa (n°4.1.2) coBnagaeT ¢ MHOXKECTBOM BPALECHUN,
HePeBOJAMIX B ce0A KakIyio W3 TPEX Iap IPOTUBONOIOKHLIX MPaHell Kyba', ¥ HOTOMY H30MOP(HO T'pyIIIe
IBYYTOIBHUKA, Do, COCTOAIIEN U3 TOXJIECTBEHHOTO TMPEoOPa3oBaHusA U TPEX MOBOPOTOR Ha 180° BOKpyT ocen,
TIPOXO JAIIUX YE€PE3 MEHTPHI MPOTUBONOJOKHBLIX I'paHer Kyba. B Tepmunax rpymmer Sy

ker((p) = {(17 27 37 4)7 (27 ]-7 47 3)7 (37 47 17 2)7 (47 37 27 1)} (5'2)

COCTONT M3 TOXJECTBEHHOIO IPEeOOPA3OBAHMA I BCEX IIEPECTAHOBOK IIMKJIOBOI'O THUIIA EB . CreaHHOE HAMIU B

npumepe (n°4.1.2) mabarogeHue, ITO BCE CJIOU DIUMOPOU3MA ( COCTOAT POBHO U3 YETHIPEX IOBOPOTOB, 00B-

scasiercs npegiaoxenueM (n°5.1.1). Hurareno HACTOATENIBHO PEKOMEHIYETCS SBHO IPOCIEAUTD, ITO 3TH CJIOU
ABJIAIOTCA KAK JEBLIMU, TAK U TIPABEIMYA CMEXKHBIMA KIACCAMU NOATpynmsl (5-2).

sgn ”

5.1.4. [pumep: sapo snumopdpuama S,, — {£1} us npumepa (n° 4.1.3) coBuagaer co 3xaronepemernot

epynnot A,. U3 npegnoxenus (n°5.1.1) HemenneHHo ciaenyor caenasuse B (n°4.2) HaOMIOQEHUs, YTO 16 THLIE

Ly, e yroHO, Kak IBIN M3 TPEX OTPE3KOB, COSNMHAIONMX EHTPEL IPOTUBONOIOKHEIX MPAHEH

29
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nepecTaHoBku o6pasyoT B G5 moarpynny mHAEKCa 2, & HEYETHBIE IEPECTAHOBKYU COCTABIAIOT CMEXHBIN KIACC
DTOU MOATPYNNEL (OMHOBPEMEHHO KAK JIEBHIN, TAK U MPABLIN).

5.1.5. [pumep: sapo romomopcdnama nonHol rpynnsl goaekasapa 8 Sy, mocTpoernHoro B npumepe (n° 4.2.1),
u3oMopdHo rpymnme {1} u cOCTOUT U3 TOXKAECTBEHHOrO IPEOOPA30OBAHNUS U LEHTPAILHON CUMMETpUM, a 00pa3
ABJIsETCA 3HaKonepemennon moarpymnmon As C S5. [Ipoobpas kaxk 10U 9ETHON MEPECTAHOBKY IATU KyOOB MPE/-
cTaBiseT cO60I0 CMEXHBIN K1ace noarpynnet {1} u cocront u3 ogHOro m3 onucanuex B (n°2.1.6), (n°4.2.1)
TTOBOPOTOR, a TAKXKE €r0 KOMIO3UIMY C IEHTPATLHOU cumMmeTpuen. OTMEeTUM, UTO MEeHTPATbHAA CUMMETPUL
KOMMYTHUPYET C JIOOBIM BPAIIEHUEM, IODTOMY BCE PABHO, B KAKOM MOPAIKE DTy KOMIIO3UINI0 OPATh — DTO eIIé
Pa3 MOKA3LIBAET, YTO JEBBIA CMEKHBIN KJIACC ABIACTCSA B JAHHOM CIy<Iae TAK¥Ke U IPABLIM, & 3A0JHO YKA3LIBAET
croco6 pemenus yup. 4.9).

5.1.6. [pumep: yHMBEpCaNbHOE HAKPLITUE EAMHUYHOW OKPYXXHOCTU HMCNOBOK MpsiMolo. Paccmorpum rpym-
my BCEX MpeoOpa3soBaHUU MIOCKOCTH, 330aBAEMBIX TOBOPOTAMHA BOKDYTD HAMAJIA, KOODAWHAT HA MPOU3BOJILHEIE
BEILIECTBEHHEBIE YIVIbI, 1 OyeM 0603HaYaTh Yepe3 ¥, MOBOPOT Ha YrOX (. JTa IPYNIa KOMMyTaTuBHA. EE bie-
MEHTHI MOXKHO OTOXAECTBUTH ¢ TOUKaMu eguHmIHON okpyxuocTn St = {(z,y)| #? + y? = 1} (cM. puc. 501).
A umenno, moMmecTuM TOXIeCTBeHHOE npeobpasopauue Id = ¥¢ B TOU-
Ky (1,0) (eqMHUYHBIN HAIPABIAIOMMI BEKTOP OCH abCLUCC), & IOBOPOT
Yo — B TOUKY (COS @, sin «v), gas nonaganus B Koropyio u3 rouxu Jo = Id
HAJ0 TMPOUTHU MO €IWHUIHOW OKPYKHOCTH AYTY IJUHLI (@ TPOTUB YACO-
BOU cTpenku, ecau « > 0, u mo gacosou crpenke, eciu < 0. [Ipu aTom
KOMIIO3UIUY TIOBOPOTOB Uy, ¥y, OTBEUAET CJIOKEHHE COOTBETCTBYIOIINX
UM OPHEHTUPOBAHHBLIX IyI EIMHUIHOU OKpyxKHOCTH. MMmeercsa 3ameda-
TEeJBHBIA FOMOMOP(U3M 13 I'PYIIILI BEMIECTBEHHBIX Yucet R ¢ onepanuen
CMOMKEHNUA B TPYIIY TOBOPOTOB S'. DTOT roMOMOPMU3M HABEIBACTCA YHU-
BEPCAALHBIM HAKPLINUEM U COTOCTABIAT KK JOMY BEIIECTBEHHOMY TUCILY R
«a € R moBoport ¢, HA yroa a:

«

><:V

ar—0q

u: R

Sl ) (5_3)
Puc. 501. Hakperrue R — S,
9YTO MOXKHO IPEICTABIATL cebe KAK (HAMATHIBAHNEY OPUEHTHPOBAHHON

CHU3Y BBEPX BEPTUKAJILHOU YUCJIOBOU npsiMou R, npucraBreHHOn cBouM HyaéMm K Touke ¥ (cm. puc. 50l1), Ha
eIVHUYIHYI0 OKPYXKHOCTH, KAK HEPACTARKUMAA HUTh HAMATHIBAETCA HA KATYIIKY. YHUBEPCATHLHOE HAKPHITHEC
CIOPBEKTUBHO, a €r0 AJPO COCTOUT U3 BCEX YIVIOB, IOBOPOT HA KOTOPHIE ABJSAETCS TOXKIECTBEHHBIM IPEe0Opa3o-
BAHMEM ILIOCKOCTH:

ker(u) =2r-Z={a=2mn|necZ}.

[Ipoo6pa3 Kax J0ro IoBopoTa ¥ € S ABIAETCA CMEKHBEIM KIACCOM DTOH IOATPYIIIL ¥ COCTOUT U3 BCEX YIVIOB,
IOBOPOT Ha KOTOPEIE COBIAJAET C HOBOPOTOM ¥,. Bee Takme yriBEl OTIMYAIOTCA OT (@ HA IPOM3BOJBLHOE HEI0e
91ea0 060poToB. MHOXKECTBO DTHX YIVIOB HA3BIBAECTCA apaymenmom mosopora 9, € St u obosnadaercs

Arg (¥,) et u (W) ={a+2mn|neZ}.

Ynpaxtenue 5.1. [Iycre H C G — npousBoibHas nmoArpynna adeaesou rpynnel G. Yoenurecs, uro Vge G
gH = Hg.

5.1.7. Mpumep: anumopdpuam Z — @, 1 rpynna ebi4etos Z/(n). OTO AUCKpETHAs BEPCUs MPeIbLIYIIe-
ro mpumepa. 3adguKCUpyeM HATypaabHOe 1t > 1 W pacCMOTPUM MOMOMODP(MU3M K3 T'PYIILL HEIBIX 9ucel Z ¢
olepalyen CJIOXKEHUs B IPYIILYy IOBOPOTOB fi, u3 npumepa (n° 2.1.2)

kT

Up 2 L Hn s (5_4)

KOTODPBIA COMOCTABIACT KAXKJOMY IeJOMy Tucry k moBopoT Ty = Uogrp/, Ha yroa 27k /n. O60o3naduM ALPO
3TOro roMoMOpdu3Ma Iepe3

(n) def ker(up) ={2n|z2€Z}CZ.

OHO COCTOUT U3 BCEX LEIBIX YUCeT, KpaTHBIX 7. CMexHBIe KIacChl k + (1) HA3LIBAIOTCA KAGCCAMU BLIYET06
no modyaio n u obozuavaworcs [k], wm k(mod n), a npuHa 1IeKHOCTL ABYX 4ucea k,m € 7Z OgHOMY U TOMY

xe kiaaccy [k], = [m], Tpaguuumonno 3anuceBaercs B Buge k = m (mod n) (duraercsa: «k cpaBHEMO ¢ m 1O
mMoxy. o ny). Kommosummsa B rpymnne p, MOXET BOCIPUHAMATLCA KaK CJAOXKEHNE KJIACCOB BLIYETOB, 33,1aBAE€MOe
def

upaswioM [k], + [m], = [k+ m],.
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YnpaxHenue 5.2. Yoenurech IpAMBIM BEIMUCICHAEM, 9TO 3TO IIPABUIO KOPPEKMHO B TOM CMBICIE, 9TO BEIOUpAs
B KJIACCaX BBIYETOB Apyrue smeMeHTH k' u m’, tak uro [k'], = [k], u [m'], = [m],, MBI nOAyYMM TOT *Xe
camem pesyastat [k’ +m'], = [k + m],.
Takum 06pa3oM, HA MHOXKECTBE KJIACCOB BEYETOB UMEETCA alJUTUBHAA IPYNIOBaA CTPYKTYpa. BosHukaromasn
TaKIM 00DPA30OM 2PYNNa KAaccos sbiuemos no modyaio n obosnataercs Z/(n). Ilo moctpoennto, oHa m30MOphHA
CpyIIIe TOBOPOTOB [y, .

5.2. HopmaubHsbie moarpynnsl. CoruacHo TeopeMe o crpoenun romomopdusma (n° 5.1.1) moarpymn-

@ o
na H C G, asraomasnca agpom romomoppusma G —— G, obragaeT 3aMedaTeIbHBIM CBOMCTBOM —
BCAKUY €€ JIEBLIU CMEXKHLIN KJIACC OTHOBPEMEHHO ABIACTCA U IPABLIM CMEXKHLIM KIaccoM, T.e. VgeG
gH = Hg, 9T0 MOXHO MHAaMe NepenucaTh KaK

VgeG gHg '=H. (5-5)

Hoarpynnet H C G, o6agaommume 5TUM CBOUCTBOM, HA3BIBAIOTCA HOPMAAbHIMY (WIH UHE GPUGHHbI-
MU) TOATPYHIaMu, 9T0 obo3Hadaercsa kKak H < G.

Ynpaxtenue 5.3. [lokaxure, 9To B abeneBon rpymme Ja06as IOATPYIIIa HOPMAaIbHA.
B mexoMMyTaTUBHOU I'PYIIIE HOPMAJILHOCTD ABAAETCA CYIIECTBEHHLIM OIPAHMYEHNEM HA MOATPYIIILY.

5.2.1. [lpumep: HEMHBAPMAHTHOCTL CTAbUAN3ATOPA TOYKMU C HETPMBMANLHON opbuTon. Paccmorpum B cumme-
Tpudeckon rpynne G = &4 noarpynny H = Stab(1), cocTosmyio u3 Bcex nepecTaHOBOK, IEPEBO JAINX JIEMEHT
1 B ce6si. DTa NOArPYNIA HE NHBAPUAHTHA.

YnpaxHenne 5.4. llycte g = g~ = (1, 2) (Tparcnosumus snementos 1 u 2). Y6eaurecs, 910
g-Stab(1) - g~' = Stab(2) # Stab(1) .

OrTMeruM, YTO U3 TEOPEMBL O CTPOEHAN IOMOMOD(U3MA BLITEKAET, YTO HA MHOKECTBE CMEXHBIX KI1accoB &y /H
koTopoe mo (n°3.1.2) moxuO oTOXKAECTBUTH ¢ opburon {1,2,3,4} smemenTa 1, HE CymeCTByeT rpyNIOBOK
CTPYKTYPHI, B KOTOPOU OTOOpaKEHUE

ovi i By — 270 93 4)

SABJIANOCH OB FOMOMOP(U3MOM I'DYIIIL.

YnpaxHenue 5.5. Yoenurecs B 5TOM.

5.2.2. IIPEAJIOKEHUE. Ilogrpymmna H C (G Torma m TOIBKO TOrga ABIACTCA AAPOM KAKOIO-
HUOY 1B roMoMopgusma G Eayel , KOr'a, OHa, HOPMAJIBHA.

[OokazaTenscteo. Heo6xogumocTs yxe Obuia ycranosiena B (n°5.1.1). Joxaxem gocraTodHocTb. BosbMém B
kagectee G’ MEOXKecTBO G/ H BCEX Pa3IUYHBIX JEBLIX CMEXHEIX KiaaccoB gH nmoarpynmer H u 3aganum ma HEM
CTPYKTYPY I'PYIIELL TAK, YTOOBI CIOPBEKIIA

G q/m, (5-6)

COMOCTABJAIOMAA KaxkaoMy g € G cMexHbI Ki1acc gH, B KoTopoMm OH JexuT, 6buia roMoOMOPGU3MOM TPYII.
OTO TpebGOBaHME HE OCTABIAET UHOT'O BHIOOPA, KaK 331aTh OMEPAINI0 HA CMEXHBEIX KAACCaX (hOPMYIOn
def

(91 H) - (92H) = g19:H . (5-7)
HenpuaTHOCTE 3aKI0YAETCA B TOM, YTO ONUH U TOT K€ CMEXKHBIU KIACC MOXKET MO-PA3HOMY 3alNUCHIBATHCA B
Buge gH — B Ka4eCcTBE g MOXKHO B3ATH 10001 U3 DIEMEHTOB 3TOr0 KJIACCA. 3AMEHA ¢ U g HA fi u fo, Takue
aro f1H = g1H u foH = goH, Mbl He u3MeHuM JeBou dacTu GHopMmy.asl (5-7), HO B IPABOU YaCTHU MOJLYIUM
xnacce fifoH, KOTOpPEIM, BOOOIIE IOBOPSA, MOXKET OTJAUYATBLCA OT ¢1gsH, 94TO, COOCTBEHHO, U IPOUCXOAMIO B
npeasigymeM npuMepe (n°5.2.1).

IMokaxkem, uTo eciu nogrpynna H wopmanbua B G, To u3 paseucts f1H = g1H u foH = g, H BrITEKAET
paBeHcTBO g1g2H = f1foH, u Tem caMbiM, dopMyaa (5-7) KOPPEKTHO OMpeneseT ONepalyio Hajl KIACCAMU.
PasenctBa f1H = g1H u foH = g»H o3mHadamT, 9TO gl_lfl u g2_1f2 oba nexar B H. Ilockonpky maa Bcex
g € Guh e H B cuny mHopmansaoctu H umeerca Bxmodenue ghg~! € H, saemeHT g;l (gl_lfl) g2 (xoTOpHIN
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IIOJIyIaeTCsa €CIU B IPeNbLIyIIeM PaBEHCTBE IIONOXKUTh § = g;l, h = gflfl) aexut B H. YMmHOXas ero cupasa

wa gy ' fo € H, mpt suamy, 110 g5 (97" 1) 92 (95 f2) = 95 91 fife = (9192) ' (fifo) € H . Careposaresio,
(9192) H = (f1f2) H , 9T0 1 Tpe6OBAJIOCH.

WTak, MBI 3aa1M MHOXKECTBE JIEBBIX CMEXHBIX KiaccoB G/H yMHOXeHme, 111 KOTOPOro OTOGpaKeHue
(5-6) aBaserca romomopduzmom. QcTaéTCss IPOBEPUTH, UTO HTO yMHOXKeHue npespamaer G/H B rpynmy, T.e.
yaosiaerBopser ceoucTBaM (4-4)—(4-6). AccoumaruBHOCTL yMHOXKeHUS (5-7) BBITEKAET U3 aCCOLUATUBHOCTH
ymHOXKeHus B G:

((91H) - (g2H)) - (93H) = (g192H) - (93H) = (9192)93H =
= 91(9293)H = (91 H) - (9293 H) = (91 H) - ((92H) - (93H)) .

W3 npasuna (5-7) HEMEeJIEHHO BEITEKAET, 9TO eAUHUYHBIM diaeMeHToM B G/ H apisercsa knacc exuanusl eH = H,
a 06paTHBIM K IPOM3BOAbHOMY Kiaaccy gH saserca kiacc ¢~ H. IlpennoxeHne IOMHOCTBIO JOKA3AHO. O

5.3. @akTopusanus. [locrpoennas B 1okasarenbcTee npepioxkenus (n°5.2.2) rpynna G/H, o6pa-
30BaHHAs JEBLIMU CMEXHBIMU Kiaaccamu gH sHopMmasasHOU noarpynnsl H <1 G ¢ ymuOX)eHUMEM (5-7) :

(g1H) - (92H) < g1g9:H (5-8)

HaswBaeTCa axkmop 2pynnot G mo noarpynne H <1 G, a romomopdusm (5-6) , oToOpakawommn Ka-
K ILIA DJIEMEHT CPYINEL B COLEPKAIINN er0 CMEKHLIN KJIACC

g—gH

G - G/H ,

HA3BIBAETCS 20MOMOPpPusmom Parxmopuzeyuy. WabiMu crioBamu, roMoOMOpQU3M haKTOPUIAIUU «CKJIE-
UBAeT» KAXKILIM CMEXHBIN KJIACC HOArpynnsl H B ogHy TOuky, a ¢dopmyra (5-8) 3amaéT Ha 5THX
TOYKaX CTPYKTypy rpynnel. OTmernm, 910 Koppexmuocms Gopmyasr (5-8), T.e. HE3ABUCUMOCTD pPe-
3YJbLTATA OT BLIOOPA MPEACTABATENEH g1, g2 B CMEXHBIX KIACCAX, PAEHOCUALHE TOMY, ITO MOATPYIITA
H wopmasbha B G. B camom pnene, ecan dpopmyaa (5-8) koppekrHa, 1o G/ H, Kak Mbl BUAENM, ABTOMA~
TUYECKU SABJIACTCS DPYNIoN, a oTobpaxenue (5-6) — romoMopduamom rpynm ¢ agpom H. [lostomy
o Teopeme 0 cTpoeHun romomopduama (n°5.1.1) moarpynna H doasxcna 6bimbs HOPMATLHOM.

5.4. Pasnoxenme romomopguama. Teopema o crpoenun romomopdusma (n°5.1.1) yreepxaaer,

. %

910 06pas im (¢) C G mpousBoALHOTO roMoMOpduaMa rpynn G —— G’ uzoMopden gakTop Tpymmne
G1/ker(p). B camom gese, HEMYCTHIMA CAOSMU TOMOMODP(MU3MA (¢ SABIAIOTCA B TOYHOCTU CMEXKHLIE
KIACCH Aapa. B pesyabTaTe Mm0601 roMOMOP(U3M (0 MOKHO PA3IOKATH B KOMIO3UIIAID IUMOpdu3Ma

¢ . i}
daxTopmzauuu G — G/ ker(p), oToOpaxkamoMero Kax sl aeMeHT g € G B €r0 CMEeXKHBIN KIacC

g-ker(p) = ker(p)-g, u moromopdusma G/ ker(p) ~ im (¢) > @', oToGpaxkamomero K1ace g-ker(p) =
ker() - g B anement (g) € im () C . IHBEIME CIOBAME, MBI IMEEM KOMMYMAMUEHYIO OUGDAMMY

roMOMOP(}U3MOB I'PYIII
\ / (5-9)

G/ ker(p) ~im (

¥ !
Muarpamma (5-9) HA3BLIBAETCSA KAHONUUECKUM Pas3aodcenuem romomoppusma G — G'.

-1

5.5. BuyTpenHue aBTOMOP@PU3MBI. ITOOLI MPOACHUTL CMBICT yeaoBus gHg™ " = H, cBaxeMm ¢

KaXK IbIM dieMeHTOM g € (G oToGpakeHne

h>—>ghg*1

Ad,: G Q, (5-10)

! qmarpamma, coCTOAIAA U3 MHOXKECTB I OTOODAKEHII MEXK Iy HUMU, Ha3bIBAETCA KOMMYTATABHON, €CJAM KOMIIO3UIIAA

0TOOGPAKEHUN BIOIb JTIOOBIX ABYX Iy TEN, BEAYLINX U3 JIOOO0T0 Y32 3TOU AUarPaMMBL B TI000U APYTOU €€ y3ea 0 MHAKOBA;

B HAIIEM CIyTae KOMMYTATHBHOCTE nuarpammel (5-9) osmavaet, 110 ¢ = ¢’
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KOTOPOE HA3LIBACTCA CONPANCENUEM' TpH ToMOMY ¢ (WIH 6HYMpPennuMm asmomopPusmom, aCCOTAN-
POBAHHBIM C ).
Ynpaxuenue 5.6. B rpynme G Bcex ABUKEHUN TLIOCKOCTU OGO3HAYUM HUEPE3 0y U T(Oa) OCEBYI0 CUMMETPUIO

OTHOCUTEJIBHO NMPAMON £ U OBOPOT Ha yros o BOKPYT Touku (. YOeauTech, 9TO CONPAras uX MPOU3BOIb-
HEIM COOCTBEHHBIM JBYRKCHHEM ¢ MBI IIOTYHIUM gogg ' = Tg(0) 4 ng])gfl = ;?()))' Yo mamenurcs, ecan

IOBUXKeHUe g 6y1eT HeCOOCTBEHHBIM?

Ynpaxtenue 5.7. Ilokaxure, 9ro mis ao6ou noarpynnsl H C G u awo6oro snementa g € G MHOXKECTBO
Ady(H) =gHg™" = {ghg™"| h € H}

Takxke ABasieTcs noArpynnon B G (oHa HasbIBaeTCs conpaxcénnot k H mocpencrsom g).

Orobpaxenme Ad ; aBrgeTca CMEKTUBHBEIM TOMOMOPduU3MOM u3 rpynnsl G B cebs:

Ad g(hihg) = ghihag™" = ghig~"ghag™" = Ad g(h1)Ad 4(hs),
Ad,;'=Ad 1, r.x. VheG Ad j1Ad y(h) = Ad ;-1 (ghg™") =g 'ghg 'g = h.

Kpome Toro, om0 romoMop@HO 3aBucut ot g, T.e. Ad 4,4, = Ad 4, Ad 4, , mOCKOTBKY

VheG Ad 4,4,(h) = g192h(g192) " = g192hgy ' 97" = Ad g, (92hgy ') = Ad g, (Ad g, (R)) .

Ad
Taxum 06pa3oM, comocTapienue aneMenTy g € (G apromopdusma conpskenus G —» G apaseTcs

TOMOMOPGHU3MOM
g—Ady

Ad: G Aut (G) . (5-11)

ITOT roMOMOP(PU3M HA3LIBAETCA NPUcoedunénnbim npedcmasaenuem rpyunul G. B oTaumaue ot Je-
BOT'O ¥ TIPABOTO PErYJIAPHBLIX MPEICTABICHUU MPUCOEIUHEHHOE TPEJICTABICHNE, BOOOIIE MOBOPA, HE
apasercs TogabiM. Hanpumep, ecan rpynna G abeneBa, Bce BHyTpeHHEE aBTOMOPGU3MEL (5-10) 6y ayT
TOXI€CTBEHHLIMU, U AIPO MPUCOSIUHEHHOTO TPEACTABICHUA B 3TOM CIyYae COBIAJAET CO BCEU TPYII-
nou. B o6mewm cayuae ker(Ad ) cocrouT u3 Beex saeMeHTOB g € (G, KOTOPBIE YIOBIETBOPAIOT yCJIOBUIO
ghg™' = h Vh€G wum, uro paBHOCHILHO, gh = hg. Ilogrpynma »IeMeHTOB, MePeCTAHOBOYHEIX CO
BCEMU dJeMeHTaMu Tpynnbl (G HA3BIBAETCA yenmpom rpynnsl G u 00603HAYAETC

def
Z(G) = {ge G| VheG gh=hg}.
Takum o6pasom, ker(Ad) = Z(G) — »1o menrp rpynnst G. O6pa3 npucoeInHEHHOTO MPEACTABIE-
aust im (Ad) = Adg C Aut (G) nasbBaeTcsa epynnot ewympennus asmomopdusmos rpynnsl G u
o6osnadaercsa Int(G). Asromopdusmbr ¢ € Aut (G) \ Int(G) HA3BIBAIOTCA 6HEWHUMY.
Ynpaxtenue 5.8. Ilokaxure, uro Z(S,) = {e}, u TeM caMbIM, IPUCOEINHEHHOE MPEICTABICHNE CUMMETDHI-
‘IeCKOIL/’I CPYIOBL ABJIACTCSI TOIHBIM.
OpOUTHI TPUCOEAUHEHHOTO TIPENCTABICHUA IPYIIEL G HABBIBAIOTCA KAACCAMU CONPANCENHOCTIU. VIHBI-
MU CJIOBAMU, KJIACC CONMPAKEHHOCTHI

Adg(f)={9fg "1 geG}

JaHHoro osiaeMenTta f € (G mpeacTaBiaseT cO00I0 MHOXKECTBO BCEX DJIEMEHTOB, IOLYJAIONIUXCA IIPH
CONPsKEHUN DJAeMEHTd [ BCeBO3MOXKHLIME diaemeHTaMu g € (. CrabuimsaropoMm siaemenTa f € (G
OTHOCUTENBHO NPUCOEIUHEHHOIO JEUCTBUA ABAACTCA IOATPYIIIA

CHY{geqlgfg =fi={9eGlgf=fay={9€G| fef " =g},

KOTOPYIO MOXHO WHAYE OMUCATH KAK MHOXKECTBO BCEX DJIEMEHTOB, KOMMYTHUPYIOMIUX C f, WK Kak
MHOXKECTBO BCEX DJIEMEHTOB, OCTAIOIMINXCSA HA MECTe MPU COMPSKEHUU dIeMeHToM f. DTa moarpynna

'o6o3mauenne Ad aBrgerca coxpamenmem ot adjunction
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TakKXKe Ha3LIBAETCA yenmpasuzamopom daementa f. U3 popMyanl mia AJUHLI OPOUTLI BLITEKAET, ITO
YUCI0 DJAEMEHTOB, CONPAXKEHHBIX f, PABHO OTHOIIEHUIO

|Ad ()| =1G1/1C(f)] (5-12)
5.5.1.pumep: conpsixeHnss B rpynne nepectaHoeok. Ilpu compsixenuun mukiaa 7 = (iq,is,...,i) € S,
[epeCTAHOBKON g = (g1, 92, . -+, §n) HOLYIUTCS MUK

-1

g'<i1ai27"'7ik>'g :<g(i1)7g(i2)a 7g(lk)> ) (5_13)

HEPECTABIAIONMI §-06PA3El TEX 3IEMEHTOB, KOTOPHIE IEePECTABLIACH UCXOAHEIM IUKJIOM. B camMom merne, ecan
asement m € {1,2,...,n} aexur B mroxecrse {g(i1), g(i2), ..., g(ix)} — cxaxem, m = g¢(i,), TO neBas
gacTb Gopmyasl (5-13) gencTByeT Ha HErO Kak

. g’l . T . g .
g(iv) = iy iyq1 — glivy1) ,

T.e. B TOYHOCTHU Kak mpapas. Ecru e m & {g(i1), g(is), ..., g(ix)}, m Tem camuv, g1 (m) & {i1, iz, .- i},
TO JeBag 9acTh (5-13), Tak xe Kaxk U mpaBas, OCTABAT DJIEMEHT 17, Ha MECTE:

1
m 2 g_l(m) — g_l(m) m .
. . m .
{11,22,...,’Lk}

IlockoabKy compsKeHue ABIAETCA roMoMopduamon, aeuctsue Ad, Ha IPOU3BOIBLHYIO IEPECTAHOBKY 0 € &y,

PaCIaaIoyiocsa B IPOU3BEICHIE HE3ABUCUMBIX MUKJIOB T1, Ts, . . . , Ts, OyAET COCTOATDH B IPUMEHEHNN HePecTa-
HOBKHI ¢ K DJEMEHTAM KaXJOIO U3 LMUKJIOB: §TiTy -+ Tgg ' = grig~ ! - gmg™!- - g7s - g~ 1. Hampuwmep,
PEe3y/ILTATOM COIPSKEHUs IePeCTAHOBKH
1[6[3[4]
0=(6,54,1,8,3,9,27)=(1,6,3,4)(2,5,8)(7,9) =258
719

nepecranoBkon g = (2, 1, 5, 4, 3,9, 8, 7, 6) GygeT nepecTaHoOBKa

5[4]
7 =

Ady(0) =gog™" =

[oo] =10
‘@w@

=(9(1),9(6),9(3),9(4)) - (9(2),9(5),9(8)) - (9(7),9(9)) = (3,9, 7, 2, 4,8, 1,6, 5) .

WMy cioBaMu, TPUCOEIVHEHHOE AEUCTBUE TPYIINEI MEPECTAHOBOK Ha, ce0e COBMATAET C AEUCTBUEM, KOTOPOE
MBI paccMaTrpuBaau B npumepe (n°3.2.1), korga moACUYATHIBAIU YUCIO NEPECTAHOBOK 33JaHHOIO LUKJIOBOI'O
TUIIA: €CJIU PA3JIOKUTH IPOU3BOJIBHYIO EPECTAHOBKY 0 € &, B IPOU3BEEHNE HE3ABUCUMBIX IIUKJIOB U 3aIIICATh
DIEMEHTHI DTUX IUKJIOB MO CTpoKaMm auarpammbl HOHra, m300paxKarolnen IUKIOBON TUM TEPECTAHOBKU O, TO
mepexoj OT ¢ K gog~ ' 6yIeT 3aKT0YaThLCA B IPUMEHEHIN TePEeCTAHOBKY ¢ KO BCEM DJIEMEHTAM IHATDAMMEL.
Taxum o6pa3oM, ki1acc conpskéHHocTH Ad ¢ (0) MepecTaHOBKU 0 COCTOUT M3 BCEX MEPECTAHOBOK, MMEI0-
[UX TOT € IUKJIOBOUW THUI, YTO U 0, U OPOUTHI NMPUCOEIUHEHHOTO MPEACTABICHUSA CUMMETPUAICCKON T'PYIINEI
S,, B3AaUMHO OJHO3HAYHO COOTBeTCTBYIOT auarpamMam FOura A seca n. Op6ura Ad g, (\), oTBevaromasn gua-

IrpaMMe Ac m1 CTPpOKaMu OJWNHBI ]., Mo CTPOKAMHU IJINHBI 2, «v. y My CTPOKaMMU OJUHBLI 77 COCTOUT U3
n! n!
|A(16n(A)|::47 = | | |
2\ 1m1.m1_.2m2.m2_. . .nmn.mn_

[IEPECTAHOBOK, a neHTatu3aTop C(\) KaxKIOU HepecTaHOBKY U3 DTOU OPOUTHI COCTOUT U3
n
[CA)|=2zx =1 -my!-2™2 -my!- -0 on™r om, ! = H a™emyg!
a=1

nepecTaHOBOK.
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YnpaxkHenune 5.9. Y6eauTecs, 9TO IEPeCTAHOBKY gog L, CONPAKEHHYIO IEPECTAHOBKE 0 = (01,09, ...,0,) €

S, MOXKHO TaK¥Xe ONMICATH KaK MEPEeCTAHOBKY, MEePeBOMAILYI0 Kax b sreMeHT g(i) € {1,2,...,n} B
anement! g(o;).

Ynpaxuenue 5.10. [TokaxuTe, 9T0 CTAGMIM3ATOPHL JIOOLIX IBYX TOYEK, JEXKAIIAX B OJHOU OPOUTE TPYIIIEL
npeo6pasosanuin G C Aut (X)), conpskeHbl IOCPEACTBOM IPOU3BOIBLHOIO IEMEHTA, [EPEBOAIIErO OLHY
13 DTUX TOYEK B Apyryto: ecmm y = g(z), To Stab(y) = g - Stab(z) - g~ 1.

5.5.2. [pumep: conpsixenus B rpynnax ¢uryp. Ecau gpuxenue g nepesoaut Touku A, B B Touku C = g(A) u
D = g(B), To mpeobpaszoBanue gTg ', CONPAKEHHOE K IOBOPOTY T BOKPYT ocu AB Ha yron o IpOTUB TaCOBOM
cTpenku (ecau CMOTPETDH B HAIPABJICHUA BEKTODA A—B>), npeacTaBisgeT o600 NOBOPOT BOKPYT ocu C'D Ha yroa
Q TIPOTUB YaCOBOU CTPEIKM (€CAM CMOTDPETH B HANPABJICHAN BEKTOPA @), KOT A IBIKEHUME g COOCTBEHHOE,
U Ha yroa —a, KOrga ¢ HecoOcTBeHHOe. TakuM 00pa3oM, CONPSKEHME DJIEMEHTOM ¢ B COOCTBEHHOU CPYIIIe
(GUrypsl mepeBoOaUT KaXK B HOBOPOT T B MOBOPOT HA TAKOU XK€ YI'OJ, HO OTHOCUTEJIBHO OCH, HOJLYIAIOIENCs
[IpUMEHEHuEeM ¢ K OCH IIOBOPOTA T.

5.5.3.'eomeTpuyueckas XapaKTepusalusa HOPMAJILHOCTH. PacCMOTPEHHLIE BBIINE TPUMEPHI IO-

V' = H pna noarpynnst H kaxow-m60 rpymmns: npeobpasosanuin G C

Ka3kIBAIOT, 4TO ycaoBue gH g™
Aut (X) osmauaer, uto H «cuMMeTpuUdHA» 1O OTHOLIEHUIO KO BCeM mnpeobpasoBauusaMm u3 G B TOM
cMbIcae, 9TO ecau B H mvmeercs npeoOpasoBanue, KAK-TO CHEIUAJLHO Beayinee cebs Mo OTHOIICHUIO
K KakKoMy-1ubo HabOpy TO4UEK X1,Z9,...,Tm, TO B H MOMKHLI OBLITL W MpeoOpa3oBaHUA, CTOIL XK€
CTIENUATBHO Beayinue cefsa MO OTHOIIEHUIO KO BceM HaGopaMm Todek Buaa g(z1), g(za), ..., g(xm) ¢
aobeivu g € G. Pacemorpennas B mpumepe (n°5.3) moarpynna H = Stab(l) C &4 ue Obuia un-
BAPUAHTHOW, TIOCKOIBKY 33JaBAJACH CBOUCTBOM, TPUBA3AHHBIM K KOHKpeTHOU Touke 1. Compsaxenue
rpancnosunuen g = (1,2) nepesoamio Bce mepecTaHoBku u3 H B mepecTaHOBKM, 00JaIAIOMIAE TEM
e CBOUCTBOM, HO yXKe M0 OTHOIEHUIO K Touke 2. Hamporus, ausapanbHas moarpynmna Do C Sy, co-
cToAmaa m3 YeThpéx nepectanosok (1, 2,3, 4), (2, 1,4, 3), (3,4, 1, 2), (4,3, 2, 1) u apraomascs
aapoum suumopdusma Sg — S3 w3 (n°4.1.2), 3agaéTcsa yeaoBueM, CUMMETPUIHBLIM [0 OTHOIIEHWIO
KO BCEM TlepecTaHoBkaMm uucen 1,2,3,4, a UMeHHO, OHA COCTOUT U3 TOXKIECTBEHHOTI'O OTOOPAXKEHUA U
BCEX [EepeCTAHOBOK IUKJIOBOTO TUIa (2, 2).
YBuaeTh, uTo noarpynna H C G MHBApMAHTHA, B MPOCTHIX CAYYAIX MOMOTAET CJACAYIOMAT T'e0-
MeTpuIecKas mepedOopMyIupoBKa npegtoxennsa (n® 5.2.2):
Ynpaxuenue 5.11. Ilokaxkure, uTo nogrpynna H C G HOpMAIbHA TOTa U TOJBKO TOT A, KOUAA CYIIECTBYET
mercTBre rpynnsl G HA HEKOTOPOM MHOXKecTBe X, B KOTOpoM H cOBmagaeT ¢ mOATPYyNION Beex mpedpa-
30BAHUN, OCTABJAKIIMX KAXKIYI0 TOYKY MHOXKecTBa X Ha MecTe.

5.6. IIpocTiie rpynmel. ['pynna G HasbIBaeTCA NPocmoti, €CIM OHA HE COTEPKUT HOPMATLHBIX [TO/I-
rpynn, oranyHeix oT {e} u G. Hanpuwmep, mobas rpymma mpocToro mopsaika mpocTa, MOCKOABKY T10
Teopeme Jlarpamxa BooOIIe He COAEPKUT HUKAKUX moarpynt kpome {e} u G. CoruacHo mpemnioxe-
o (n°5.2.2) mpocrora rpynnsl G paBHOCWIBHA TOMY, 9TO BCAKUU romomopdusm G —— G’ 1ubo
ABJACTCA BJAOKEHUEM, JuO0 0TOOpaxaeT BCio rpynny G B equanny e’ € G'.

OHuM W3 KPYNHBIX JOCTUXKEHUU MATEMATUKA XX BEKa OBLIO CO3MAHME MOJHOTO CIUCKA BCEX KO-
HEYHBIX IIPOCTHIX IPyIn. B 5TOM Kypce MBI 00CY IUM MHOTHE U3 U, UCTIOIB30BABIINXCA IPU TOCTPO-
€HUU DTOrO CIUCKA, 8 TAKXKEe BBIACHAM, KaKUM OOPA30M MPOU3BOJBHBIE TPYINBl MOXHO «COOUPATEY
3 npocTeix. OaHaKo, 5>TO 6ymeT YyTh MO3XKe, & MOKA YTO MLI 3AKOHYMM HAIIE [MEPBOE 3HAKOMCTBO
C PPYIIAMK YKa3aHUEM OJHON OECKOHEYHOU CEpUM MPOCTHIX KOHEYHBIX IPYII, UTPAIONIEN BAKHYIO
pPOJIb B TEOpUH AITeOPANIECKUX YPABHEHUN.

5.6.1.IPEJTOYKEHUE. J3rakxonepemensas rpymmna Us mpocra.

NokazaTtenscteo. Ilycts H <1 5. Torga BMmecTe ¢ kaxaou mepectanoBkou ¢ € H B moarpynny H BougyT u
BCE IIePeCTaHOBKM conpskéHnbe ¢ B 2As. [lepecTaHoBKM, CONPAXKEHHBIE § B IOJTHOU CHMMETPUIECKON T'PYIIIe
S5 — DTO BCe MEPEeCTAHOBKU TOT'O e IUKJIOBOTO TUna, 4To u g (cM. mpumep (n°5.5.1)). Tax kak g 1éTHa, eé

1HOCKOJIbe g(i), Tak xe kaxk u i, nepebupaeT 6e3 MOBTOPOB BCe DJEMEHTHI MHOxkecTBa {1, 2, ..., n}, onucanue
g(i) — g(o;) «EmIeM He XyXe» ONMUCAHUA i —— 0; — OHO OTIMIAETCA OT HETO (HEPEOOO3HATMEHUEM» DIEMEHTOB B
COOTBETCTBUH C TIEPECTAHOBKOU ¢
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LIUKJIOBOU TUII IpeACTaB/LseT cob6o0o0 auarpammy HOHra Beca 5 ¢ YETHBIM KOIMYECTBOM CTPOK YETHOU [JIMHBI
(cm. (n°4.1.3)). Beero umeercsa 4 Takux IUACPAMMEL

[]
LITTT] L @3 ;

OTBEYAIOIINE, COOTBETCTBEHHO, IUKIAM [IWHLI 5, IUKJIAM [IWHBL 3, MapaM HE3ABUCAMBIX TPAHCIO3UIIUAU U TO-
XK IeCTBEHHOMY TIpeobpasoBanuio. Ecau BOCIONb30BATbCA u30MOPGU3MOM 25 ¢ PPYIION BPALIEHUN NOAEKAd IPA
(cm. mpumep (n°4.2.1)), TO MOXKHO ONUCATH DT KJIACCHL, COOTBETCTBEHHO, KAK [IOBOPOTHL Ha yrubl 27k /5 BO-
KPYI' OCeH, IPOXOISIKX YePe3 LUEeHTPBL IPOTUBOIOJIOKHEIX IPAHE’, IIOBOPOTHL HAa yrulbl +27/3 BOKPYD OCew,
TIPOXO JAIIUX YE€PE3 MPOTUBOMOIOKHEIEC BEPINUHLI, U MOBOPOTHI Ha 180° BOKpPYT OCeH, MPOXOIAIINX HUEPe3 Ce-
PEIUHBI TPOTUBOMOMOKHLIX pébep. IloCcKoIbKy m00as yIopAgovYeHHasA mapa TPOTUBOMOMIOKHLIX Bepiuma A, B
MOXKEeT OBbITH [IEPEBEeIeHA BPALIEHUEM JOLEKadAPa B J00YI0 APYIyIo TaKylo mapy (B TOM 4ucae u B napy B, A),
BCE IOBOPOTHL HA +27/3 CONpPsIKEHBI MEXIy COO0I0 B COOCTBEHHOU IPYIIIE AOAEKAdAPA, & CTAIO OBITh, BCE
UMKJIBL JINHBL 3 00Pa3yioT OLMH KJIACC COHMPsKEHHOCTH He TONbKO B Oj, HO u B 5. Ilo Tem ke mpuamaam
COTIPAIKEHBI MEXKIY CO000 B s U BCE MAPHI HE3ABUCUMBIX TPAHCIO3UINA. A BOT BpAIEHUA TATOTO MOPAIKA,
OYeBHIHBIM 00Pa30M PACHAJAIOTCS HA OBA PA3HBIX Kiacca: 12 CONpSKEHHBIX BpAIleHUN Ha yrisl +m/5 u 12
CONPSKEHHBIX BPAILEHUN Ha, yruibl +27/5.

Ynpaxterue 5.12. He npuberas k uzomoppuamy s ¢ COOCTBEHHON TPYTITON I0AEKA3APA, & MOJb3YICH TOIHKO
SABHBIMU BBIYUCJCHUAME B PYIIeE MePEeCTaHOBOK B cTuae mpumepa (n°5.5.1), mante npyroe gokasaTenb-
CTBO TOMY, 9TO B 25 BCE IUKILI IIWHBI 3, & TaKXKe BCE Mapbl HE3ABUCUMBIX TPAHCIO3UIUNA COMPSIKEHBI
Mexk 1y co00I0, & IUKJILL JIWHBI 5 PACHALAETCA Ha [BA KIACCA CONPAXKEHHOCTH, cogepxkainue 1o 12 asie-
MEHTOB W COCTOSIINE, COOTBETCTBEHHO, U3 IUKJIOB, CONPsKEHEbIX (1, 2, 3, 4, 5), 1 NUKIOB, CONPAKEHHBIX
(2,1, 3,4, 5).

Urak, B 3HaKONEpEMEHHOU I'pyIIe 2As UMEETCs POBHO 5 KIACCOB CONPSKEHHOCTHU: KAACC IUHULBI, CONEPKAa-
mun 1 BIeMeHT, KI1ace IUKJAOB IIUHLL 3, cogepxkamuiu 20 5IeMeHTOB, KIACC TMap HE3ABUCUMBIX TPAHCIO3UIINN,
comepxaimuu 15 3JeMeHTOB, U ABa KJIACCA IUKJIOB IJIMHEL 5, cogepxkaimmue mo 12 smemenTos. [lockoasky e € H,
a KaXK B U3 YeTLIPEX OCTABIINXCA KJIACCOB JM00 BXOAUT B H meaukoM, aubO He mepecekaeTcs ¢ H, mopsamok
noarpynnsl H pasen

|H| =14 12e1 + 1265 + 20e3 + 15¢4 , (5-14)

rle Kax bl 13 KO3(QUIUEeHTOB €, pased au6o 1, mu60 0. C npyroun croponsr, mo Teopeme Jlarpamxka (n° 2.2.1)
|H| saBnsercs gemureneM [As| =3 -4 - 5.

YnpaxHenue 5.13. Yoerurecs, 9To mpasas 9acTh Gopmyast (5-14) geaut 3-4-5 poBHO B ABYX CIydasx: KODIa
Bce €, = 1 u Korga Bce €, =0

Takum 06pa3zoM, HOpMAaJbHLIE IOATPYIILL B 25 MCIEPHILIBAIOTCA €IMHUYHOU IOATIPYIIION U BCeu rpymmon Us,
4TO U TPeOOBAJIOCH YCTAHOBUTh. O

YnpaxHenue 5.14. [[okaxxuTe, 9TO BCE 3HAKONEPEMEHHBIE TPYIILL XA, € 72 > 5 TOXKE MPOCTHI.

Ykazauue. Bocnombayurecs maaykumen. Baoxure 2,1 B 2, Kax cTabUIX3aTOp CUMBOIA N, U AOKAXKHUTE, 9TO HE-
TPUBHATBLHAA HOpMATbHAA moATpymHa B 2, 00A3aHa MMETHh HETPUBUAILHOE TepecedeHue ¢ A,_1 (aBTOMATUICCKH
HOpPMAaJIbHOE B Ay, _1, ITO IPOTUBOPEIAT MHAYKTUBHOMY IPEIIIOI0KEHUIO O TPOCTOTE Ap_1).

YnpaxHenue 5.15. [lokaxure, 9TO BHYTPEHHAE aBTOMOP(U3MBI COCTABIAIOT MOATPYIILY UHIAECKCA 2 B IPYIIIE
BCEX aBTOMOP(PU3MOB Ipymisl 2As .

Ykasavue. Bceakum aBroMopdusm s NEPEBOAUT UK/ AJMWHBEL 5 B IUKJI NIUHBL 5 U ABIAAETCA BHYTDEHHUM TOTAA ¥
TOJBKO TOr'a, KOI'Ja IePEBOAUT UKLl JINHLL b B CONPIXKEHHBIE UKL AIUHEBL 5.

* o o o

YnpaxHenue 5.16" . IlocTpoure BHemHun aBroMopdusM cuMMmeTpudeckon rpyunsl Sg.

Ykazanue. Haumaure B G aBa pasHBIX KIACCA CONPAKEHHOCTHU, COCTOAIIAE U3 OJAUHAKOBOIO HUKUCIA DIEMEHTOB, U
MONBITANTECH «IE€PECTABUTHY UX APYT C APYTOM.



86. KomMmyTaTuBHBIE KOabHa U noJsa. KoMiiekcHbIe Yucia.

6.1. KommyTaTuBHas U HeKoMMyTaTuBHas anre6pa. CBoOE 3HAKOMCTBO ¢ aareGpol Mbl HAYAIN
¢ GOPMYJ U CTPYKTYP, OTHOCUBIIUXCA K OTOOPAKEHUAM MHOKECTB. C M3BECTHOU HOJMEN YCJIOBHOCTH
DTy 9acTh adreOpbl MOXKHO HA3BATEH HEKOMMYMAMUSHOT G12€0p0tl, TOCKOIBKY OCHOBHAA ONEPAIUs,
KOTOPas B HEU UCIOIb3YETCA — KOMIIO3UIIMA OTOOPAKEHNN — HEKOMMYTATUBHA. B 5TOM pasmene Mbl
MO3HAKOMUMCA C KOMMYMaMUeHot as2ebpot — HopMyramMu u CTPYKTyPaMu, TVIABHBIMU JAEUCTBYIO-
UMY JUIAMEA B KOTOPBIX ABIAIOTCA OOBEKTHI TUNA YUCET W YUCIOBLIX (PYHKIIUN, KOTOPHIE MOXKHO
CKIAJBIBATD U MEPEMHOKATL APYT ¢ APYTOM TaK, 9TO 00€ >TU OMepalud KOMMYTATUBHLEL. [IpocTen-
mue aarebpamtdeckue CTPYKTYPBI, AKCUOMATU3UPYIOMINE CBOUCTBA UMCET W HUUCIOBBIX (DYHKIUU —
DTO KOMMYTATUBHBIE KOJBIA U TOAA. [IpuMmepamu mosen ABAAOTCA dnucaobbie moas Q u R, a mpume-
pamMy KOMMYTaTUBHBIX KOJEI — LeJble dnuciaa Z, a Takxke MHorodens! Z[x], Qz] u Rlz] ¢ menbivu,
PAIMOHANBHBIMY U BENECTBEHHBIMU KOXDPUIIMEHTAMHN.

Orogopumcs, 9T0 geaeHne aareGphl Ha, «(KOMMYTATHBHYIO» W «(HEKOMMYTATUBHYIO» JOBOJBLHO MC-
KyccTBeHHO. MuI yike Bugenu B npumepe (n°4.4.4), 9T0 9UCAOBBIE TPYIIIEL MOXKHO BOCIPUHUMATE KAK
CPYIIBL TPEOOPA3OBAHNYT TUCJTOBON MPAMOU. BaXKHEUIMM MCTOTHUKOM MH(MOPMAINNA O KOMMY TATHUB-
HBIX KOJIBILAX U MOJIAX SABIAIOTCA COXPAHSIONINE OEPALUN OTOOPAXKEHUA MK LY HUMU (20MoMmopPius-
Mbl), KOTODBIE CaMu 110 Ce6e KMBYT B HEKOMMYTaTUBHOM Mupe. C APYrou CTOPOHEI, NPEACTABIEHUE
KaKOU-HUOYIL TPYINLI IpeoOpa3soBaHMK KaK TPYINLI aBTOMOP(U3MOB HEKOTOPOU KOMMYTaTUBHON
aareOpantecKon CTPYKTYPHI YACTO MO3BOIAET YBUAETH TAKNE CBOUCTBA, 3TOU I'PYIILI, KOTOPHIE OBLIN
COBEPIIIEHHO HE OYEBUAHBI IPU APYTOM €6 mpeacTaBieHnu. Tak 9TO KOMMYTATHBHBIA M HEKOMMYTa-
TUBHBIN MUPHI TECHO TIEPEILIETAIOTCA IPYT ¢ APYTOM.

Crenymoiee nanee onpepeneHre (GOPMAIUIYIOT CTAHIAPTHBIE CBOUCTBA CJIOXKEHUA U YMHOXKEHUSI
TUCE.

6.2. Onpegesnenne nomsn. Muoxectso F Ha3BIBAETC Nodesm, €CIu Ha HEM 3aJaHbL ABE ONEPAINN
FxF—F:
ciroxenue (a,b) — a + b u ymaoxenue (a,b) — ab co cBoncTBamu:
1) akcuombl cnoxeHus

KOMMYTaTUBHOCTbL (nepemMecTuTensHblid 3akoH): a +b=b+a Va,beF

(=Y

accoumaTueHoCcTb (codeTaTenbHbil 3akoH): a+ (b+¢) = (a+b)+¢ Va,b,ceF
CylecTBOBaHWe HelTpanbHoro anemenTa (Hyns): 30€F: a+0=a Va€eF

w

o]

)
)
)
) cywecTsoBaHue npoTusononoxHoro: Va€eF I (—a)eF: a+(—a)=0

2) aKCUOMBI YMHOXEHHUS

&

KOMMYTaTUBHOCTb: ab =ba VYV a,belF

=)

accounatueHocts: a(bc) = (ab)e YV a,b,ceF

w©

=

)
)
) cywecTBOBaHue HeWTpanbHOro anemenTa (eauuunupl): 31€F: a-1=a Va€eF
) cyuwecTeoBaHue obpatHoro: VacF,a#0 Ja '€F: a-a'=1

3) akcuoma aucTpubyTusHocTu (pacnpeaenntensHbint 3akoH): a(b+c¢) =ab+ac Va,beF
4) akcvoma HeTpueuanbHocTu: 0 # 1

[lepsrie nBa HAOOPa AKCUOM YTBEPK AT, ITO BCE mose F apiseTca abeJeBon TPYIION OTHOCUTEIBLHO

1 « def
croxennsa’, a MHOX)ecTBo ¥ = F \ {0} Bcex HeHy/eBBHIX »IeMeHTOB IO F mpexcTaBigeT co60w0

! pynnosas crpykrypa, omepamueil B KOTOPOH ABIATCA CIOKEHNE, HA3bIBACTCA a.00UmUsHOT IPYIIIOBON CTPYKTY POIL;
€IMHUILEN a1 TUTUBHOM TPy CIyXuT »1eMenT ( (B aJJUTBHOU CTPYKTYPE OH HA3BIBACTCA HEUIMPasbHbIM IACMEHTIOM ),
aJIUTBHO OGPATHBLIE DIEMEHTHI HA3BIBAIOTCA NPOMUSEONOA0HCHbIMY; HOBBIE HA3BAHUA HEOOXOAUMBI [JIA TOTO, ITOOLI
OTJIMIATD aJANTUBHYIO IPYINOBYI0 CTPYKTYPY OT MYAbMUNAUKGMUEHOT TPYINOBOA CTPYKTYPbI, OEpalueil B KOTOPOR
CIYXUT yMHOXECHWE; CTAHIAPTHLIE HA3BAHUA W3 TEOPUU TPYyHI («eIMHUIA», «OOGPATHBIA DIEMEHT») UCIOIB3YIOTCA JJIA
MYJIbTUIITKATABHOR T'PYIIIOBOR CTPYKTYPBI

37



38 Boiwkunckas Anrebpa, 1-n kypc, 1-it moayns.

abeeBy I'PyIIy OTHOCHTEJILHO yMHOXKeHuA. [locaemume nBe akCMOMBI PECyJIUPYIOT B3aUMOLEUCTBHE
DTUX ABYX CTPYKTYp Mexay cobom. Kak mer yxe Bugenu B (n°4.3), U3 akcuoM IpyNNbI BEITEKAET,
JYTO eIMHUIA U HY/Ib € IMHCTBEHHBI, & IPOTHUBOIOIOKHLIN 1 OGPATHEII BIeMEHTEl —G 1 4| K JAHHOMY
paeMeHTy ¢ € [F OTHO3HAYHO ONpeneasaioTcs 1o a.
W3 akcmoMm 01 aBTOMATUYIECKH CAEAYIOT U HEKOTOPEIE IPYTHe HHTYUTUBHO OXKMIAEMEIE CBOUCTBA,
NENCTBUMA.
YnpaxHenue 6.1. Ilokaxwure, uro B mob6om noue F mis aoboro a € F Bemoanusiorcs paserncrsa 0-a = 0 u

(—=1)-a = (—a) (nocreaHee 03HAYACT, YTO YMHOXKAA ( HA IUCJIO, IPOTUBOMONOKHOE EIUHULIE, MBI TTOLY TUM
IUCI0 TPOTUBOMONOKHOE @, 9er0 @ Priori He TPeGOBAIOCK; PelleHne MOKHO TOATIALETh B cHOCKe (1)).

Ormerum, aro Tpeboarme a # 0 B akcmome (2r) HEOOXOAMMO, MOCKOJBKY WHAYE MBI UMEIU ObI
1=0-0"" =0, 4To TPOTUBOpPEINT HMOCIETHEH aKCHOME?.

IIpocrenmum mosem spasercs nojae Fo, cocrosmee u3 aByx siaeMmenToB 0 u 1, Takux uro 0 + 1 =
1-1 =1, a Bce ocTaIbHbBIe CYMMBI U TIPOU3BENEHUs PABHEL Hy 0 (Bkaoodasd 1 + 1 = 0). DaemeHTH!
ITOTO IOJA MOXKHO MHTEPHIPETUPOBATH KaK «IOXKbY» U «(MCTUHY», TOCJAE 9€ro CJOXKEHNE U YMHOXKEHNE
MIPEeBPAIIAIOTCSA, COOTBETCTBEHHO, B JIOTUYIECKUE OIEPAIIAN «UCKII0YaoIee wim u «uy. Takum o6pazom,
dopMysIEr U BErAUCICHUA B TIOIE Fy — 3TO TO, 9TO HA3BIBAETCA «aare6pPON BBICKA3BIBAHUID .

Ynpaxtenue 6.2. IIposepbre, uTo Fo 1eUCTBUTENBHO ABIAETCA MOJEM U HAMUIIATE MHOTOWIEH OT %, PABHBIN
@He T», a TaKKe MHOTOWICH OT Z U Y, PABHBIR «T WIH® Y».

[TpumepoM MmO, TOCTYKUBIINM IEPBOUCTOUHUKOM IJIg BBEIEHUSI DTOTO HOHATHI, ABIAETCI IO Pa-
MUOHATBHBIX Yncea (Q, KOTOPOe MOXKHO ONPEIETUTh KAK MHOXKECTBO KIACCOB DKBUBAJEHTHOCTH BHIPA-
XKeHuu Buaa p/q ¢ p,q € Z u q # 0, 7ae 1Ba BEIDAXKEHUA P/q U I'/S CIUTAIOTCA SDKBUBAJICHTHEIME TOC A
U TOJBKO TOTZA, KOTAa ps = qr B Z. CroxeHne u yMHOXKEHNE KJIACCOB ONMPeneIseTcs (popMyaaMu

b T:M ggzg (6—1)

7+7 R
qg s qs qs

Ynpaxtenue 6.3. IIposepbTe, 4T0 5TH ONpELENEHUsT KOPPEKTHBL (He 3aBUCAT OT BHIOOPA IPEICTABUTENEN B
KJIACCE DKBUBAJCHTHEIX IPO6EN) U YIOBJICTBOPAIOT AKCAOMAM TIOJIA.

Bouee caoXHBIM TpEMEPOM IIOJIA ABAAETCA IMOJE AeUCTBUTEILHLIX uucen R. Y mmoxkecrBa R mmeer-
A HECKOIBKO PA3IMIHEIX ompegeneHni®. Mur 6ygeM HpemoIaraTh, YTO YUTATETh 3HAKOM C DTHUMM
OIpeIeJeHUAMY U IIOHUMAET, IMOYEeMY OHU DKBUBAJIEHTHLI APYr Apyry. OTMeTuM, 9TO Kakoe Obl 13
OTIpeneTeHn MHOKECTBA R He UCMOMB30BANOCEH, 3aaHne Ha R omepanui CI0KEHNA U YMHOXKEHUA Tpe-
OyeT MOCTATOYHO CEPLEBHOU PAOOTHI, U MTPOBEPKA BHIMTOJHEHUA AKCUOM MOJS [IJIS 9TUX IBYX OIEPaIui
COCTABIACT CTAHIAPTHEIN HAOGOP TEOPEM U3 HAYAILHOTO Kypca aHaan3a. MLl motaraem, 9To YuTaTelb
3HAET DTU TEOPEMEL.

6.3. Ilosie KOMILUIEKCHBIX uncel] (FeoMeTpudecKoe onpeaeneHue). PaccMoTpnym BemecTBeHHY O
KOOPANHATHYIO IIOCKOCTH R? ¢ (pUKCHPOBAHHOK IPAMOYTOIBLHON cucTeMon koopaurar OXY ¢ naua-
aoM B Touke O = (0,0) u xoopaunaTusiMu ocavu OX u OY, HanpaBieHHBEIMU BIOJIL BeKTOPOB (1,0)
u (0,1), koropee MbI Gyem 0603Ha49aTh cuMmBosamu 1 U i (cm. puc. 601). Touku 2z 5TOU mIOCKOCTH
MBI Oy I€M HA3LIBATH KOMNAECKCHBLMU YUCAAMY, 8 CAMY ILIOCKOCTH o0o3HaunM depes C.

Koopauuarsr (z,y) KOMILIEKCHOrO 4ucaa z obosHadawoTcs depes Re(z) = ¢, Im (2) = y u HaswI-
BAIOTCA deticmeumenbrnoti 1 MHUMOl TACTAMA KOMILIEKCHOTO dncaa. KaxkIoMy KOMILIEKCHOMY SHCIY
2 MOYXHO COTIOCTABUTH €r0 paduyc-6exmop x -1+ y - i — 3TO BEKTOP ¢ HAIaIOM B TOYKe () M KOHIIOM

' D— =v - (1—) erLITO
‘0=2-0=2-(I+(1—))=2-1+Dv-(I—) =0+ ([—) ‘HoHOMRH {() = q WoehArOU ‘(D—) valoHIgRd 0JOIE WELORh
wuogo ¥ Eraegudu (0 = 1-0 = ([+ ()P =1-D+ (-0 =D+ (D = D+ q 9LoNU WOTAQ ‘Q €odoh ()- D BRRRHEOQO :HUHUIIIHd

2Ha caMOM Jele akCmoMa, (4) paBrocuabHa TpeboBanuio F # {0} : npu 0 = 1 Mt umeimu 661 Va€F a=a-1=a-0=0

331meck UMeeTCA B BUIE «HEe MCKTIOYMAIONIEE WAy, T.e. MHOTOWIEH TOMKEH MPUHUMATH 3HAMeHWe 1 TOrAa U TOIbKO
TOrAa, KOUga £oma Obl 00Ha U3 MePEMEeHHBIX PaBHA 1

4 rpu HamboIee YIOTPEOUTEIBHBIX: MHOKECTBO KJIACCOB DKBUBAJICHTHOCTH ECATAIHBIX (VI MPUBA3AHHEIX K OGO
APYTOU IO3UIVOHHON CUCTEMe CUUCIEHNUs, HAIPUMeD, JBOMYHBIX) APOGEN, MHOXECTBO NeJEKUHJOBBEIX CEIEHUU MHOXe-
crBa Q, a Takke MHOXECTBO KIACCOB SKBUBAIEHTHOCTHU PAlMOHAJIBHBIX IOCIegoBaTeabHOCcTen Komm
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B TOYKE Z, KOTOPBIU MBI OyAeM 0003HAYATH TEM K€ CUMBOJOM Z, 9TO 1 camy Touky. Touke O = (0,0)
IIPU DTOM COIOCTABIACTCA HyJaeBon BekTop 0.

Ya
y =Im(z) z=z-14+y-i

§' =)t +yr =)t Ve
Arg(z) =a+2rk, k€ Z

@
z = Re(z)
[9) 1 X
—a
51
}z_1| = m7 Arg(z_l) =—a+2nk, keZ

601. ATpubyThl KOMILIEKCHOI'O YuCaa 2 = & - 1 + y - 4.

Kax b paguyc-sekTop z = x-14y-i mmeer nmmny |z| = /22 + y? , TaKKe HABBIBAEMYIO MOOYAEM
qncaa z, u apeymenm Arg(z) o {a+27k| k € Z} C R, npeacrasasionm co6010 MHOKECTBO BCEX
YIUIOB', IIOBOPOT Ha KOTOPHIE COBMemAeT Hampasienume ocr OX ¢ HAOpaBIeHHEM PAJIyC-BEKTOPA
z (Bce TaKHEe YIVIBI OTVIMIAIOTCA Ha I[MeJ0€ "THUCJIO ITOJTHBIX 060pOTOB n OGpaSyIOT CMe}KHBIIk/}I KJacc

noarpynnsl 277 C R u3 npumepa (n° 5.1.6)).

(a+b)+C:a+(b+C)

602. KoMMyTaTHBHOCTE U ACCOIMATUBHOCTD CJIOKEHUS BEKTOPOB.

Cioxenne KOMILIEKCHBIX YUCEN OMPEReIIeTcs KAK CIOKEHNe OTBEYAIONNX UM PAINYC-BEKTOPOB:
CYMMOU IBYX TOYEK 2] U Z9 HA3BLIBAETCA TOYKA, PAANYC BEKTOP KOTOPOU PABEH CYMME 21 + z9 PAJAUYC-
BEKTOPOB TOYEK 2] U Z9. B KOOpAMHATAX DTO OMUCHIBACTCA (HOPMYJION

(w1 1+yr-i)+ (w2 1+y2-i)=(v1+22) - 14+ (y1 +y2) - 0.

CroxeHue BEKTOPOB, KAK M3BECTHO, KOMMYTATHUBHO U ACCOIMMATUBHO (CM. puc. 602), obragaeT HEU-
TPAJLHEIM 3JaeMeHTOM z = (), 1 y BCAKOIO BEKTOPA €CTL IPOTUBOMOJOKHEIN. TakuM 06pa3omM, KOM-
IUTEKCHBIE YUCIa 00pa3yioT abeneBy I'PYINY OTHOCUTEIBLHO CJIOXKEHUA.

! HamOMHIM, YTO yriBl B MaTeMATHKE M3MEPSIOTCA IeHCTBATEIbHEIME Yucaamu (cp. ¢ mpumepoum (n° 5.1.6)), a mmenso
opuermuposannbit yeos xyda OZ ¢ oceio OX 1o ONpPeReneHuIo PaBeH AAWHE IyTH, KOTOPBIA HAA0 HPOUTHU IO €IUHUTI-
HOU OKpyxkHOCTH ¢ HeHTpoM B O oT Toukm eé mepecedenusa ¢ ayaém OX no toukm eé mepecedenus ¢ aydém OZ,
TpUIEM AIMHA GEPETCA CO 3HAKOM «+», €CAM ABMKEHWE IPOUCXOAUT MPOTUB TACOBOU CTPEIKU, U CO 3HAKOM «—», €C-
JI TI0 9aCOBOH CTPEJKE; CyIMIECTBEHHO, ITO TaKad AyTa He eJUHCMEEeHHaG — OHA ONPeJeNeHa ¢ TOIHOCTBIO 4O 4106020
4ea020 4ucaa 060poMOe; MOITOMY yIOI HE €CTh KOHKPETHOE IHC/IO, HO LEl0e CIETHOE MHOXKECTBO JEUCTBUTENbHBIX U~
CeJ, COCTABIAIIIMX apUGMETAIECKYI0 IPOTPECCHI0 ¢ PA3HOCTBIO 27T; MHOXKECTBO BCEX DTHUX THMCE] IPUHATO 0003HAMATD
Arg ({XO0Z) = {a+ 27k | k € Z}, rae @ — Kak0e-TO OJHO W3 3HAYEHWI YIiIa, M HA3BIBATE apeymenmonm xyda OZ (B
cTapuHy CKa3aau Obl, ITO apIyMEHT ABIACTCA MHO203Haunol Pynkyuetd or xyta OZ, a cemdac MBI OBOPUM, ITO DTO
CMEXHBIN KJIACC AAPA YHUBEPCATLHOTO HAKDPBITUA €IMHATHOU OKPYXKHOCTH TUCIOBOIO NMPAMOIO, OMUCAHHOTO B IIPUMEDE

(n° 5.1.6))
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IIpousBemenneM KOMILIEKCHBIX GHCEN Z] M 29 HA3LIBAETCS IUCIO 2122, PAAUYC-BEKTOP KOTOPOL'O
3a1aETCA YCAOBUIAMU

z120) € 21| - |20l Arg(z122) & Arg (21) + Arg (20) (6-2)

(MHBIME CJIOBAMU, TIPU YMHOMKEHUN KOMILUIEKCHBIX YHCEN UX MOJAYIU TEePEMHOXKAITCSA, 8 apryMEHTHI
CKJIAABIBAIOTCA). DTO YMHOXKEHHAE O9E€BUTHO KOMMYTATUBHO U acCOUUATUBHO. ETMHUYIHBIM 31eMeHTOM
st Hero ssasercsa duciao 1 € C (egunmunbinl Hanpas/sioimmi BekTop ocu OX), a yMHOXKEHUE HaA
HyseBou BeKTOp obmagaer ceouctBoM 0 -z = 0 Vz € C . O6paTHBIM K HEHYJIEBOMY DIEMEHTY Z

SABIACTCA 9UCAO 2L ¢

e =1/l Arg(z7h) = —Arg (2) (6-3)

(cMm. puc. 601). Takum 06pazoM, OTHOCUTEILHO YMHOXKEHUS HEHYJIEBBHIC KOMILICKCHBIC HHCJIA TAKKE
00pa3yT KOMMYTATUBHYIO I'PYIILY.

JleBoe pery/sipHOe IpeacTaBIeHre MYyJIbTUINIMKATUBHON TPYTINBI KOMIUIEKCHBIX Yucen (cm. n° 4.4.1)
MMeeT IPOCTYIO MeOMETPUIECKYIO HHTEPIPETANNIO: YMHOKeHre Ha, (pukcupoBaruoe ducao a € C

zZ—=az

Ao : C C

IIpengCcTaBadaAeT c00010 nosopomnuyo eomomemmol miockocT C OTHOCUTENBLHO HATALA, KOOpIWHAT Ha

yroa Arg (a) ¢ kospdunmentom |a|. Takum 06pazom ycraHaBIMBaeTCs OUEKIVA MEXK Y OTJIMIHBIMA OT
Hy/11 Toukamu @ € C ¥ HOBOPOTHBIMU IOMOTETHUAMU OTHOCATEIBHO HAYALA KOODIUHAT C HEHYJIEBHIM
KO>POUIHEHTOM. DTa OUEKIUA ABIAETCA B30MOPPU3MOM MYJIbTULIAKATUBHBIX TPYIIN — KOMIO3UIIA
MOBOPOTHBIX ITOMOTETHH Ay U Ap TO B TOUHOCTH IIOBOPOTHAA TOMOTETHS Agp (e mon ab moHuMaeTcs
IPOU3BE/IeHNe KOMILIEKCHBIX YUCE, BEIYUCICHHOE 10 hopmye (6-2)) ¢ koaddurmenTom |a||b| Ha yron
Arg(a) + Arg ().

6.3.1.[IPEJJIO?KEHUNE. KommiaexcHrie qucaa 0Opas3yioT HoJe.

[okasaTenscteo. 13 BCex CBOMCTB IOJA HAM OCTAJOCH IPOBEPUTH TOJBKO aucTpubyTuBHOCTH (3). Ha reome-
TpudeckoM sa3bike popmyaa a(b + ¢) = ab + ac nepenuceBaeTcsa Kak A, (b + ¢) = Au(b) + A\o(c) u o3magaer,
YTO MOBOPOTHBIE [OMOTETHUH [IEPECTAHOBOYHBL CO CIOKEHMEM BEKTODOB, WM — TTO TO XKe CAMOe — €TO JII0-
6as1 TOBOPOTHAsI TOMOTETHUA A, HNEPEBOAUT MapaIelorpaMM B mapamienorpamm. Ho 5To neicTBUTENbHO Tak,
MOCKOJIBKY BCAKWUH IOBOPOT U BCSKAsA MOMOTETHA MEPEBOAAT HAPAILIEIOrPAMM B HAPALIEJOrDAMM. O

6.3.2. AnrreGpaunveckoe mpe/jcraBieHue KOMILUIEKCHBIX duces. [Ipex e BCero 3aMeTuM, ITO OCh
OX B moae C MOXHO OTOX/IECTBUTH C IOJEM BEIUIECTBEHHBIX uncen R — cIOXKeHWe W YMHOXKEHUE
KOMILICKCHBIX YHCEJI, JCXKAINX Ha OCH OX, B TOYHOCTH COBIIQJacT CO CIOXKCHHUEM U yMHO)KeHI/IeM
YKce] BEIIeCTBEHHON YncIoBou mpsaMonu. Ilostomy pasiaoxenne z = x - 1 + y - i paguyc-BeKTOpa z
no GasucHbM BekTOpaMm 1 = (1,0) m ¢ = (0,1) ¢ BemecTBeHHEIME KOd>(dunmentamu x = Re(2)
u y = Im (2) apuserca sepuvim pasencmeom 6 nose C — ClroXKeHWE M YMHOXKEHHE B DTOU (POPMYJIE
MOT'YT BOCTIPUHUMATHLCA KAK CJAOKEHNE U YMHOKEHNE KOMILIEKCHBIX uncest. Caenys OOLITHON TpaAuIng
OIIyCKATh 3HAKHU IPOU3BEICHUN U YMHOXKEHNE HA eUHUILY , POPMYIAY Z2 = & -1+ -i OOBITHO COKPAIIAIOT
00 z = T +1y.

Honbaysicy akcromMoun AUCTPUOYTUBHOCTU U PABEHCTBOM i? = —1, MBI MOXEM BEIYUCIHTE IPO-
U3BeMeHNEe KOMILIEKCHBIX YUHUCEeT 2] = X1 + tY] U 29 = X2 + 1Yo, M3HAYAILHO OMPEAETEHHOE HAMUI
reoMeTpriaecku popmysaon (6-2), Mo OOBIYHBIM TPABUIAM PACKPBITUA CKOOOK:

2129 = (@1 +iy1) (22 + iy2) = (Z122 — y1y2) + i(z1Yy2 + 22u1) . (6-4)

O6paTHoe K 9UCIy Z = & + iy 9HCI0 2| Tak e JerKo BEIPAXKAeTCA 9epe3 T 1 ¥

o1 T — 1y _xTx—y T 1y
Z = = ~ TN T 212 L2 1.2 (6-5)
w+iy (v tay)(z—iy)  2*+y? 2P 2]

lHaIIOMHI/IM, 9T0 N068opomHot 2omomemueti orHOCHTEIbHO Touku O Ha yroa « ¢ koaddunuenToM g > 0 Ha3bIBAETCs
KOMIIO3UINA MOBOPOTA HA YTOI @ BOKPYT TOUkW O M PAaCTAKEHUA B @ pa3 0THOCHTEAbHO O (HOCKOTBbKY DPaCTAKEHUA
KOMMYTHPYIOT C HOBOPOTAMHE, BCE PABHO, B KAKOM IODAAKE 3Ta KOMIIO3ULWA BBIIOIHAETC)
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_ _ _ def .
orkysa Re (271) =Re (2)/|z[* nIm (271) = —Im (2)/|2|?. Uncno Z ‘= & —iy HABEIBACTCA KOMNAEKCHO
CONPANCENHBIM K IUCTY 2 = T + 1y. B TepMMHAX KOMILIEKCHOT'O CONPAKEHnA GOpMyIy AAi 0OPATHOIO
TMCTa MOXKHO 3amucaTh B Buje 2~ 1 = Z/|z|?. TeoMeTpudeckn, KOMILIEKCHO® COTIPAKEHYE

2—7Z

C C

IpeACcTaBIgeT o600 CUMMETPUIO KOMILIEKCHON ILIOCKOCTH OTHOCUTEILHO BemmecTnerHon ocu OX. C
aarebpaneckoll TOUKU 3PEHUs COIPsXKEHHe SBJIACTCA NHBOTIOTUBHEIM apToMopduamoM noas C, T.e.
V2eC Z=zuVz21,20 € C 21+ 29 =71+ %0, Z122 = Z122 -

6.3.3. [pumep: TpuroHomeTpusi. PaccMOTpUM KOMILIEKCHBIE YMCIA
Z1 =Cosp1 +ising; , 29 =COSE2 +isin(ps ,

JexKamme Ha equHTIHON okpyxHOocTH S = {2 : |2| = 1}. Torga mpoussenenue 21 23 , BLIMUCICHHOE TIO (DOPMY.IE
(6-2) u BerYUCIeHHOE IO hopmye (6-4), uMerT B

cos(ip1 + p2) +isin(pr + p2) = 2122 = (cos (p1 COS Yo — sin ¢y sin apg) +1 (cos 1 8in s + sin ;1 cos <p2> ,

oTkyma cos(p1 + p2) = cosp; cosps — sinpy sinps u sin(p; + p2) = cos i sin s + sin g cos s . Tem ca-
MBIM, HAMU (J0KaA3aHbl TPUTOHOMETPUIECKUE (POPMYJILI CJAOKEHUA apryMenToB. Ha caMoM mesie He TOJIBKO 2THU
opMyIBI, HO U BCE KazyucTUIeckoe n3obmine GopMy.I MKOJILHOU TPUTOHOMETPUHU €CTh HE YTO MHOE, KAK 0ec-
GOpMEHHBIN LLTENA(} COYyIaUHBIX CAEICTBUM TOr'O IPOCTOrO (pakTa, YTO KOMILVIEKCHLIE IUCJAa 00pasyioT IoJe 1
BEIYHC/IATH C HUMU MOXKHO II0 OOBIMHBIM IPABUIAM (PACKPBITHA CKOOOK).

Bot emé ogun npumep. [Iycts 2z = cosp + isinp. Torga 2" = cos(ny) + isin(ny) MOXHO BHLIYAUCIUTS,
packpuiBas CKOOKU B (COS  + i 8in )" mo popmyae (1-9) uz §1. Mur noxyuaem paBeHCTBO

cos(ny) + isin(np) =

=cos"p+i (T) cos" tpsinp — (Z) cos" 2 sin?p — 1(7;) cos" Bpsindp + - =

= " cos"p — " cos™ 2@ sin? + " cos" osinto — - ) +
0 2 4
+1i ") cos® Losing — [ =3, sin> n n—=5 ,¢inb, _
ate psing 5 ) cos" psin 0+ 5 ) cos"psin’p — -

KOTOpOE 3aKJIIYaeT B cebe TPUTOHOMeTpUIeCcKue (POPMYJIBL A1 KPATHBIX YIVIOB:

cos(ny) = (g) cos"p — (Z) cos" 2psin®p + <Z> cos" " 4psintp — - -

sin(ngp) = <:L> cos" tpsinp — (g) cos" 3psin®p + (TSL) cos" Ppsin®p — - -

YnpaxHenue 6.4. [JokaxknuTe, 9TO IpN HEIETHOM 1 GYHKIUA Sin(ny)/ sin ¢ ABISETCA MHOTOUIEHOM OT sin?¢p.
Haupure ero cremenb, KOpHM U CTApHMAN KO>(DPUIUEHT. BEImuimTe 5TOT MHOMOWIEH SBHO WA N = 3 U
n = 5. Hakonern, moxaxuTe IIA HEIETHBIX 1 TOXKIECTBO

n—1

. = ‘ 9
sin(ne) = (—4) 7 H (Sinzgo— sinzﬂ-y)
n

sin ¢

v=1

6.3.4. [Npumep: KopHu u3 eanHnubl U ypasHenne 2™ = a. Peumm B nose C ypaBuenue z" = 1. CpaBuHuBas
MOJIyJIM JIEBOU M MPABON YacTH, moaydaeM |2"| = |z|" = 1, orkyna |z| = 1. O603Ha4as 9epes ¢ yroa pagmyc-
BeKTOpa z ¢ 0cbio OX U CpaBHUBAA apPT'yMEHTHI JEBOU U MPABOU YaCTU YPABHEHUS, MOIYIAEM

np € Arg (1) = {27k | k € Z} ,

orkyga ¢ € {27k/n| k € Z}. Takum obGpasom, ypaBHerue z"” = 1 uMeeT POBHO 7. KODHEW 20, 21, - .., Zn—1,
KOTOPBIE PACIONArAI0TCA B BEPIIUHAX MPABAILHOTO M-y OJbHAKA, BIMCAHHOI'O B €MUHMIHYIO OKPYXKHOCTD TaK,
9TO BEPLIMHA 2o HAXOAUTCA B TOUKe 1 (cM. puc. 603, rae n =5, 6):

zp = cos(2mk/n) + isin(2nk/n), ronek=0,1,...,(n—1).
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24:2'%:21_1

6¢3. Kopuu ypasrennit 2> =1 u 28 = 1.

B wacTHOCTH, MBI BHAMM, 9TO KOPHE O0Pa3ylOT UMKIXIECKYIO I'PYIILy OTHOCHTEIBHO OLHEPALMU yMHOMXKEHHU.
Jra rpymnna 0603HAYACTCA 4y, ¥ HA3LIBAETCA 2pynnot kopred n-mot cmenewu u3 1. MBI yike BCTpeIaINCh C HEIO
B mpumepax (n°2.1.2), (n°2.2.2) u (n°5.1.7). B kadecTBe 06pa3yrommen STON IPYNIEL MOXKHO B3ATH, HAIIPUMED,
KopeHs z; = cos(2w/n) + isin(2w/n). Toraa z; = 2§ nma seex k = 0,1, ..., (n — 1). O6pasytommue TpyTIIET
{4y, HA3BIBAIOTCA NEPBO0OPAHBIMU KOPHAMU CTEIeHN n u3 eguHunsl. Ha puc. 603 Bce 4eThipe oTindHEIX OT 1
KODH# NATOH CTENEHN U3 €IUHUIBI ABIATCA EPBOOODA3HBIMY, & CPEAU KOPHEH 6-TON CTeNeH: U3 eJUHUIEL
TIePBOOOPA3HBIME ABIAIOTCA TOMLKO 21 U 25 = 27 ©

MHOrowIeH, KOpHAMEA KOTOPOT'O ABIAITCS HEPBOOOPA3HEIE KOPHU N-TOU CTENEH! U3 1 ¥ TOIBKO OHU, HA3HI-
BAETCA MHOZOUAEHOM JEAeHUA KPYea Ka N wacmel, (MK 1 -MblM YUKAOTOMUYECKUM MHO2outenom). Hampumep,
ITBIA ¥ MECTOU NUKIOTOMIIECKIE MHOIOWICHEL DABHEL

5(2)=-—2)(z—2)(z—2)(z—24) =2 + 22+ 22+ 241
foz) = (z—2)(z—21) =2* —2+1.

* .
YnpaxHenue 6.5" . [lokaxure, uro npu awo6om n € N nukroromudeckuin MHOrOwWeH f,,(z) ABIsLETCS HEnpu-

BoguMbiM! Hag Q MHOroOwIeHOM ¢ measvu kodddurmentavu crenern @(n) (rae p(n) — 3TO KOIXIECTBO

HATYPaJBbHBIX YUCEJ, MEHBIINX 7 U B3AUMHO IPOCTHIX C n)

KoMmeHTapuit: OJra 3agada BMECTE ¢ APDYTUMHU HOAE3HBIMEM (HAKTAME O OUKJIOTOMUIECKMX MHOTOWICHAX (BKIIOYAL
HECKOIBKO 0Oee Wiy MEeHee ABHBIX (POPMYy.I MJIA HUX) COAEPKUTCA B «334a9aX CEMUHAPOB» B NOIOIHWUTEIHLHOM
JTUCTKE 6%.

Ynpaxtenue 6.6. Beipasure sin(27/5) u cos(27/5) B pagnkanax oT HATYPaIbHBIX IUCE.
[Moackaska: [as 5>TOro JOCTATOYHO PEUINTH B PAAUKAIAX YPABHEHUE NEJICHUSI KPyra 2 42842 241 = 0, xoTopoe
CBOAUTCA K KBaJAPATHOMY YPABHEHHIO [eJeHueM 00enx vqacTell Ha 2> W 3aMeHOH t = 2 + 271

PaccmoTpum Temeps ypaBHeHume 2" = a. Paccyxmas Kaxk u BBHIIIE, TOJYTIaeM
lz| = ¥lal, np € Arg(a) ={a+27k|keZ},

rae o — yroua paauyc-sektopa a ¢ ocsio OX. Takum o6pasom, ¢ € { o+ % | ke Z} , T. €. KODHU yPABHEHUS

2" = @ pacmonaranTCA B BEpIIMHAX MPABWILHOIO N-yTOABHUKA, BIUCAHHOIO B OKPYXKHOCTL paguyca i/ |a| ¢
LUEHTPOM B HyJ€ TaK, 9TO PAJUyC-BEKTOD OJHOW U3 €ro BEPLIMH pacroJaaraeTcs nog yriaom a/n k ocu OX.

YnpaxHeHue 6.7. SIBHO BEIpasuTe IeHCTBUTEILHEIE ¥ MHUMEIE JACTH KODHEH KBaJPATHOIO YPaBHEHU 22 = a

Yepe3 JeUCTBUTENbHYIO M MHUMYI0 9aCTH YUCIA @ IPU MOMOIIM YeTHIPEX apuPMeTUUeCKuX ONepalul U
U3BJICYEHNS KBAIPATHBIX KOPHEH U3 BEIIECTBEHHBIX YUCE.

6.4. OnpegeneHne KOMMYTaTUBHOT'O KoJabIla. MuOoxecTBo K C AByMS ONEpanusaMu, yIOBJIETBO-
PAIOMIIMY BCEM aKCUOMAaM IOJsA, 33 UCKAIUeHNEM TPpeOOBAHUA CYIIeCTBOBAHUA OOPATHOI'O 2JeMEHTA,
HA3BIBAETCS KOMMYMAMUSHBIM KOAbYUOM ¢ edunuyet. Ecam, KpoMe akCMOMBbI CyIIECTBOBAHMA 0OpAT-
HOT'O, U3 CIIUCKa aKCUOM II0JA UCKJIIYIUTH er_r_:é AKCHOMY CyHI€eCTBOBAHUA €IMHUIIBI, a C HEIO 1 aKCUOMY
0 # 1, muoxecTBo K, yIOBIETBOPAIOIIEE OCTABIIAMCSI AKCUOMAaM, Oy/eT HA3BIBAETCS MPOCTO KOM-
MYMAMUBHHBIM KOADYUOM. MO,I[GJII)HI:IG IpUMEPHBI KOJIE C €EOMHUIIaMM, HE ABJIAIOIINXCA ITOJIAMI — 3TO
KOJBIIO IIEJBIX YNCET Z, a TAKXKE KOJbIla MHOIOYWJIEHOB C KOBCpCpI/II_II/IeHTa.MI/I B IIPOU3BOJIBHOM KOMMY-
TATUBHOM KOJbIE ¢ equnuiier. IlpuMepnl KOMMYTaTHBHLIX KOJIEIl 6€3 €TUHUILI TOCTABIAIOT IETHLIE

1. e. He pacKIaIBIBAIONIMMCA B IPOM3BEJCHME JBYX MHOIOWIEHOB CTPOTO MEHBIIEH CTEIEHN C PAlMOHATHLHEIMU KO-
a¢dunmerTamu
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IeJble YUCaIa, MHOTOWIEHBI C YE€THBIMY IIEJBIMU KO3(MUITMEHTAME U MHOTOYMJIEHB! C HYJIEBBIM CBOOOI-
HBIM WIEHOM W KOD(PPUITUEHTAMU B JIOOOM KOMMYTATUBHOM KOJBIIE.

Ynpaxtenue 6.8. IlokaxuTe, 9T0 cBOUCTBA U3 ymp. 6.1 OCTalOTCA B CUIe B TIOOOM KOMMYTATUBHOM KOJBIIE C

€UHUIICH.

Kak aBcTByeT u3 ompenenenns, OCHOBHLIM OTINIAEM KOJEI OT MOJEN ABAAETCA BO3MOXKHOE OTCYTCTBUE
IJIST HEKOTOPHIX DJIEMEHTOB KOJIbIIA 00OPATHBIX K HUM DIEMEHTOB OTHOCATEIBHO YMHOXKEHUA. DJIEMEHT
@ KOMMYTATUBHOI'O KOJIBIA HA3EIBAETCA 00DAMUMbIM, €CIM B DTOM KOJbIIE CYIIECTBYET TAKOU DIEMEHT
a_l, g0 0 'a = 1. B [IPOTUBHOM CIyYae DJIEMEHT a HA3BIBAETCA Heobpamumbim. Tax, B Koable 7
00paTUMBIMU SJIEMEHTAMU ABIATCA TOABKO 1 1 —1. B koubie Q] MHONOWIEHOB ¢ pAlMOHAIBLHEIMA
KO>(ppuimeHTaMu 0OPATUMBIMYU IEMEHTAMU ABMAIOTCA HEHYJIeBble KOHCTAHTHI (MHOTDOWIEHBL CTEeIe-
HU HyJb). Kak CrencTsme, MEX 1y 3JEMEHTAMYU KOMMYTATUBHOTO KOJIbIA BOZHUKAET HETPUBUAILHOE
omuoutenue deaumocmu. 'oBOPAT, 9TO dIEMEHT a deaumcs Ha DJIEMEHT b, €CIN B KOJBIE CYIIIECTBYET
DJEMEHT ¢, TaKOU 4TO a = bg. TO 06CTOATENBCTBO 3AlUCHIBACTCA Kak bla (unmraercs «b gemur a»)

WM Kax @b (duTaercsa «a nernTesa Ha by).

6.4.1. [Mpumep: rayccosbl uensie Yncna. PaccMoTpuM B mMoste KOMIUIEKCHBIX YMCEN 10 IMHOXKECTBO
., def .
20 {2 = o +iy|2,y,€ 2} .

Yucra 5TOro MHOXKECTBA PACIOIATAIOTCA HA KOMILIEKCHOU IMIOCKOCTH B TOYKAX C IEJOYMCAEHHBIMU KOO IU-
HATAMU W HA3LIBAIOTCA 2GYCCO8bIMU Yeabiml wucaami. OHE 0OPa3ylOT KOMMYTATHBHOE KOJBIO C EIWHUIEN
OTHOCUTEJIHHO ONEPALMI CJAOKEHUs U YMHOXKEHUsI KOMILIEKCHBIX wucea. B Z[i] umeercs poBHO 4 06paTuMbIX
asemenTa: £1 u +i.

Komsuo Z[i] nmeeT MHOTO apudMeTHdeckux npuiokeHni. Hanpumep, BEIMUCICHAS B 5TOM KOJBIE CyIIe-
CTBEHHO MPOACHAIT KJIACCHIECKYIO 3a4ady OO ONMMCAHWU BCEX HATYPATLHLIX IUCET, MPEeJCTABUMBIX B BHIE
CYMMBHI JBYX KBaJDPATOB LEJILIX YiCea (Hy/JIb OPUA 3TOM TOXE NOIYCKAETCA B KA4eCTBE OJHOIO U3 KBAIPATOB).
Cesasano »TO ¢ TeM, 9TO KBaapaTwdnas popma z2 + y? Han kompnom Z[i] pasmaraeTca B IPOU3BEICHHE IBYX
JuHEeHHEIX MEOXUTENeH: 72 +y? = (v +iy)(z —iy), 1 3a1a9a IPEICTABICHAS HATYPATLHOTO IMCIA B BUIE CyMMBI
KBAIPATOB [BYX LEJLIX YUCEN CBOAUTCA K 330a9€ PA3IOKEHUA HATYDPAILHOTO YUCIa (PACCMATPUBAEMOTO KAK
peMeHTa Z[i]) B mIpousBeneHne IByX KOMILIEKCHO COMPSKEHHBIX MHOXKUTETEN, TakKe Jexanux B Z[i]. Orcoga
HEMEJIEHHO BEITEKAET, ITO COCTABHOE TMCJIO 111 = 1M1y, 008 COMHOXKHATEIA B KOTOPOM NIPEICTABAMBL B BHIE
CYMMBI IBYX KBaIPaTOB:

mi = a% + b? = (a1 + ibl)(al — Zbl) =2z1z21, Mg = a% + bﬁ = (az + ibg)(ag — Zbg) = 22232 ,
TaKXe MOXKeT OLITH MPeICTABICHO B BUAE CYMMBI IBYX KBAaAPATOB:
m = 2129 2122 = |2122|2 = (a1b1 — a2b2)2 + (a1b2 + a2b1)2 .

Ecan nokasaThb Aus Koabla Z[i] aHAIoOr T€OpeMBl 00 OZHO3HAYHOCTHU DA3JIOKEHWUs HA MPOCTHIE MHOXKUTEIN
(aTo BCKOpe GyneT HaMU CHEJAHO), TO NPEALLAYIIEE BBHIYWCACHUE IOJHOCTBIO CBEAET 3a4ady O Pa3jIOkKeHUN
HATYPAIBHOrO YUCJIA B CyMMY IBYX KBAJPATOB K BOIPOCY O TOM, KAKHE NPOCMble HATYPAIBHBIE YUCAA OCTAIOTCS
OPOCTHIMU B Z[i], & Kakue HAYMHAT DACKIAABIBATLCSI HAa MHOXKUTeIu. Mbl emé BepHéMCsa K 5TOU 3agade B
npumepe! (n°10.3.8).

YnpaxcHenue 6.9. [lokaxwure, 4T0 mias mpencraBuMocTu ducia 7 € N B Bujge CyMMBI ABYX KBAJAPATOB LIEJIBIX
quces He0O6X0IUMO U TOCTATOYHO, ITOORI HTO UUCI0 UMENO BUL 1 = Pi -Pa -« - -+ ps-k%, rae k € Z — moboe,
a p1,P2,--.,Ps — HATypaIbHBLIE IPOCTHIE YUCJIA, IPEICTABUMBIE B BUAE CYMMBI IBYX KBaAPAaTOB.

*
YnpaxcHenue 6.10". doxaxure, aTo npocroe p € N Torga u TOIBKO TOrZa NPELCTABAMO B BAJE CYMMEL ABYX

KBaIpaTOB, KOT[a OHO UMEeT OCTATOK 1 OT JeneHus Ha 4.

%} v
6.5. Tomompduambr. OTobpaxenune konen A —— B HA3BIBACTCA 20MOMOPGUIMOM, €CITA 1A THOOOU
MaPHI BJEMEHTOB a1, 02 € A B KOIbIle B BLIMOJIHEHBI COOTHOMICHN:

fla1 +az) = f(a1) + f(a2)
flaraz) = f(a1)f(a2).

! 0603HaTeILHBII YMTATEIb TAKKE MOXKET OOPATUTHCA K 3aMedarensHon kumkke: K. Amspaens, M. Poysen. Kaac-
cuueckoe 66edenue 6 coepemennyto meopuro wucea. M., «Mupy, 1987 (mmm mo60e apyroe m3gaHume), TAe HAUAET KAK
3aBEPIIEHNE D>TOW UCTOPUU, TAK U PA3HBIE APYTHUE W3ANIHLIE BLITUCICHUA C TayCCOBBIMU TUCIAMMA

(6-6)
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OTmeTuM, YTO STUM YCJIOBUAM, B YACTHOCTH, YIOBICTBOPSAET HYA€601 (A1 MPUSUAAbHbIl) TOMOMOP-
bu3M, 0OTOOPAKAIOIINN BCe dJIEMEHTH 13 A B Hyan xoabia B.

JIro6o1 romomopduam Kouerr, 6y 1y <4y rOMOMOPMOU3MOM a1 JUTUBHLIX [Py, 00/Ja,1aeT BCEMU CBOH-
CTBaMu, yCcTaHOBIeHHEIME Hamu B (n° 5.1). Hanpumep, us nepsoro coorromenns (6-6) aBTomarnyecku
caeayer, 1to ©(0) =0 u Va€A ¢(—a) = —¢(a).

O6pas romomopdusma KoJer aBiseTcs ToAkoapnoM B B. [Ipoobpas HyieBoro asiemeHTa

ker(p) & 0 71(0) = {a € A| p(a) = 0}

HA3LIBAETCA A0poM TOMOMOpdU3aMa Koaerl. Arpo ABageTca MOIKOABIOM B A W BMeCTe ¢ KaXkIbIM
saemeHTOM @ € ker((p) COmEpKUT TAKKE U BCE KPATHBIE eMmy aaeMeHThl ab (¢ mobeivu b € A) :

pla) =0 = VbeA ¢(ab) = p(a)p(b) =0.

Kak mbr Bugenu B (n°5.1), mpoo6pas mpOM3BOIBLHOIO siaeMeHTa ¢(a) € im () ABIIETCS CMEXKHBIM
KJIaccoM agauTusHOU rpynnsl ker(p) C A:

o " (pla) =a+ker(p) ={bc Al b—a € ker(p)}.

Nubivu ctoBaMm, 1Ba BJAeMEHTA G, D € A TOraa M TOJBLKO TOrAA NEPEXONAT B OJAUH U TOT XKE DAECMEHT
koubla B, xorga a — b € ker(p):

pla)=¢ () <= ¢b—a)=¢0)—pla)=0.

B wacTHOCTH, 118 TOrO 9TOOBE rOMOMOP(U3M KOJEI ObLT BJIOXKEHHEM, HEOOXOAUMO U JOCTATOYIHO,
4ro6el ker(p = {0} (B TOM ciyuae roBOpAT, UTO @ uMeem HYae80€ A0PO).

6.5.1. IPEJJOKEHUE. JIro608 HEHYIeBOH MOMOMOD(U3M H3 TOJA B MPOU3BOJIBLHOE KOJBIIO ABJIA-
eTCA BJO2KECHUEM.

[lokazaTenscTeo. Ecim ¢(a) = 0 aus kakoro-uubyap a # 0, To VbEA ¢ (b) = ¢ (ba™'a) = ¢ (ba™') p(a) = 0.
ITosToMy 0601 HEHyIeBON MOMOMOPGU3M U3 TOJS UMeeT HyJIeBOE AIPO. O



§7.llenple uucIa U BBIYETHI.

7.1. Konbo BbI4eTOB 7 /(M). DJIEMEHTOM >TOrO KOJBIA SABIACTCI KAGCC 8bI4EMO8 0 MOIYJIIO
n, T.€. NOOMHONCECNE0 B Z, OOPA3OBAHHOE BCEMU YHCIAMHU, NAIOUMMA ONUH U TOT XK€ OCTATOK OT
neneHusA Ha 7. MBI yKe BCTPedaqnch ¢ KIaccaMu BereToB B npumepe (n° 5.1.7), roe onu maTepnpeTn-
POBAJNCH KAK CMEXKHBIE KIACCH 8 JUTUBHOU rpynnsl Z no noarpymnne (n) = {nk| k € Z}, coctosuien
U3 9UCeJ, KPATHBIX 7. BCero mmMeeTcsa n TaKuX KJIACCOB, B3AMMHO OJHO3HAYMHO COOTBETCTBYIOMINX 1
PA3IATHEIM OCTATKAM:

[Oln, [1]ns --- 5 [(m—=1)]n, rTme [al, =a(modn)=a+ (n)={a+kn|keZ}.

CuoxkeHne U yMHOXEHVE KIACCOB BBIYETOB 331a6TCS MPABUIAMU:

[a] + 0] € [a+8], [a] [0] % [ab] . (7-1)

YnpaxHenue 7.1. IIpoBepbTe KOPPEKTHOCTH HTOrO ONPEAEJeHUs (T. €. He3aBUCUMOCTD KIaccoB [a + b] u [ab]
ot BeIOOpa npeacTaBuTenel a € [a] u b € [b]), a Takxke BoinonHeHue B Z /(1) BceX aKCHOM KOMMY TaTUBHOI'O
KOJIBIIA.

HesaBrucumMocCTh pe3yJabTATOB CIOKEHWUS M YMHOXEHUs OT BBIOODA MPEACTABUTENCH B KJIACCE WHO-
13 MO3BOJIAET 3HAYUTENLHO YIPOCTUTH BRIYUCAeHUA. Hampumep, 11 TOro YTOOB BEYACIUTE COTYIO
crenens kaacca 2007 (mod 2008) mer myx)aer BoszoauThL B 100-10 crenens wmcao 2007, TOCKOIBKY
[2007]2008 = [—1]2008 @ cormacuo ymp. 7.1 mer mmeem 2007100 = (—1)19 = 1 (mod 2008).

7.2. leauTenu HyJs U HWIBNOTEHTHI. B Koabnax Z/(n) MBI CTAJIKUBAEMCS C PAIOM SBICHUH,
KOTOpBIC HE Ha6JIIOr[[aIOTCﬂ HU B IIOJAX, HU B KOJbIE IEJbIX (I/IJII/I FaYCCOBbIX HeJIbIX) qunceJr. TaK’ B
kouble Z/(10) mpousBenenne kiaccos [2] u [5] paBHO HyJII0, XOTA Kad#cdbili U3 HUX OTINYIEH OT HyJd,
a B Koabue Z/(27) nenyreson knacc [3] umeer myaesoi xy6 [3] = [27] = [0].

Heuynepou saement a xoubia K nHasbiBaercsa deaumedem wyad, ecanm ab = 0 @aa HEKOTOPOro
umenyaesoro b € K. Hemyneson nnemenT a koablia K HA3BIBACTCA HU4bnomenmom, ecin a = 0 qis
HexkoToporo n € N. OrMmeTunm, 9T0 BCAKMYA HUIBIOTEHT aBTOMATUIECKU ABIACTCA JEJUTENeM HYJIA.

Koo ¢ equnaunen 6e3 geruTenel Hy I HA3LIBACTCI yeaocmubim. Koabno ¢ exununer 663 HUIb-
MOTEHTOB HABBIBACTCA NPpusedeéntbim. Beakoe mesocTHOe KOTbII0 ABTOMATHIECKHN IPUBENEHO.

YnpaxHenue 7.2. CocTaBbTe TaOMUIET CTOKEHNA U YMHOXKEHUA B Koablax Z/(n) gnan = 3, 4, 5, 6, 7, 8. Han-
AUTE B OTUX KOJbIIaX BCE NEJIUTENIN HYJId, BCE HUJIBIIOTEHTHI, 1 BCE O6paTI/IMBIe DJIEMEHTHI. ﬂﬂf{ O6paTI/IMBIX
SJIEMEHTOB COCTaBbTE Taﬁ.TII/IHy O6paTHBIX. Kakne 3 >Tux KoOJIell, ABJATCS HOJIﬂMI/I?

Haguwme nequTenen Hy/Isa ABIACTCA TPOCTENIINM TPEMATCTBUEM K TOMY, 9YTOOLI KOJBIO OBLIO MO-

aeM. B camMom jese, HUKAKOU qequTelb HyJ s 4 He MOXeT ObITh 00PAaTUM, IOCKOIBKY CUCTEMA, YCIOBUN

b#£0
ab=20

aa ' =1

HECOBMECTHA: YMHOKASA 00€ IacT BTOPOTO PABEHCTBA HA a4

MEL moay4daem b = 0, 9T0 mpoTuBOpe-
YUT TEPBOMY paBeHCTBY. OTMETUM, YTO HANMKCAHHBIM BHINIE YCIOBUAM YIOBIETBOPAET, B YACTHOCTH,
uyepon diaemenT a = (. UMeHnno mosToMy «Ha HOIL TeIUTL HEIL3s», U B aKCHOME CYIIECTBOBAHUA

06pPATHOIO BJEMEHTA B NOJe HAaKJIanbBaeTcs TpeboBanue a # 0 (cM. akcromy (2r) Ha cTp. 37).

7.2.1.[lpnmep: penctene romomopcmnama Konely Ha eauHunuy. IIOCKOMBKY KOJIBIO HE ABAAETCA IPYIIION OT-
%]
HOCUTEIBHO OMEpaluy YMHOXKEHUs, TOMOMOPGU3M KOMMYTATUBHBLIX KOJel ¢ eauHunamMu A —— B, BooOIme

TOBOPs, He 00I3aH MEPEeBOMUTEL equHuIly B equuuiy. Hampumep, oTobpakenue 7Z 2, 7/(6), oTnpasisiomee
BCe YETHBIE YNCIA B HYJIEBOM KJIACC, a BCE HEYETHBIE — B KIACC [3]g, ABAAETCI DOMOMODP(MU3IMOM KOJEl, 1
»(1) = [3]6 # [1]6 - Tem me menee, Beraucaenne u3 (n°5.1): (1) = (1 1) = p(1)¢(1) BreuéT B KOIBIE PaBEH-
ctB0 ¢(1)(¢(1)—1) = 0. Ecaiu B xoabiie B HeT gemuTelen HyJd, U3 TONO PABEHCTBA CleayeT, 9To au6o ¢(1) = 0,

45
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nurorga YacA ¢(a) = p(l-a) = p(l)p(a) =0, mubo ¢(1) = 1. Takum oGpasoM, J0O60U HETPUBUAILHBIL
TOMOMODP(MU3M B B EJOCTHOE KOMBIO C €NHUIEN BCE-TAKU NEPEBOAUT eIVHUILY B eIUHMUILY.

7.3. O6paTumsblie saemeHTH Koabna 7 /(n). Knacc [m], o6patum B xorbue Z/(n) Torga u TOIBKO
TOrZA, KOIA B KOJIbLE LEIbIX YUCe] Z Pa3permmMo OTHOCUTENBHO & U Y YDABHEHUE

mx+ny =1. (7-2)
B camoMm zese, 06paTUMOCTD Kaacca [m), 03HAYaeT CYIIEeCTBOBAHUE TAKOI'O KIACCA [I]n, 9TO
[m]n[z]n = [ma]n = [1]n

a3TO, B CBOIO 0YEPE/Ib, PABHOCUIBHO COOTHOEHUIO (7-2). YT00BI MOHATE, NI KAKUX M, N € 7, ypaBHe-
uue (7-2) o61aaeT UEeTOIUCICHHBIMY PEeIIeHuAME, 3aQUKCUPYeM KaKUe-HUOYAb M U 1 U PACCMOTPUM
BCIO COBOKYITHOCTB IEJIBIX YUCEJ, IPENCTABUMBIX B BUAe M + ny ¢ teabivu z, Y. O603Hauum eé uepes

(m,n) def {mz +by|z,y €Z}. (7-3)

YnpaxHenue 7.3. llokaxure, 470 noaMHOKeCTBO (m, ) C Z 061a4aeT CIeLYIOMUMA CBOUCTBAME:

a) a060e 9ucio z € (m,n) NeIuTCA Ha KaXK b OOMIUA TeIUTENb TUCET 17 U 7

6) m,n € (m,n) B) z € (m,n) = kz € (m,n) VKEZ r) z1,29 € (m,n) = z; £ 29 € (m,n)
O6Go3Hauum 4Yepes d HaMMEHbIIEE MOJOKUTEIBLHOE Iucao B (m, n). OTmeTuM, ITO d, KAK ¥ BCE IUCIA
B (m,n), IpeacTaBiseTcsa B Buae d = mMx + ny U TeIATCA HA KAXKABLIK OOUMKA JEJIATENb TUCET M U
n. C gpyrou cTopout, moboe z € (m,n) (B 9acTHOCTH, 2 = M, n) geaurca Ha d. B camom nene, nes
z € (m,n) Ha d C OCTATKOM, MBI IOJTy9aeM PABEHCTBO 2 = kd+7r, B KOTOPOM OCTATOK ' = 2z — kd nexuT
B (m,n) mo yup. 7.3 u naxoaurcs B npegenax 0 < r < (d — 1). B cuny BoiGopa d MBI ZOMKHEL IMETH
r = 0. Takum obpaszom, (m,n) = (d) coBnagaer ¢ MHOKECTBOM ¥mcea, KpaTHbix d, u d = HOJ(m, n)
ABIATCA HauboAbwUM 00uuM desumenem' m I n.

Wrak, ypaBuenue (7-2) paspemmmo TOra U TOJBKO TOrJAa, korjga d = HO/(a,n) = 1, a 3Ha4ur,
00paTUMBIMI DJIEMEeHTaMI Koablia Z/(n) SBIA0TCI KIAcchl [ml, ¢ HOA(m,n) = 1.

O6paTuMbie >aeMeHTH Koabua Z/(n) 0o6pa3yoT IpyIly OTHOCUTEIBHO YMHOXKEHUA. DTa T'PYIIIa
HA3BIBAETCS 2pYnnoti 00pamumbly 6biuemos 1o MOoaymo n u obosnavaerca Z/(n)*. Tlopsgox sron
rpynnsl 0603HaYaeTCa depe3 p(n) u HasbiBaeTca @ywkyuel Idaepa wmcaa n € N. Muage MoxHO
CKa3aThb, YITO SO(TL) pPaBHO KOJIquCTBy HaTypaJH)HbIX qucea, MCHbIIUX 7 W B3aUMMHO IIPOCTBIX C N.
U3 crepcrBus (n°3.3.1) Teopemsl Jlarpanxa MBI 3aKII09aeM, 9TO I JI0OOr0 0OPATUMOIO BEIYETA
[a] € Z/(n)* BemonuseTca parenctro [a¥(™)] = [a]#(™) = [1]. WabiMu cOBaME, CTIPABE/TABO

7.3.1.IIPEJJIOZKEHUE (TEOPEMA DWIEPA). Ecin Hon(a,n) =1, 7o a?™ =1(modn). O

7.3.2. CJIEACTBUE (MAJIASI TEOPEMA ®EPMA). Ecau p npoctoe, To a? = a(mod p) Va€Z .

[okazaTenscteo. Ecam a genurcs Ha p, TO 06e dactu cpaBHenus a? = a (mod p) myxaeswe. Eciu a He gennrcs
HA P, MBI MOXKEM IIPUMEHUTH IpPeAbIIymee npeqioxkenne. Tak kak ¢(p) = p — 1 misa mpocToro p, MBI HOIy UM
a?~! =1 (mod p), a smauur, a? = a (mod p) . O

. 2009
YnpaxHenue 7.4. Beraucaure octaTox oT gerenma 200720087 ma 11,

7.4. AnroputMm EBkiaunaa. [IpakTutdeckoe OTBICKAHIE DELICHUN YPABHEHUA (7-2) IPOU3BOJUTCSA CJIe-
aytoruM obpasom. Ilyets n > m. Ilogoxum

Ey=n, FEi=m, E;=ocrarky or aeaenus Ey_o va Ey_1 (npu k > 1). (7-4)

Yucaa Ej cTporo yOBIBaOT A0 TeX IO, MOKA Kakoe-TO F, He pasmeguT HAIeJIO mpensigyinee F,._i,
B pesyabTaTe 4ero K, obparurca B uyab. [locaenuun menyaeson smemenT F, MOCIENOBATEILHOCTI

!3aMeTHM, YTO O XOAY JE1a MEI JOKA3AMM, UTO HAMGOILIIMM OGIIAM NeIMTeIb HANEIO JeINTCA Ha M0G0 IPyron
o0 JeIUTETb
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Ej u 6yger HauOOJBIMINM OOUMM OOLIMM AeiuTeseM ducet (m,n), IpUudéM OH aBTOMATUUECKU IIOJLY-
YUTCA MPeICcTaBIeHubIM B Buge F, = x - Fy + y - Fy, ectu TIpu BBIMUCTCHUN KaxXaA0T0 Fjp MBI Oyaem
IpPenCTaBIATL ero B Buge Ky, =z - Ey+ y - Ey.
YnpaxHenue 7.5. Uagyknuen no k ybeaurecs, 9To Bee yncaa Ej npencrasiaiorcsa B Buge B = - Eg+y- E;
(u cTano GBITH, AEJATCA HA 000U OOMUN NeIUTeIb YUCed M U N), a 3aTeM, yOLIBAIOWIEeN UHAYKIUEHN 10
k, maaunaromenca ¢ k = r + 1 y6enurecs, ato Bee uucaa Fy, (exkmovas Eg = n u E; = m) geaarca va E,
(u crano 6bith, B, = HOA(m,n)).

Hampuwmep, mas yucen n = 10203 u m = 4 687 BLIYuCIeHNE COCTOUT 13 BOCHLMU ITATOB:

Ey =10203

E; = 4687

Ey= 829= Ey—2E = +1E, —2E
Ey= 542= Ey—-5E,= —5E, +11E
Ey= 287= E,—E;= +6Ly, —13E
Es= 255= E3—FE,= —11E, +24E;
Eg= 32= E,—Es= +17TEy -37E
E:= 31= Es—TEs= —130E, +283F;
Es= 1= Eg—FE,= +147Ey —320E;
(By=  0=E; —31Fs =—4687 Ey+10203E))

(B3ATan B CKOOKM MOCJENHAA CTPOKA CJIyXKWUT /A IPOBEPKH ), ¥ Mbl 3AKIIOYAEM U3 HETO, 9TO
HO/M(10203,4687) =1 =147 -10203 — 320 - 4687 ,
OTKyJa BBITEKAET, B 4acTHOCTH, ITO Kaacc [10203] ooparum B Z/(4 687) un
[10203] ! = [147] (mod 4687) ,

a knacc [4687] o6patny B Z/(10203) 1 [4687]! = —[320] (nod 10203) .

Ynpaxnenue 7.6. [Jokaxure, 9TO IpeIcTaBIeHNEe IEPBOro HyaeBoro uucia F,. 1 = qoFy + ¢ 1 = 0, nony4a-

IoIeecs coryacHo anropurmy EBkimpa, comepxkut B cebe naumenvuiee odwee xpamuoe aucea Fy = m u

E; = n, a umenno HOK(m,n) = |qoEo| = |q1 E1] (T. €. «ZOnOJHATEIbHBIE MHOXUTEIN) (o, 1 TAKOBEL, 9TO
HOM(qo, q1) = 1).

OTMeTrM, 9TO C BEIYACIUTEJILHON TOYKM 3PEHUA HAXO0X JEHAE HAMOOJILIIEr0 OOIIEro NeJUTENs MaPEL

YMCe] IPU IOMOIY AJCOPUTMA, EBKINAA ABIACTCA HECONOCMABUMO MEHEe TPYIOEMKON 33 adel, IeM

PA3IOKEHNe STUX YUCeT HA IPOCTHIE MHOXKUTEIN', B 48M UATATEIL MOMXKET yOemuThCA, TOIPOOOBAB

Pa3IOKUATL Ha MPOCTHIE MHOXUTETU Tpeasiayiue yucaa n = 10203 u m = 4 687.

7.5. Ilpsimbie mpousBefenus rpynn u kojer. Uz moboro wadopa rpynn Gy, Go, . .., Gy MOXHO
M3TOTOBUTH HOBYIO T'PYIITY

HGV:GIXGQX XGV:{(glagQ;'--agmngGGVVV}J

KOTOpas HA3BIBAETCA NPAMbIM npoussedenuem Tpynn (G, @ COCTOUT U3 YHOPAMZOICHHBIX HAOOPOB
(91,92, -+, 9m) ONEpaANUA HA KOTOPHIX ONPEIETACTCA TIOKOMIOHEHTHO:

(915927---7gm) ' (h17h27"'7hm) = (gl 'hlv g2 'h25 oy 9m hM) (7_5)

YnpaxHenue 7.7. IIposepbTe, 9TO Tak onmpeneJéHHAS ONEpPAUa ACCOUMATUBHA W OOJIATACT €IWHUICH € =
(e1,€2,...,6m) (rae xaxaoe e, — 510 egununa rpynnsl (), a Takke 9TO y KakKJOIO HJIEMEHTa § =

lyagiTu gBa GOIBIIMX IPOCTBIX YMCIA, €CIM M3BECTHO UX HPOM3BEJEHUE, 32 pa3syMHOE BpeMsA HEBO3MOXHO JaxKe Ha
MOIITHOM KOMIIBIOTEpPE; 3TO 00CTOATEIbLCTBO JEXUT B OCHOBE OOJBIIMHCTBA HUCHOJB3YEMBIX B HACTOAIIEE BPEMA CHUCTEM
mmpPOBAHUA JAHHBIX
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(91,92, - --,9m) mmeercss obparuet g~ = (97,955, ...,9,"). Kpome Toro, ybegurecs, 1To ecan Bee

rpymnsl (G, KOMMYTATUBHEL, TO rpynmna | [ G, TOXe HOIyInTCsA KOMMYTATHBHAS.
OTMeTuM, ITO 3Ta KOHCTPYKIUA PA0OTAET HE TOABKO [ KOHEYHLIX HAOOPOB I'PYII, HO U [AJsA JIIO-
ObIx cemencTs rpynn (7, 3aHYMEPOBAHHBIX djeMeHTamMu ¥ € X mpousBOIBHOrO MHOXecTBa X . Co-

OTBETCTBYIOIIEE pousBefenue obosnadaercsa Trorga || G, . OTmeTnM Takxke, 9TO €CIU BCE T'PYIIILL
veX
G1,Go,. .., Gy KOHEUHBL, TO IPOU3BEJEHUe TOXe KOoHedHO u uMeeT nopsanox | [[Gy| =[] |G|

Ananorumansiv 06pa3om, 1 10600 MHOKeCTBA KoJel { K, },c y MOXKHO 00pa3oBaTh IPAMOE IIPO-
usBegenne || K, npencrasisionee cO6010 MHOXKECTBO YIOPSAOIEHHBIX HAOOPOB 3JIEMEHTOB

(...,ap,...), roea, €K,

U IOKOMIIOHEHTHBIMU ONEPANMAMHA, 33 JaHHEIME (opMmyaon (7-5):

(oovamy o) (e by ) ay by, )
(ovamy o )by ) B anby, )

Ynpaxtenue 7.8. IIposepwre, uro [[ K, apasercsa xoapmom, npuaéM eciu Bee K, OBUIN KOIbIAMY ¢ € TUHATIEH,
TO H K,, TaKXe 6y,qu KOJBIIOM C erE[I/IHI/IHefI.
OTMeTuM, 9TO DIEMEHT KOJBLA-TIPOU3BEACHUA a = (a1,a9,...,any) € K1 X K9 X -+ x K, o6patum
TOrIa U TOJBKO TOr'a, KOT & KaX 1asa ero kKoMrnouenra a, € K, obparuma B cBoém koubne K,,. [TosTo-
My CpYIIa OOPATUMBIX 21eMeHTOB Koabua | [ K, 6yneT mpsMbIM NpOUM3BELEHUEM CPYNI OOPATUMBIX

(M=) =11x (7-6)

OTMeTuM TakiKe, 9TO B IPAMOM MTPOU3BEICHUY KOJEI BCEr1a UMEIOTCA TeIUTENN HyIA: OO0 HEHY-
JIEBOV BJIEMEHT,, UMEFOLIAN XOTA ObI OMHY HYJEBYIO KOMITIOHEHTY, ABIACTCA AeaaTenem Hya1. Hanpuwep,
(0,1, 1, ..., 1) ABasieTcsa geauTeNeM HYJIA, TOCKOIBKY

(0,1,1,...,1)(1,0,0,...,0)=(0,0,0,...,0)=0.

BJeMeHTOB Kouer K,

Takum 06paszsoM, TPOU3BEJIEHNE KOJEIl HUKOT A HE SABJAACTCA OJeM. B 9acTHOCTH, OJNeM HE ABJISAETCS
u npomspegenue nosen. CkaxeM, eciu ), u F, — KoHeuHbIe 10714, COCTOAIIME COOTBETCTBEHHO U3 P U
q 1eMeHTOB, TO B ux npomssegernu ), x F, 6yxer posro (p—1)(¢ — 1) o6parumbix saemenTos (a, b),
00pa3yomux My IbTUIIKATUBHYO rpynmy K x Fy u p + ¢ — 2 neamrens nyis, nMeOmMuX BA (a,0)

u (0,b) c a,b # 0.

7.6. Bsaumuasa npocTtoTa. CremraeM HECKOILKO BAKHBEIX 3aMEYAHUN O JEIUMOCTH, OTHOCAIMXCA K
IPOU3BOMLHOMY KOMMYTATUBHOMY KOIbIy K ¢ eamHUNEn. DJIeMEHTE a,b € K Ha3LIBAIOTCA 63aUMHO
NPOCMBIMUY, €CIU

ar +by =1 ana mexoTophIX T,y € K . (7-7)

Ecau snemenTsl a u b B3auMHO IPOCTHI, TO Ipou3BegeHue mb ¢ IpOu3BOALHBIM M € K neautcs Ha a
TOJBKO TOTA, KOTAA 1M, NeJIUTCA Ha . B caMOM fene, yMHOXKaA PABeHCTBO (7-7) HA 1M, MBI IIOLYIaeM

m = amz + bmy , (7-8)

u ecau mb OJEeJIUTCS Ha a, TO U M JIEeJIUTCA Ha a. 3TO K€ BbIMUCJICHNE [IOKA3bIBACT, ITO €CJaAU 11 OEeJUTCA
HA @ u HA b, TO M geauTCa u HA npoussegeHue ab (IOCKOIBbKY 00a craraeMbix B npason dactu (7-8)
IETATCA B DTOM CIydae Ha ab).

Hanee, eciu smemenT g € K B3aUMHO TPOCT C KAXKIBIM U3 DIEMEHTOB by, bo, . . ., by, TO OH B3aUMHO
IIPOCT M C WX IpPOM3BeAeHMeM. B camoM jene, ecaM OIsd KaxKAOr'O ¢ MBI MOXKEM IIONOOpPATL TaKue
zi,y; € K, uro ax; + bjy; = 1, TO, MepeMHOXKUB BCE DT PABEHCTBA, MBI MOJYYHIM PABEHCTBO BUA!

a-z+ (biba---bp) - (Y1y2---yn) =1,

!B mepBOM CIaraeMoM COGPAHBI BCE WIEHBI, COJEPXKAIIME COMHOXHUTEIb @, BO BTOPOM — €JUHCTBEHHBIN WICH HE
COEPIKAITAN TAKOTO COMHOKHUTEJA
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YCTAHAB/INBAIOIIEE B3AUMHYIO IPOCTOTY G U b1by - - - by,.

7.6.1.Mpumep: kuTaiickas Teopema 06 ocTaTkax. IlycTs wmcao n € Z ABAAETCA TPOU3BEICHUEM 17, TOMAP-
HO B3aMMHO IPOCTHIX COMHOXUTEIEN: N = NNy - * Ny, . 1IOKAKEM, ITO B DTOM CIydae KOIbIO BuYeTOB Z/(n)
U30MOPQHO IPAMOMY HMPOU3BEIEHUIO KOJEL BEIYeTOB Z/(n;), T.e. MOCTPOUM TAKOe B3AUMHO OJHO3HATHOE OTO-
Opaxenue

Z[(n) == (Z[(m)) x (Z/(n2)) x --- % (Z[(nm)) ,
aro V a,b € Z/(n) p(a+b) = p(a) + ¢(b) n p(adb) = p(a)p(db) B [[Z/(n;). Bazasum ¢ npasuiom
(1) = Eoss [lnay - ) V2€Z

DTO mpaBWIO KOPPEKTHO (HE 3aBUCUT OT BBIGOpa uucaa z € 7 B kiaacce [z], C Z), TOCKOIbKY DABEHCTBO
[21]n = [#22]n O3HAUAET, 9TO PABHOCTH z1 — 22 LEIUTCSI HA 1L = N1Na ** * Ny, & 3HAIUT, OHA JEIATCA U HA KayKJ0e

N, X CTAJIO OBITh, LI KAXKI0TO § MBI Oy IeM UMETb PABEHCTBO [21]n, = [22]n,;. O4YeBugHO, TakxKe, 9TO ( ABIACTCA
roMoOMOp(pu3MOM:
@ ([ln + [w]n) = e[z + wln) = ([z + Wlny, [2+ Wy, -5 [z +w]n,,) =
= ([zln, + [W]nys [2lns + [W]nss - s [2]0 + [W]n,) =
= ([2ln1s [2lngs oo s [2lnm) + ([Wlny s [W]ngs o5 [W]n,,) = @ ([2]0) + ¢ ([w]n)

U POBHO TO € CaMO€ MPOM3OUIET ¢ yMHOXKeHueM. IlokaxeM, 9TO @, PACCMATPUBAEMBIN KaK IOMOMOPQU3M
AN AUTUBHBIX I'DYII, UMEeT HyJaeBoe sapo. B camom gene, paccmorpum kiace [z], € ker(y). Hockonbky nuas
06070 4 KNACC [2],, HYIEBOU, z TeIUTCS HA KAXK 0€ N;, & TAK KaK BCe N; MOMAPHO B3AUMHO MPOCTHI, TO 2 JOTKEH
IeIUTHCA U Ha uX npoussegeHue (cM. n° 7.6), koropoe paBHO n. Tem cambiM [z], = 0, 9T0 u TPe6OBAIOC.

W3 crencrBus (n°5.1.2) TeopeMbl 0 CTPOEHUM MOMOMOP(MU3MA IPYII MBI 3AKIIAEM, 9TO ( ABIAETCA BJIO-
xkenueM. A tak kak 06a kombna Z/(n) u [[Z/(n;) cocToaT u3 0guHAKOBOIO YUCIa DJIEMEHTOB 1 = | [ n;, ToMo-
MOPGU3M ( TOMKEH ObITH OueKnmen. ITOT (PaKT U3BECTEH KAK KUMatickas meopema 06 0cmamsas, HOCKOIbKY
HA KJIACCUYEeCKOM fI3BIKE OH YTBEPKAAET, UTO AIA JI0O0ro Habopa OCTATKOB T1,T3, . ..,T ), OT NEIEeHUs HA IO-
TIapHO B3AWMHO IPOCTHIE YUCTA N7, N2, - - - , by, MOXKHO IOAOOPATE TAKOE IIENI0e INCIO 2, KOTOPOe JaéT OCTATOK
T; OT JEJEHUA Ha Kaxcdoe W3 M;, IPUIEM JIOOBIE TBA UUCIA 21, Z2, PELIAIONUINE DTY 3a4ady, PA3INIAIOTCA HA
e0e KPaTHOE YUCaAA N = NiNg -« - Ny .

151 IpaKTUIeCKOr0 OTHICKAHU TAKOI'0 YUCIA Z MOJIE3HO YCTAHOBUTH CIOPHEKTUBHOCTH IOMOMODPQpU3MA
HEIOCPEAICTBEHHO, He npuberas K Teopeme 0 romoMopduame rpymm. s 3TOro 3aMeTuM, 9TO U3 B3AUMHOU

IPOCTOTHL YUCIA N; C OCTATLHBIMHA N, BEITEKAET, YTO N; B3AMMHO IPOCTO U C UX HmpousBeieHueM m; = [[ n,
v#i
[e] ; el — j—
(cMm. n°7.6), T. €. masA KaXIOro § HAULYTCA TaKue T, Y; € Z, 910 n;x; + myy; = 1. Yucaa b; = m;y; obragator,
TakKuM 00pa3oM, CAeIyIOMNUM 3aMedaTelbHbIM CBOUCTBOM:

[bi],, = [Un; w0 Vv #i[b],, =0, (7-9)

i

HOZ—)TOMy B KavecCcTBe 1ucia z, OTOGp&)K&IOIHeFOC}I B 3aJaHHBIE KJIaCChL [Tl]n IIpu BCEX i, MOZKHO B3ATb
i
Z:lel +T2b2+"'+rmbm

[as memoucTpanuy 3pPEKTUBHOCTA 3TOTO AITOPUTMA HAUAEM, K IPUMEPY, HAMMEHBIIEEe HATYPAIbHOE TUCJIO,
“MeIoIIee OCTATKU 1| = 2, ro = 7 u r3 = 43 OT meJeHus, COOTBETCTBEHHO, Ha Ny = 57, ny = 91 umw ng = 179.
Cuavana maugém y; € Z, takoe ato 91 -179 - y; = 1 (mod 57) . HMockoawky 91 - 179 = 34 -8 = —13 (mod 57),
IOCTATOYHO MPUMEHUTEL anrroput™m Erxmupa xk Ey = 57 u E; = 13. B pesynaprare moayuum 22 - 13 — 5 - 57 = 1.
Takum 06pa3zoM, TUCTO

by =—22-91-179 (=22-13(mod 57))
paét npu genenun Ha 57, 91 u 179 ocrarku (1, 0, 0). AHamOrKIHBEIM 0OPA30OM HAXOLUM TUCIA

by = —33-57-179 (= 33-11 (mod 91))

by =—45-57-91 (= 45-4(mod 179))
narornue nipu geqenuun Ha 57, 91 u 179 ocrarxu (0, 1, 0) u (0, 0, 1) coorsercTBenno. Torga ocraTku (2, 7, 43)
OyzeT mMeThb TIUCIO

z2=2b; +7Tby+43b3 =—(2-22-91-179+7-33-57-179+443-45-57-91) =
= —(716716 + 2356 893 + 10036 845) = —13110454,
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a BCE OCTAJbHBIE YUCJIA C TAKAMHU OCTATKAMU OyIyT OTJIAYATHCA OT 2 HA Le/Ible KPATHLIE TUCIA
n=2957-91-179 = 928473 .

HanMeHbITIM TOMOXKUTETLHBIM CPEIN HUX ABAAETC 2 + 15n = 816 641.

7.7. Han6oapmmn o6Imui JeauTelb, PaccMOTPIM IPOM3BOIBHOE HeJ0oCTHOE!

kosbito K. Henyue-
BLIE DJIEMEHTHL a,b € K Ha3LIBAIOTCA ACCOUUUPOBANHbIMU, €CAU b NeJUTCA Ha a, U G OEJIUTCA Ha b.
U3 pasencTs a = mb u b = na BHTekaeT paBeHCTBO @ — mb = a — mna = a(l — mn) = 0, orkyna’
mn = 1. Takum o06pasoM, acCONUMMPOBAHHOCTD JIEMEHTOB ¢ U b PABHOCHILHA TOMY, YTO @ M b mO-
JYYaloTCA APYT U3 APYyra YMHOXKEHUEM Ha, OOPATUMBIN DJIEMEHT KOJbIEA. Hampumep, B KOABIE TEIBIX
qucen 7 9uciaa a U b acCoumnpoBaHLl TOTAA U TONLKO TOrIA, KOrna a = +b.

Besxoe d € K, neasmiee a u b u gesnsmeecs Ha JIOOOU IPYTOU DJIEMEHT, TEIANMYA @ U b, HA3LIBAETCA
HauboALWUM 00UUM deaumenem DIEMEHTOB a 1 b u o6o3HadaeTcs HO/(a, b) . OTMeTnM, 9TO IpUMEHN-
TEJILHO K IIPOU3BOJILHOMY IEJIOCTHOMY KOJABILy KX 5TO ompeejeHne HUKOUM 00pa3oM HE FapaHTUPyeT
HU CYHIIECTBOBAHUA, HU €IMHCTBEHHOCTU HAUOOJBINEro obiiero aerutens. Ecau Hauboabimme o61me
JeIATEeNn CyNIECTBYIOT, TO BCE OHU aCCOMMMPOBAHBI ADYT ¢ Apyrom. Hlosromy sammuck HOJ(a,b) = d
He BIOJIHE KOPPEKTHA, HO el BCE-TaKy MPUHATO MOJL30BATLCA, UMEA B BUIY, YTO d B IPaBOU IACTHU
OTIPENENEHO C TOTHOCTHIO 0 YMHOXKEHUA HA 000N 06paTUMBIN 3aeMeHT. /18 HEKOTOPBIX CIIeIuAIb-
HLIX Koserl K HamOOALIImMy 00N JeINTeNb MOKHO 3a(pUKCHPOBATE OMIHO3HAMHO, UCIOAL3YA OCOOLIe
cBorcTBa koablia K. Tak, B KOJIBIE HEMLIX YUCeNT 7 U3 IBYX aCCOIMMUPOBAHHBIX umcea HO/(a,b) = +d
HauOOIBIINM OOIIUM ACAUTENEM IPUHATO HAZLIBATD NOAONCUMEALHbI HANOOJBIINYA OOIIANA TeJNTENb.

IMoguepkuém, 4TO B 00wmeM ciaydae u3 ycaoBus HO/M(a,b) = 1 ne swimexaem, 4To a u b B3auMHO
npoctel. Hanpuwmep, B xombre Q[tq,t2] MHOrOWIEHOB ¢ panMOHATLHEIMU KOX(DMUIMEHTAME OT Iepe-
MEHHBIX t1, ty 301eMeHTH @ = t; u b = t9 TakoBel, 9T0 HO/A(t1,t2) = 1, ogHako t1 - x +t2 -y # 1 Hu
npn Kakux z,y € Q[z,y], T.e. OTHOWIEHEL 1 U ty He 63AUMHO NPOCMbL. DTOT XKe IPUMep IOKA3LIBAET,
YTO B IPOU3BOIBHOM KOAbLIe HOM(a, b) (1axke eciu OH CYIIECTBYET) BOBCE HE O0S3aH MPENCTABIATHCS
B BUIE ar + by.

Paccyxgerne u3 (n°7.3) u (n°7.4) dokaswisaiom cregymouee npeLIoKeHne:

7.7.1.TIPELJIO2KEHUE. B ko.JbIe neasrx 9ucen 7, Jooble qBa IUcIa a, b 061a1a0T HAuOOJBIIHM
o6y gesmreser’®, IpuaéM OH MOKET ObITh IPEJCTABICH B BUE HO/(a,b) = ax + by. Bzammnas
mpocroTa ducern a,b € 7 paBHOcHIbHA ycaoBuio HOJ(a,b) = 1. O

7.8. Pazjoxenne Ha HEIIPUBO JUMbIE MHOXUTEIN. DIEMEHT ¢ MPOU3BOJLHOTO KOMMYTATUBHOTO
KOMBIa K HA3LIBACTCA HENPUEOJUMbIM, €CIM OH He OOPATUM, U U3 PABEHCTBA, ¢ = MN BHITEKAET, ITO
OIUH U3 MHOXHUTEEn m, n ooparuM. Eciu saement ¢ € K menpusogum, To HOM(a,q) = 1 mis xo6oro
a € K, me mpensimerocs Ha ¢. HenpuBoquMbre DIeMeHTHI KOJIbIIA IENBIX YUCENT Z — 3TO MPOCTHIE MUCIA.
W3 npennoxenus (n°7.7.1) BurTekaeT, 9T0 J1060€ TPOCTOE GUCAO P B3BAUMHO TPOCTO € JOOBIM HEJbIM
YUCIAOM @, HE AeasmuMcsa Ha p. B dacTHOCTU, Mpom3BefeHre HECKOABKUX IEJIbIX YUCET NEeTUTCI Ha
MPOCTOE YUCIO P TOJBKO NPU YCJIOBUU, YTO XOTA Obl ONVH M3 MHOXWUTEJNEU IeJUTCA HA P, U €CAU
KaKOe-TO IIeJ0e FUCJO0 71 AeJUTCA HA KAXKJA0€ U3 11 PABIUIHBIX MPOCTBIX YUCET P1, P2, -, Pm, TO N
JCJNTCA 1 Ha UX IIPOM3BEACHUC. I/IB ITUX ABYX CBOﬁCTB BBITECKACT, 9TO PA3J02KECHHUE IIPOMU3BOJIBbHOI'O
IIEJIOT'O TUCJAA N B TPOU3BENEHNE MPOCTHIX MHOKUTEICH e0UHCMEEHHO ¢ TOTHOCTHIO M0 BEIOOPA 3HAKOB
y DTUX MHOXKUTEJNEH.

7.8.1.TIPEMJOYKEHUE. Kaxioe meaoe ducao n # +1 mpegcrapasgerca B BHUAe TPOU3BEICHUA
IPOCTBIX IUCET, IPUIEM JIOOBIE IBA TAKHX IPEICTABICHUA P1P2 - Pp = N = ¢1G2  * * Gy, COCTOAT H3
OJIMHAKOBOT'O YHUCIA COMHOXUTETCH k = M, ¥ 3TH COMHOXKATEIU MOXKHO MEPEHYMEPOBATE TaK, ITOOBI
p; = *q; 4714 BCEX i .

'wanommuM (M. n° 7.2) MTO KOMBIIO HABEIBACTCA UCAOCTIHbIM, ECTA B HOM HET JeIUTeNeH HyIs

231eCh MBI IOMB3yeMCa TeM, uTo B K HeT gemurenen my.s

3U eUHCTBEHEH C TOYHOCTBHIO A0 3HAKA; OGBITHO DTOT BHAK BHIGWPAIOT MOJOKUTETHHBIM ¥ HA3RIBAIOT HAUOOMBIITIM
OOIIUM AEIATENeM IEJBIX TUCET UX HAMYPaibHbiti HAMOOIBIINEA OGN JETUTeqh
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[okazaTenscteo. JoKazkeM BHAYAJE CYIIECTBOBAHNE PA3IOKeHNA. ECIm n IpocToe, TO JOKAa3EIBATh Hedero. Eeam
HeT, MPEJICTABUM €r0 B BUAE N = mimy ¢ |mql,|ms| < |n|. Ecin cpenm coMHOXUTENEN NMEIOTCA COCTABHEIE,
TAKXKe PA3IOKUM UX B IMPOU3BEICHUE MEHBIINX MO aOCOMOTHON BeIMYMHE COMHOXKHUTENeH U T. 1. IIoCKOTbKY
abCOMOTHAA BEINIMHA HETTPOCTHIX COMHOXKUTEICH BCE BpEeMA YMEHBIIAETCA, 3TOT IPOUECC KOTa-TO NOMKEH
3AKOHIUTHLCA W MEI IOXYIHM TpebyeMoe pasnoxkenue. [JokaxkeM Telephb eIMHCTBEHHOCTb. IIyCTb pipy -« - Py =
q1G2 - * - @m, TJ€ BCE COMHOXKUTEIN IPOCTHL. Kak MBI y»Ke TOBOPWIN, U3 HPOCTOTHI P; BEITEKAET, ITO XOTA OBI
OJWH 73 COMHOXKHUTEJIEH B HPaBOH YaCTH AEIWTCA Ha pi. LIycTb 31O ¢ = sp;. IIOCKOTBKY ¢ HEIPUBOIWM, S
obparum, T.€. ¢ = *+p; . BeiHoca py, moayaum py(ps - pr £ q2 - - ¢m) = 0, OTKyDa crenyeT 60jee KOPOTKOE
PABEHCTBO pap3 -~ Pk = (£¢2)q3 * gm U T. 1. U

7.9.1lone Fp, = Z/(p). 3 gamnnoro B (n°7.3) ommcannsa oOPaTUMBIX 31eMEHTOB KOJbIa Z/(n) Bb-
TEeKaeT, 9TO DTO KOJbIO ABAAETCA TOJEM TOTAa W TOJBKO TOT/a, KOTAA 1 = P ABIACTCA NPOCIbIM
yucaom. B camom gerne, ecmn n = mk cocraBrOe, HeHyIeBbIe KiaccH [m], [k] € Z/(n) 6yayT neinrens-
MU HYJIsI, YTO IPOTUBOPEYUT uxX oOpaTumoctu. Hanporus, ecau p npocroe uucao, HOA(m,p) = 1 gis
BCEX M He KPATHBIX P, & 3HAYUT, KAXKAbIM HeHyIeBou kiaacc [m] € Z/(p) obparum. OOpaTHBIU KIacc
[m]~! maxoauTca mpumeneruem atropurva Erxmuga x Fy = p u By = m.

Hone Z/(p), roe p mpocroe, mpuaaTo o6o3nax4ars Fp,. B noxe [, BEIDOIHAETCA 3aMedaTenbHOE
PABEHCTBO

1+14+ -+ +1=0.
P pa3

B pesyibrare V a,b € [, mmeer MmecTo ToxaecTsBo (a + b)P = aP + bP. B camom zxere, mpu pacKpbl-
T cko6oK B Gunome (a + b)P onnowiensr aFbP~F BosHMKaOT B BHAE CyMMBI BCEBO3MOMHBIX CJIOB,
cocrosmux u3 k OykB a u (p — k) OykB b, u mpuBemeHNE BCEX DTUX MOAOOHBIX CIATAEMBIX O3HAYAET
MPEICTABICHUE DTOU CYMMBI B BU/IE

PR (414 D).
————

1
Rk Pa3

IockoabKy ﬁik)! neaurcsa Ha p upu upoctoMm pu 1 < k < (p — 1) (ubo uucaurenss geauTcesa Ha P, a

3HaMEHATeIb — HeT), CyMMa B CKOOKax oOparmaercs B HyJdb mpu Bcex k # 0,p. 1o maér emé oqHO
JIOKa3aTeIbCTBO Matot meopembt Pepma (cm. n® 7.3.2):

= (AT AP =[PP AP =[] e+

[a].

7.9.1. [pnmep: KOHeuHble reomeTpuun. MHOIrME OHATHA U KOHCTPYKIUU U3 I€OMETPUN BEIIEeCTBEHHOU KOOP-
IMHATHOH mIoCKOCTH R? MM BelleCTBEHHOrO KOOPAMHATHOIO IPOCTPaHCTBA R? COXPAHAIOT CBOI CMBICT MOCTE
3aMEHBI IO/ BEIIECTBEHHBIX 4ucenl R npouseoqvhbim moiaeMm k. A mmenno, GygeM HA3BIBATH K00pIUHAMHOU
NAOCKOCMBI0 HAL TIOJNEM K MHOXKECTBO YHOPAJIOYEHHBIX AP HIeMEHTOB mos K :

K2k xk={(z,y)] 2,y €k} .

DJeMeHTH (Z,Y) DTOU INIOCKOCTH MBI OyAeM Ha3bBaTh moukamy. Hapsaay ¢ ToukaMu B reoMeTpuu paccMaTpu-
BAIOTCS 6EKMOPbL, TAKKE IIPEACTABISIONINE COO0I0 yIOPs 09 HHbIe Hapsl duceda (ag,as) € k x k. [Ipocrpancrso
BEKTOPOB yI06HO PACCMATPUBATL OTIETLHO OT MPOCTPAHCTBA TOYEK. BEKTOPHI MOXKHO CKAANBIBATH U YMHO-
XKATh Ha ducIa w3 noma k: ecam a = (aq,a2), b = (by,b2) u A € k, To mo onpegenenuo a + b = (a1 + a2, b1 + ba)
1 A a = (A\a1,Aaz) . B gacTHOCTH, BEKTODHL 06Pa3yIOT abeleBy I'PYIILy OTHOCATEILHO ONEPALMH CJAOXKECHUA.
dTa abereBa rpynna IeHCTBYeT Ha TOYETHOM MpocTpaHcTBe k? mpeo6pa3oBaHUAMIE CIBATA: KAKIOMY BEKTODPY
v = (v1,v2) OTBeYaeT cI8U2 HA BEKMOP U

(z,y)—(z+v1,y+v2) . ke

Ty '

(mpoBepbTE, YTO KOMIO3UIWA CABUTIOB OTBEYAET CJAOKEHUE BEKTOPOB, T. €. TyTy = Tytw). 1IPAMYIO Ha IIOCKO-
ctu k? MOXKHO ompeneauTs 60 KaK MHOKECTBO TOUeK (7,%), YIOBIETBOPIONNX KAKOMY-HUOY b TTHETHOMY
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ypaBHeHuIo ax + by = ¢, B KOTOPOM XOTs Obl OJMH U3 KO3(M(UIMEHTOB @, b OTIMYeH OT HyJd, Jub0 KakK Tpa-
€KTOPUIO JBUMKEHUA KAKOU-HUOY b TOYKA 29 = (Zg,Yo) C HEHYJEBOU MOCTOAHHOU CKOPOCTHIO v = (v1,Vs), T. €.
KaK MHOXECTBO TOYEK BUIA 2; = zg + tv = (xg + tvy,yo + tvs), Tae «Bpema» ¢ mpoberaet mose k.

Ynpaxuenue 7.9. YoeauTecsh, 9TO 3TU ABA ONPEIEJEHU SKBUBAJICHTHEL B TOM CMBICIE, ITO MPAMAsi, 33 JaHHAA
ypaBHeHueM ar + by = ¢ npencrapiseTr coO0U TPACKTOPUIO JI000U CBOEHM TOYKH, BBIITYIIEHHON CO CKOPO-
crio (—b,a), u HAOGOPOT, TPAEKTOPUsI TOIKHU (Tq, Yo), BHILYLIEHHOU CO CKOPOCTHIO ¥ = (U1, Us), 3a4a6TCs
YPaBHEHUEM VX — V1Y = V2L — V1Yo-

Ynpaxtenue 7.10. IIposepbTe, uT0 Ha mIockocTy k? HAJ JIOOBIM HOJAEM K BEIIOIHAIOTCA €BK/INIOBLI AKCHOMBI
VHIIeHTHOCTH]:
a) UMEITCs TPU TOYKY, HE JEXKAIIME HA OJHOU IIPSMOW;
6) gepes aO0bIE ABE TOYKY IPOXOAUT POBHO OAHA IIPMAS;
B) U€pe3 TOYUKY, HE JEeXKAIIYI HA JAHHOU MPAMOU, IPOXOIUT POBHO OHA MPAMAsA, HE NEPECEKAOMIAACA C
JAHHOMU.
TaxuM 06pa3oM, JT06Ee KOHGUIYPAIIMOHHBIE 33,144 MIKOJIBHON IIAHIMETPHI
MO2KHO PaCcCMAaTPUBATh Ha M0ObIM moteM. Hanpumep, Han konewnsiM noaeM [y, @ @ @ @
73 P JIEMEHTOB.

ILrockocts 2 nag monem Fy, cocront u3 p® Touex. Kax jas nexaman Ha Heir @ @ @ @

IpsAMasg COAEPXKUT B TOYHOCTU P M3 HUX, MOCKOJbKY TOUKU 2 + t1v u 2 + tav

pasauyHbl npu £ # ty. Tak kak depes a6y mapy pasindHbIX TOYEK TPOXOJAUT @ @ @ @ @
eIMHCTBEHHAA IPAMAsA, 9epe3 KaxkK Iy TOYKY IOCKOCTH MPOXOIAT POBHO (p? —

1)/(p—1) = p+ 1 npamex?, a Bcero ma miockocru F2 6yger (”22)/(’2’) =p(p+1) @ @ @ @
IPAMBIX®.

Ha puc. 701 msobpasxkenst Bce 25 Touek miockoctu Fz. Hawano xoopauHaT
MIOMEYEHO CUMBOJOM +, POPU3OHTAILHAA W BEPTUKAIbHAA KOODIUHATHBLIE OCU @ @ @ @
COCTOAT W3 TOYEK, MOMEIECHHBEIX CUMBOIaMu «0» M «0O» COOTBETCTBEHHO, TOY- Puc. Tol. Ilects
KU KaX[OU U3 MPOXOANIMX Yepe3 HAdaJ0 KOOPAMHAT HpIMbIX y = kx, rjae
k=0,1,...,5, Takxke TOMEICHEI COOTBETCTBRYOIIEN udpon k (BepTUKATLHAA
KOOpAuHaTHAA OCb & = ( 0TBeYaeT 3HAYeHUIO k = 00).

OOpaTuTe BHUMAHNE, YTO YETHIPE TOUKU «3», TAKKE KAK U IETHIPE TOUKA
«2», TOXE COCTABIAIOT OMHY MPAMYIO BMECTE C TOUYKOU «+».

IPOXOJAIUX I€Pe3 HATAIO
KOODIMHAT TIPAMBIX HA
miockoctu F2.

Ynpaxnenue 7.11. Hapucyure na miockoctu F2 konuku y = 2, 22 + y> = 1 u 2% + y* = —1.

YnpaxHenune 7.12. CKOIBKO IPAMBIX U INIOCKOCTEN UMEETCA B TPEXMEPHOM IPOCTPAHCTBE IF?, HA[I TIOJEM U3 P
DJIEMEHTOB, U CKOJIBKO U3 HUX IHPOXOIUT YepPe3 HAYATIO0 KOOPIUHAT?

7.10. Iloas gacTubix. Cnocod, koTopkiM noae Q monyuaeTcs us KOJAbIA Z, JOCIOBHO 0006IIAeTCs
Ha, IPOU3BOJILHOE IEeI0CTHOE KOAbo K. A umenso, ¢ K M0XHO cBa3aTh nofae () g 1 TOMOMOPQU3M

K < Qg (7-10)

o . ®
00 JAIOIINH CACAVIOUIIM C80UCMEOM YHUBEPCAADROCTU: I JI000ro Biaokenus K —— F B npous-

o ® ~
BoubHOE nosie F cymiecTByeT enuHcTBeHHOE Baoxkenue noaen Qp —— F, Takoe 910 ¢ = (ot :

K

Takum obpazom, nmore (Jx OyJeT HAMMEHBIIUM 110 BKJIYEHUI MOJEM, B KOTOPOE MOXHO BJIOXKWUTH
koublo K.

IT. €. OTHOCAIIUECA K B3aMMHOMY PACIOJOXEHUIO TOYEK W INPAMBIX W HE HCIIOJIb3YIOIIue HOHHTI/Iﬁ nu3 MeTpI/I‘IeCKOf/,I
reoMeTrpun, TAKNX KaK PACCTOAHWUA WIN BEJIUYINHBI YIVIOB

*mpu ¢ukcuposarroM z € F, umeercsa p® — 1 sammcent (z,w) c w # z, w € F
npamon ¢ mmeeTcs poBHO p — 1 cnocob 3ammcars €€ B Buge (z,w) c w # z, w € £
3Bcero mmeerca (p;) sammceit (z,w) ¢ z,w € F) m w # z, n xaxaas npamas ¢ posro (}) cmocobamu 3amuchBaeTcsa B
Buge (z,w) ¢ z,w ELmw # z

2

py I JUIA Ka)KIOU IPOXO/AILIEH Uepe3 2
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OTMeTuM, ITO STUM CBOMCTBOM IOJE () g OIMPEIeNAeTCa OTHO3HAMHO ¢ TOYHOCTLIO 10 €IUHCTBEH-
HOT'O M30MOpPPU3Ma MEPECTAHOBOYHOTO C 4, B TOM CMBICJE, ITO A JI0OOT0 APYTOro YHUBEPCAJTHEHOTO
/

romomopduama K ——» Q' MMeeTCA eIMHCTBEHHBIN m3oMopdusM ¢ : Qg = Q"% , Takom 4UTO
! = 1por. B camoM fieie, B Culy YHUBEPCATBHOCTU TOMOMOPMU3Ma, ¢, TOMOMOP(GU3M ¢/ eUHCTBEeHHBIM
00pas3oM IpeICTABAACTCA B BUAe i = 1oL, & B CAIy YHUBEPCAILHOCTH roMoMopdusma ¢, ToOMOMOp-
(UBM ¢ TOYHO TAK e eMHCTBEHHBIM O0Pa30M MPEACTABAACTCA B BUAC L = 1) ot/ , IPUUIEM KOMIIO3UAIMA
/o1 HOCTABIAET PA3IOKEHIE CAMOTO FOMOMOPGU3Ma L B Buie L = 1 othor. IIOCKOIBLKY 0THOBPEMEHHO
v = Idg, ot, M3 €IVHCTBEHHOCTN TAKOT'O MPEICTABICHUA BHITEKAeT, 4TO Y'ot) = Idg, . AHamormdHo
IPOBEPAETCA, ITO Pot)) = IdQ}{ . Taxum o6paszom, ¥ u ¢ ABAAIOTCA B3AaUMHO 0OPATHEIMI U30MOPdU3-
MaMU, 9YTO U YTBEPKIATOCH.

Yuusep caabHoe moJie () g Ha3BIBAETCA NOAEM YACMHbIE IeJ0CTHOrO Koablla K . /111 ero moctpoenus
pPacCMOTPUM MHOXKECTBO BCeX (pOPMATBHBIX Apoben a/b, B koroprix a,b € K u b # 0. 3agazum Ha
5TOM MHOXKECTBE OTHOWEHne skBuBateHTHOCTH (CM. (n° 1.4.3)), monaras

E ~ % <~ a1b2 — a2b1 =0. (7—11)
b1 be

DTO OTHOLIEHUE OYEBUIHO PedIeKCUBHO U cuMMeTpudHo. Eciu a1 /by ~ ag /by u ag /by ~ a3/bs, TO
YMHOXKas PABEHCTBO a1by — agby = 0 ma b3 u paBeHCTBO a2b3 — aszbo = 0 Ha b; u BbramTas BTOPOE
U3 [EepPBOrO, MBI MOIYYIUM PaBEHCTBO a1bs — azb; = 0, o3Hawatoumiee, uto a; /by ~ a3/bs. Tem cambim,
otHommenue (7-11) TPaH3UTUBHO, U CTAIO OBITH, MHOKECTBO BCEX APOGEN pa3OUBAETCA B OOHETMHEHNE
HEIEPECCKAIOMMXCA KIACCOB SKBUBAJCHTHOCTH. (OGO3HAMMM MHOXKECTBO KJIACCOB SKBUBAJICHTHOCTH
qepes () g U ONpeJeauM CIOKEHHE M yMHOXKEHUE KIACCOB CTAHIAPTHBIMY IPABAIAME

ar ay _atba+ahy a1 ax _ aiap
by by b1b2 by by biby

Ynpaxuenue 7.13. TIpoBepbTe, 9TO 5TU OMPEICTCHNA KOPPEKTHLI (HE 3aBUCAT OT BLIOOPA TIPENCTABATECH B
kaaccax: eciu a'b” —a’b' =0, ro (a'/V) - (¢/d) ~ (a” /") - (¢/d) u (a'JV) + (¢/d) ~ (a" JV") + (¢/d) mns
mo6on npobu (¢/d)) m 3agaroT HA (g CTPYKTYPY KOMMYTATUBHOI'O KOJABIA C €UHULEH.

[Tockompky mo6on snement a/b € Qx ¢ a # 0 obnagaer oOpaTHEIM d1eMeHTOM b/a, Komblo @k
ABIAETCA moseM. 3agaauM romomopdusm (7-10) mpasumom

a—a/l

Lo K Qx (7-12)

(a € K mepexogut B kaacc apobu a/1). On, oueBuaHO, HHBEKTUBEH. ECau MBI XOTUM IPOJOIKUTH

. @ @
menyaesou romomoppusm K —— F 1o romomopdusma Qg — F, TO Takoe Mpomo/KeHHe eIuH-
CTBEHHO, U060 00A43aHO 3a1aBATHCA IIPABIIOM

Pla/b) =@ (ab™") = @a) - ¢ (b7") = pla)p(b) ' € F.

YnpaxHenue 7.14. [IpoBepbTe, 9TO 5TO NPABWIO U B CAMOM [€JIe KOPPEKTHO OMPEIeaseT FrOMOMOPQU3M.

[pumenuTensro x xkonpily K = 7 5Ta KOHCTPYKIUA NpUBOAUT K moaio (Jz = Q, u ero yuwm-
BEPCATBHOCTD O3HAYAET B DTOM CIy4Yae, U9TO MOJe PAlUuOHAIBHBIX ducen Q equHCTBEeHHBIM 006paszoM
BKJIaIBIBaeTCA B J00oe mose [, cogepxaliee Z B KadeCTBe MOAKOILIIA. B 9acTHOCTH, OHO OCTaETCA
Ha MecTe mpn Jar60Mm aromopdusme F —— F rakoro nmossa. Tem cambiv, m1060u aBTOMOPGU3M TTOIEN
R u C ocrapaser mmore Q ma mecTe.

YnpaxHenue 7.15. IlokaxuTe, ITO He CymeCTBYeT HEHyIeBOro roMmoMopduama Q — F,.



88. Psaabl ¥ MHOTO4JIEHBI.

8.1. KousbIio ¢popManbHBIX cTeHeHHBIX PAg0B. [lycte K — npon3BosbHOE KOMMYTATUBHOE KOJIb-
110 ¢ equHUIEN. BeckonewHoe BLIpaXKeHne BUIA

flx)=ap+a1x+ax®>+---, rmea; € K,

HA3BIBAETCA POPMAAbHbIM CMENEHHbIM Padom OT TiepeMeHHOn = ¢ kod(pPunumentamu u3z K. [lepBbin
HEHYJIeBOU KO>(M(PUIMEHT @; HABLIBACTCA Maadwum kKoddduyuenmonm paga, a KO>PQUIUEHT ay —
c60600nbIM waenom. [IBa POPMATBHEIX CTCICHHBIX PALA

f(z) = ap + a1z + agx® + - --

5 (8-1)
g(x) = b + brx + box” + - -

paeskbl, ecau a; = b; misa Bcex 1. Pagbl, y KOTOPBIX BCe KOXPDUIMEHTEL KPOME (g HyJIEBBIE, HA3BLIBAIOTCS
KOHCTANTAMU.

Psan, B koTOpOM TOIBKO KOHEYHOE YMCA0 KO(PPUIMEHTOB (j OTIUTHO OT HYJIS, HA3LIBAETCI MH020-
yaenom. Ilocnegauy HeHyIeBOU KOd(MDMUIMEHT MHOTOWIEHS, HA3BIBAETCA €r0 CMapuwum KodpOuimeH-
ToMm. Homep cTapirero koagppuiimenTa Ha3bIBACTCA CMeENerblo MHOrOWwIeHa, f 1 0603HadIaeTCs deg( f )

MHOrOIeH CTeme n 7 OOBIMHO 3AMMCEBAIOT Kak f(x) = anz” + ap_12" '+ - +a1x +ag .
Cymma m npousBegenue psagoB (8-1) BBIUMMCAAETCA TO OOBIMHBIM MPABUIAM PACKPBITUA CKOOOK
U TIpPUBEIEHWA MONOOHBIX claraeMbix. A mmemno, cymma f(z) + g(z) = so + 512 + 5222 + -+ m
npomssenerne f(x)g(z) = po + p1x + p2x? + - -, IO ONpegeIeHNI0, UMEIOT NP T KOB(MUAIMCHTHE
m
Sm =Qm + by U pm = aghy, +a1bp_1+ - + am_1b1 + amby = Zaibm—i . (8-2)
i=0

YnpaxHenue 8.1. Yo6eaurecs, 4T0 GOPMAILHBEIE CTEIEHHBIE PsAABL 00Pa3yI0T KOMMYTATUBHOE KOJIBIO, HYJIEM
" €IUHUIIEN KOTOPOTO ABJAKTCA HyJeBasd U €eINHUYITHAA KOHCTAHTHI.

KoabI10 (pOpMATBHBEIX CTEMEHHBIX PAIOB OT IEPEMEHHOUN = ¢ KoadduumenTamu u3 K 0003HATAETCA

K[[z]]. Konbno K BraagbBaerca B K|[z]] B kadecTBe moaxoaba KOHCTaHT. MHOIOWIEHBI Takxe

obpazyior B K[[z]] mogkonbno. OHO HA3BIBAETCS KOALUOM MHO2OUAEH06 1 0DO3HAIaeTCs depes K|[z].

Ormerum, 910 MaAa MUl KO3OOUIMEHT NPOU3BEIEHUA PALOB PABEH NPOU3BEICHUIO MJIAIIINX KO-

s uimenToB comHoxKuUTEaen. [losTOMY, €cau B Koabie K HeT geinTenen HyJsd, TO UX He OyJeT U B

K{[[z]]. Jns MHOrO4YNEHOB cTapmmyl KO3(O(QUINEHT IPOM3BEJeHUI TakKe OyJeT pPaBeH IPOM3BEIeHIO

cTapummx Koa(OpMUINEHTOB COMHOKUTEICH, IO3TOMY B KOJAbIIE MHOMOWIEHOB HAJ IEIOCTHBIM KOJBIOM
K cnpaBemauBO paBEHCTBO

V f k€ K[z] deg(fg) = deg(f) + deg(g) - (8-3)

Konpuo ¢gopmanbubix creneHHsx psagos K[z, zo,...,Z,]] OT HECKOIBKUX HEPEMEHHBIX OIpee-
JACTCA TI0 MHAYKINN KAK KAK KOJbIO (POPMATBHBIX CTEIEHHBIX PAJIOB OT MEPEMEHHOU Ty, € KO3(Pdu-
mueHTaMu B Koable K[z, zo, ..., 2,—1]]:

K[[z1, 29, ..., 20]] 2 K[[z1,22, ..., 20-1]][[zn]] -

Psiner oT HECKOADKUX HEPEMEHHBLIX IPEICTABAIIOT COO0I0 (hOpMAIbHEIE OECKOHETHBIE CYMMEI BH,IA,

flzy, 29, .. x,) = Z Ay T TS TP

Vlyeensn 20

OTgenbHbIE CTATAEMBIE Ay, .y, T T2 + -+ L™ TAKOU CyMMBI HA3BIBAIOTCA 00HOUACHAMU, & TIPOU3BEJEHUS

V12 U
T Ty x

" monomami. CyMMa CTeIeHen V1 +vo+- - -+, Ha3LIBACTCA NOANOT CINENEHBIO MOHOMA.

o4
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8.2. O6paTumsie saemeHTHl KoJeny K[x] u K|[[z]]. B sTom pasgere Mbl mpegmosaraeMm, 4To B
koublle K Her genmrenen Hyasa. B oToMm caydae cormacHo gopmye (8-3) HUKaAKOU MHOTOYIEH TOMOKY-
TEJIBHOU CTEIEHNU He MOXKeT ObITh 0OpaTuM B K [z], & 06paTHBIM SJEMEHTOM K KOHCTAHTE MOXKET ObITh
TONBKO KOHCTAHTA. [[0dTOMY B KOMBIle MHOIOWIECHOB HAJ HEJOCTHHIM KOJABIIOM OOPATUMBIMU DIeMEH-
TaMU ABIAIOTCA 00paTUMble KOHCTAHTHL U TOIBKO OHU. Ecan K — mose, TO TAKOBBIMU SBJISIOTCS BCE
HEHYJIEBBIE KOHCTAHTHL.

B kosbue gpopManbHbIX creneHHbIx psagos K[[z]] meso o6cTouT COBEPIIEHHO MHAYE.

8.2.1. IPE/VIOZKEHUE. Pag f(z) = ag+a17+axz? + - - - € K|[[z]] o6paTum B xorsne K[[z]] Toraa
M TOJBKO TOIZA, KOTJa ero cBOOOAHBIM 4IeH ag obparuMm B K. B gacrHOCTH, MI060M MHOIOYIEH C
00paTHMBIM CBOOOHBIM IICHOM MOXHO oOparuTs B K[[x]].

Nlokazatenscteo. Ecu cymectsyeT pan f~!(z) = by + byw + box® + - - - € K[[x]], Takoit uto f(z)-f~'(z) =1, To
agbp = 1, T.e. ag € K o6parum. Hao6opoT, gonyctum, 9to ag € K obparum. [IpupasruBas k03¢ GUIneHTH 1pn
O/IMHAKOBBIX CTEMEHAX & B IPABOM U JeBol dacTu paBercTsa f(x) - f~!(x) = 1, Ml moyTaem Ha KO>hGUITIEHTHE
b; GECKOHEYHYIO CUCTEMY yPABHEHUN

a()b() =1
(Lobl + albo =0
a0b2 + a1b1 + (Lzbo =0

13 KOTOPOW OHM BCE ONHO3HAYHO OMPEIEIATCA MO PEKYppeHTHEIM dopmyaam by = 1/ap m nanee, nas Beex
k=1, b, =—(a1bg—1 + asbr—2 + - + arby)/ao. ]

8.2.2. [pumep: reomeTpuyeckas nporpeccus. HemocpeacreeHHas MpoBepKa MOKA3LIBAET, ITO OOPATHLIM BJie-
MEHTOM K JUHEUHOMY ABYyWIeHY 1 — 2 ABIsSETCS (POPMAIBHBIN P

1
1—2z

:1+x—|—m2+x3+--~22$k, (8-4)
k>0

KOTOPBIN HA3HIBAETCS 2eomempuueckoli npoepeccued.
YnpaxHenue 8.2. SIpHo BHIMUIIATE BCe KodbduimenTs patos a) 1/(1+z) 6) 1/(1+z™) &) 1/(1+z+2?)

8.3. Aure6pantieckie olnepanuyu Haj hopMajJbHBIMHI pAJaMH. By1eM Ha3BIBATH N-aphoti’ aa-

eebpavueckotli onepayuet HaM GOPMATHLHLIMY PAIAME JHO00€ TTPABIIO, COTIOCTABIIAIOINIEE HAOOPY PAIOB
f1, fo, .-, fn HOBBIU psan ¢, 3aBucAAN OT f1, fo,..., fn Tak, 9TO WA BBEIYUCIEHUA KAXKIOTO €r0 KO-
2 PpuImenTa [OCTATOYHO IPOIeJATh KOHEIHOE YNCIO ONEPAINN CIOKEHNs, BEMMATAHWA, YMHOKCHNIA
¥ JeJEeHWA HaJ KOHEIHBIM YMCJIOM KOI(MPMOUIMEHTOB 3TUX PAIOB.

Hanmpuwmep, cioxeHue 1 yMHOXKEHVE DSAIOB SBIAIOTCA OMHAPHLIMU ( IBYXMECTHBIME) aJreOpantde-
CKUMU OI€palUsMY, 33 aHHBIMKU Ha BCEM Kosble K|[[x]], a oTbickanue o6paTHOrO psija — yHAPHOU
(ozHOMECTHOU) ANreOpaMdecKon OIepaIel, 33 aHHON Ha MHOXKECTBE PSAIOB C OOPATUMBIM CBOOOI-
ueIM wieHoM. Hanporus, Borancrenne 3Havenve psaga f(x) € K[[z]] B kakou-mmbo Touke ¢ = a € K
He ABIAETCA aarebpandecKOn Omepalnen, eCIM TOALKO PAL f He MHOTCO'WIEH.

A BOT MOACTAHOBKA B MPOM3BOMBHBIN AL f(x) = ag + a1 + agx? + - - - € K|[[z]] B7MecTo 2 mo6oro
paga g(z) = b1z + bax? + -+ ¢ nyseevim c60600HbIM UACHOM SBIACTCA ANITeGPAMICCKON OTIepaIieH,
MOCKOJBKY B PE3YJbTATE TAKOU TOACTAHOBKY MOJYUIUTCA PAJL

Flg(@) = ay(biz + bz + ---)F € K[a]],
k>0

B KOTOPOM Ha KO3(PGUIMEHT Ipu """ OKA3bIBAIOT BAUAHUE HE GOJee 1M HAYAIBHBIX 1IEHOB KAXK 100 U3
[EPBLIX 171 CIAraeMBIX HAIMCAHHOM CYMMEI, X IIOTOMY STOT KOD(MQMUIUEHT BEIMUCIACTCS 38 KOHEUHOE
YUCJIO CIOXKEHUN U YMHOKEHUH.

luma n-mecmmot
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8.3.1. [1pumep: obpaLieHne MHOro4neHOB U pekyppeHTHble ypasHeHus. [lycre K = C. [loacrasiss B popMmy.ry
[JIST CEOMEeTPUIeCKon nporpeccun (8-4) BMecTo x ogHowieH ax ¢ a € C | MBI moayvdaem

1

_ 2,2, 33 _ k, k
m—1+ax+ax +a’zt + - —Zax . (8-5)

k>0

ITpu moMomu >Tou HOPMYJILI MOKHO HAXOAUTH PAIBI, OOPATHBIE K MHOTOWICHAM BHUIA

f@) =1+az+ax®+ -+ +a,z" = H(1 —a;x), (8-6)

i=1

rge Bce KOHCTaHThL @; € C nonapuo pasawanst. [Jus 5Toro Hano pasaoxuts 1/f(x) B cymMmy reomerpudeckux
TIPOT'PECCUN:
1 B B2 Bn

= —_— 8-7
(1-az)(1 — aez) - (1 — a,z) 1—a1m+1—a2w+ +1—anx (8-7)

Yro6wr HauTu KOHCTAHTHL ; € C, yMHOXUM JI€BYyIO U npaByo dacTu (8-7) Ha OOIIUY 3HAMEHATEb
n
1=> [la-a) -5
i=1 v#i

1 IIOICTABUM B 3TO PABEHCTBO & = a;l . Torga Bce craraembie, KpoMe 4-TOT'0, OOPATATCA B HYIb, ¥ MBI IOy IUM
1 nt

=1 e e = T —an)

v#i v#i

OcTagTesa pasiokuTh KaXKIYI MeOMEeTPUYECKYI0 MPOrPeccuio B mpason dactu (8-7) mo dopmyae (8-5) u cio-
XKUTb MOMydernble peayabratsr: 1/ f(z) =Y (Braf + foad + -+ + Bpak) - a*.

OTy TEXHUKY MOMKHO IIPUMEHATH /I OTBLICKAHUA «POPMYJEL k-TOrO WIEHa» IMOCJAE[0BATEALHOCTH 2),, 33, 1aH-
HOU AURETHBIM DEKYPPEHTNHBIM YDABHEHUEM TL-TNO20 NOPAIKG:

Zr+arzg_1+aszg_o+ - +anzp—n =0, (8-8)

rae Ko3pUIUEHTH ay,as, - - - ,a, € C — HeKOTOpble GUKCUPOBAHHBIE 3aJaHHLIE Yncia. HanaéMm, Kk mpumepy,
SIBHOE BRIpAXKeHue 4epes k misa wuces Pubbonauuy 2z, KOTOPHIE OMPEIENAITCI YCIOBUAMM

20=0, z1=1, zx=2z2¢r-1+2,2 1mpnu k=2,
U TeM CaMbIM, PEIIAOT JUHEHHOE PEKYyPPEHTHOE YPaBHEHIE BTOPOTO MOPAIKA,
Zp — Zk—1 — Rk—2 = 0.

3aMeTrM, YTO DTOMY XK€ YPABHEHUIO YIOBIETBOPAIOT mpu Bcex k > 2 m aoboMm BeIGOpe uumcen bg,b; € C
KO2(hOUIUEHTH (POPMAJBHOTO CTENEHHOI'O PALA

by + b1z

m220+21.’17+22$2+"' (8—9)

2

(ymEOXUM 06e qacTu Ha 1 — x — 22 u cpaBEUM KoadduuuenTe! npu ¢ nia k > 2).

Ynpaxtenue 8.3. [lokaxure, 94T0 mis a00bIX by, by, ..., b,—1 € C KO3)PUILEHTEI CTENEHHOrO PsIa

bo + bz + -+ by gz !
14+ a1z +aa® + -+ +ayah

2
=20+ z21x + 2227 + - -

YAOBJIETBOPAOT 1pu k > n 00LeMy PEeKypPPEeHTHOMY ypaBHeHHIO (8-8).

Cpasrenue B (8-9) xoaddunuertos npu ° u z' mpusoauT K cooTHOmEHUAM by = 2o U by = 2 — 2o, KOTOpEIE

MOKA3BIBAIOT, YTO Yucaa Pubbonadydn zg = 0, z; = 1 ABIAOTCA HAYATLHBIMU KOD(MPUIIMEHTAMET P,

x

z(x) =

1—g—22’
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noaygatomerocs u3 (8-9) npu by = 0, by = 1. Yr06bI ABHO HAUTH BCE OCTAIBHBIE KOD(DOUIMEHTHL DTOI0 PAA,
TMPEACTABUM €r0 B BULE CYMBI T€OMETPUYECKUX TTPOTPECCUN:

x x B+ B

l-2—22 (1-ar2)(l—a_zx) - 17a+m+lfoz_x’

(8-10)

rje 9ucIa 4, OyIydn KOPHAMHU KBaJpaTHOrO ypaHerua' t2 —t — 1 = 0, yIOBICTBOPAIOT COOTHOIICHIAM

ayo_=-1, ay+a_=1,

OpU TOMOINM KOTOPHIX, yMHOXKasa apobu B (8-10) Ha oOmUN 3HAMEHATEIb U MOACTABIAA T = (i, HAXOIUM
By =—p_=1/(ay —a_)=1/v/5. Takum obpasom,

> @ 1/ 11\ _yah-ad
Zp + 21X + 222" + _1:1:9c2_\/3(1a+9c 104_:1:)_%:4) N zv,
1 5)F — (1 —+/5)k
T.e. k-Toe 1ncio Pubbonaadn zk:( +\[) ( \[) .
2k/5

8.4. Iuddpepernmuanbruoe ucuauciaeHune. ECTh 1Ba Moaxona kK OMpeIesesnio TPOu3BOHON 0T (yHK-

/ o y
un R —— R, 10YTH 1OCIOBHO IPUMEHHMEIE IJId ONPEISICHNI YHAPHON G42e0pauyeckoli Omepaun
muddepermupobaans f +— f' GOPMATLHEIX CTENEHHBIX PAIOB ¢ KOD(MMUINEHTAME 6 NpPOU3EOALHOM
KOMMYTaTUBHOM KOJbIle K .

f o
CoryacHO aHAIMTHYIECKOMY ONpeaeaeHnio, npousBoaas f'(x) dynkmmm R —— R ecTb JunenHas
9aCThb MPUPAIICHUA PYHKIMKY f B TOYKE X, OIpeIeaieMasn u3 (popMyJIbl

fl@+0) = f(z) + f(x) - 0 +o(z,9)

B KoTopou dyukmua o(z,d8) = f(x + ) — f(x) — f'(z) - § mpu § — 0 gOMKHA CTPEMUTHCA K HYJIHO
OBICTpee, 9eM § (X TOIBKO TPU HATHYAY TAKOTO PA3JOKeHUA IPOU3BO THAA OmpeeneHa). PaceMoTpum
Tenepb NPOU3BOJIBHBIN CTETICHHOW PAJ

f(x) =ap + a1z + aga® + - -- € K[[z]] (8-11)

U, CIUTasA CUMBOJ § BTOpoU (pOPMAILHON mepeMenton, 3anumeM f(z +6) € K[[z,d]] B Buge popmans-
HOI'O CTELEHHOIO paAja OT § ¢ kodddunuenramu u3 K[[z]]:

k
fat8) =N ante + 8 =3 Y au()od = 3 fule) -7,

k _
rae  fm(x) = Z <m> apx®™ ™  naa seex m > 0
k>m
Pan fi(z) = a1+2asx+3azx>+ - -+ € k[[z]], croammit B paznoxenun (8-12) B kauecTBe KO OUITEHT?,

npu 8!, HaswIBaeTCA NPou36odHbLM padom mar npouzeodnoi oT paga (8-11) u o6o3ravaercs

def fi(z) = a1 + 2a9x + 3azx® + - = Z k-apz® L. (8-13)

k>1

f'(x)

1OTMem/IM7 9TO IpH’ aga, # 0 paBeHCTBA
n
" +ait" 4 tanat+an =] [(t—ai)
i=1
n
l+aw+ - +ap_12" ' +a,2" = H(l — ;)

i=1

PABHOCWIBHEI OAHO APYTOMY, T. K. IOIy9al0TCA APYT U3 APYTa 3aMeHoun £ = 1/t m noMHAXeHHeM Ha O6IIuI 3HAMEHATEb
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o g 1epKHéM, ITO IPOM3BOLHAA OT MHOTOWICHA, SBIAETCA MHOTOIEHOM CMPo20 Menbuseti cmenenu’,

YeM MCXOIHBIN. and?

CoracHo reoMeTPUIecKOMY OIPeNeNeHIIO, IPOU3BOI- ‘
Hasa ¢pyuknmm R I, R B TO4YKe  €CTh HAKJIOH KACATEIb-
Hou K rpaduky ¢qpyukmuu f B ToUke ¢ abcrmccon x. Ka-
CATENBHAA, B CBOIO OYEPEh, OMPEINACTCA KaK MPeIesa ce-
KYyIInX, IepeceKaomux rpaduk B TOUKaX ¢ abcuuccaMu g
u to, KOrjga 00e OHU CAMBAIOTCA B TOUKY % (CM. puc. 801).
T.x. HaKIOH cekymen paser (f(tz) — f(t1))/(t2 —t1), mpo-  ~_F=-t---r------
M3BOIHAA €CTh MPENEJ 3TOrO BEIDAXKEHUA npu L1, o — x (1
OIIpefesIeHa TOABKO KOr 4 DTOT HMpee CYIeCTBYeT).

[last IpOM3BOABLHOTO cTeneHHoro psaaa (8-11) crosmasn

- — — — — — — o — o — — —

- — — — — — — — —
- — — — — — — — —

B qucauTese GOpMyJIBl 1 HAKIOHA PA3HOCTD f(to) — f(t1) - : - X
ABJseTCs daeMeHToM Koabua K[t1,12]] u nayeso deaumca ! 2
B DTOM KOMBIIE HA t9 — t1, TOCKOIBKY Puc. 801. KacarenbHas n cexyImas.

tg — t? _ n—1 n—2 n—342 n—2 n—1

2 Lo e T it

to — 11
7 cTaJjao OLITh

to) — (¢ _ _ _ _ _
Slt2) = J(t1) =) (Bt P+ i 4+ it R ) (8-14)

ta — 11
k21 k caaraeMbIx

B sToT pag MoxHO nodcmasumy t| = ty = T, B pe3yJbTaTe 4ero MOAYyUUTCA B TOYHOCTH psafg (8-13).
TeM caMbIM, «(FeOMETPUIECKOe» OMPeNeJeHne MTPOU3BOIHON CONIACYeTCA ¢ «anamnTuIeckumy. Orobpa-
JKEHHEe, COMOCTABIAIONICE CTEIICHHOMY DAY €ro IPOU3BOAHYIO, HA3EIBACTCA duddepenyuposanuem no

nepemennot r n 0603HaAETCA
0 ff
- K[[z]] ———

et Klz]] . (8-15)

8.4.1.JIEMMA. /g mo6oro a € K u mobsrx f,g € K|[[z]] cupaBegiuBbr paBeHcTBA

(@) =0, (af) =a-f, (f+9)'=f+4d, (fo)=f-9+f-9g. (8-16)

Kpowme Toro, ecan pag g He umeeT cBOOOIHOIO WIEHA, TO
(flg(@) =g'(x) - f(g(x)) (8-17)

a ecan pax f obparmm, To (1/f) = —f'/f2.
[okazatenscteo. Ilepsrie Tpu pasencrsa B (8-16) BerTekaioT npsmMo u3s onpegeneHunt u popmyst (8-13). HYersép-
Toe parencTro? B (8-16) m mpasmio auddepermupoBanna KoMmo3utmy (8-17) CIeAYIOT M3 «(AHATATUIECKOT O)
OIpeIe/IeHUs MPOU3BOAHON: 3anuckiBasi B K[z, d]]

fx+06) = f(x)+ 8- f(z) + (wrensr, gersumecs na §°)
gz +6) = g(x) + 6 - ¢’ (x) + (wrensr, genaumecs ua 6°)

MBI BHUM, YTO C TOYHOCTHIO IO MOHOMOB, JE/IAIMXCA HA 02,
flx+8)g(x+0) = f(x)g(x) + - (f(x)g(x) + f(x)g'(x)) + (wnennt, genammecs Ha 62),
orkyna (fg) = f' - g+ f-¢'. Amanoruuso 11 CTOKHON QYHKIIUA UMEEM

fg(z+0)) = f(g(z) + 8- g'(z) + (wrenwt, geramuecs ua §2)) .

Lem. mpegympexnenme (n° 8.4.2) mmxe
2ero 0OBIYHO HABLIBAIOT NPaéusom Jletbnuya
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O6o3Ha4as psjg, KOTOPLIU npubaBasiercs K ¢(x) B aprymente f, depes
e(z,8) = 8- ¢'(z) + (wrenwr, nensmuecs ma §2)
HOJIyIaeM
flo(@ +0)) = f(g(x) +e(.0)) =
= f(g(z)) +(x,6) - f'(g(x)) + (wnennt, gensmumecs uHa £(z,8)?) =
= F(g(2)) + 6+ ¢'(2) - f'(g(x)) + (wrermss, gesmmmecs ma 5°) ,

9TO m yTBepxkaaerca. Haxomen, gopmyra maa (1/f) momydaerca B3aTHEM TPOM3BOHOM OT OGEMX YaCTEU

paseHcTBa f - f~1 = 1. O
. 1 1 1
YnpaxHenue 8.4. Hangure Bce K03(pPUIMEHTHI CTEIEHHBIX PsI0B 5 T s Ty B
(1-2z)2" 1—2x) (1—xz)m
HANUIMUTE ABHYI GOPMYIY I k-TOTO WIEHA MOCAENOBATEILHOCTH O, 33 JaHHON PEKYPPEHTHBIM COOTHO-

menuneM: a9 = 1, a1 = —1 mwayp = 2a,_1 —ap_o upu k > 2.
0 ) k k k

8.4.2.IIpegocrepexenue: f' = 0 % f = const ! [luddepeniupopanne ABaseTCA aIrebpandecKon
omepanuen, oNpeaeséHHon A T000ro Koabia Koadduimentos K. [Ipu padoTe B Takou oOITHOCTH
HEOOXOMUMO UMETh B BUIY, 9TO KO3(PUIMEHT &, TOABIAIOMMUACA B paBeHcTBe (8-13) mpu auddepen-
IUPOBAHUN KaxX IOT'0 MOHOMA,

(arz®) =k - apatt,

Y BOBHUKAIONWU TIPU TIOACTAHOBKE t1 = fo = & B mpaBylo 4acTh dopmyawr (8-14), nmpeacrasuiger
co6010 cymmy n edunuy koavya K. IlosTomy, eciu B konbue K cyMMa n eQUHUIL paBHA HYIO (Kak
DTO IPOUCXOAUT, HANPUMED, B Koublie BhrueToB K = Z/(n)), TO npousBogHas J060r0 OAHOWIEHA,
CTeNneHb KOTOPOro AeJUTCA Ha 1, OyAeT HYJIeBOM:

1+41+---4+1=0 = (xmn)/:o VmeN .
—

n eIVHUI]

Hanpuwmep, nenymreson muorodnen z¥ — 1 € Fplz] mag norem F, = Z/(p) umeer no sronn mpudansHe
TOX IECTBEHHO HYJEBYIO ITPOU3BOIHYIO.
Ynpaxtetnue 8.5. Ilokaxure, uro nias muorowieHa f € Fp[z] paBencrso f/'(x) = 0 paBHOCHIBHO TOMY, ITO
f(z) = g(aP) mna mekoroporo g € Fp[z].
B masbmenmeM MBI €II¢ BePHEMCA K DTOMY ABJICHUIO, OJHAKO MOKA, O KOHIA DTOro maparpada, eciIn
CIIENMAIBHO HE OT'OBAPUBAECTCA IPOTUBHOE, MBI OyIeM MPEANOIAraTh, ITO KOAbIO KOahpuumeHnTon K
VAOBIETBOPAET CACAYIONEMY YCIOBUIO:

K codepacum 6 Kauecmee nodkoavua nose payuonasbubis wuces Q (8-18)

B sTom cayuae cymma a060ro uncaa egwHUlr obpatuMa, u auddepeHnnaTbHOe NCIUCTeHne (POPMaTb-
HBIX PAAOB W MHOTOWIEHOB ¢ Koa(gduiimeHTamMu m3 K CTAHOBUTCA TOXOXKe Ha IudPepeHInaIbHOe
ucYIncaeHne raaakux QyHKIUA B aHaause. B wacTHOCTH yCIoBmE f’ = 0 paBHOCWIBHO TOMY, 4YTO
f = const. Kpome Toro, umeer mecTo

8.4.3. IPEJIO2KEHUE (POPMYJIA TOUJIOPA). IIpu semoanenun ycaopusa (8-18) aaa mro6oro
pazga f(x) € K|[z]] B koapne K[|z, d]] cupaBexmnBo paBeHCTBO

Fatd) =3 T f ) o

m =0

rge fM(z) = (%)m f(x) ects m-ras npouspoguasz or f .
[Ookaszatenscteo. IIpu ycaosunu (8-18) xosdduuuents f,,(x) B npason gactu ¢popmyrast (8-12), maromen pasao-
xenue paga f(z + 0) no crenenam J, nepenuckBaioTca coracHo (8-12) B Buge

INCEDY (Z)akx’“m = SR D) m Dt = )

k>m k>m .
M COMHOXUTeIeN
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4T0 U Tpebyercs. O

8.4.4.IlepBoo6paznubii psag. N3 GopMyssr s npoussogHon (8-13) BEITEKaeT, 9TO NPU BLIIOJHE-
mun yeaopus (8-18) mia moboro paga f(x) = ag+ai1x+agr? +- - € K[[7]] cymecTByeT e1uHCTBeHHbIH

pan 6e3 cBOOOIHOTO “LIEH3,
def k-1
F(x) = z)dr = T 819
@ = [ 1@ > (8-19)

rakon ato F'(x) = f(x). On HasbBaeTCca nepsoobpasnvim padom wim nepeoobpasnot or f.

8.5.9kcnonenTa u gorapudm. [lia1 npousBoabHOro koabia K, yaosieTsopsomero (8-18), obo-

BHAYUM 4Yepes
def def

N(K) = z- Kl[z]] n U(K) = 14z K[[z]] (8-20)
MHOXKECTBA, PALOB C HYJEBBIM U C €IMHAIHBIM CBOOOTHBIM WIEHOM COOTBETCTBEHHO. OTMETHM, 4TO
N (K) sBasercs abeJeBou rPyIon OTHOCHTEIBHO ONEPALNY CJAOKeHUs pAnoB, a % (K) — abereson
CPYIION OTHOCUTEILHO YMHOKEHNA. POPMATLHLIN CTENeHHON DI

k

1 1
oo def Z%:1+m+§w2+6m3+...e@(@) (8-21)
k>0

HA3BIBAETCA aKcnonenmoti. OH 3aMedaTeleH TeM, ITO COBIAIaeT CO CBOel mpoussogHom: (e¥) = ¥
YnpaxHenue 8.6. Yoequrecs B TOM, 4TO € — 510 eduncmeenubiii psag us % (Q), obragaromun TakuM CBOU-
CTBOM.
[Moacrasuss B e¥ BMecTo x 0601 pag 7(x) 6e3 cBOGOAHOrO WICHA, MBI HOIYy4aeM DI e™(@) ¢o cBo-
OGOJHBIM WIEHOM 1, KOTOPHIN HA3LIBAETCA dKkcnonenmot psana 7(z). IlepBooOpasHbIN psAg OT reome-
TPUIECKOU PO PECCUU

d Z —1)k-1 1 1
In(1 + x) déf/lfx: (lzxk:x—2x2+3x3—--~e/(c@) (8-22)
k>1

HaswIBaeTCA aoeapudmonm. s moboro paga u(z) € % (K), pag u(X)—1, y KoToporo et ¢cBoOOTHOTO
YIEHA, MOXKHO TOACTAaBUTH BMecTO % B pag In(1l + z). Tlonyaurca pag 6e3 ceoboanoro wiena In u(x) ,
HA3BIBAEMBIN o2apudmom paga u(z). Takum 06pa3zoM, DKCIOHEHUIUPOBAHUE U JOTAPI(PMUDPOBAHUIE
ABIAOTCA aAreOpanvdecKuMy ONePanrAMEU, NePeBofAmmME abeneBrl rpynnst (8-20) apyr B apyra:

T—eT

exp : N (K)

(8-23)
N (K)

uw—Inwu

YnpaxHenue 8.7. Brisequre u3 dpopmyant (8-17) maa npoussoauon oT komnozunuu, 9to V u € % (K) BeImoa-
HseTca ToxaecTBO (Inw) = u'/u (3T0T pax HasBIBaeTCA Mo2apufmuueckol nPouzsodrot OT u).

8.5.1. TEOPEMA. Oto6paxenns (8-23) ABIAIOTCA B3AUMHO 0OPATHBIMH H30MOPQU3IMAaMU TDYIIII,
T. €. JuIA JEOOBIX PALOB U, ui,uz € % (K), 7,171,720 € A (K) BBIIOJIHAIOTCA TOXICCTBA:

Ine” =7, €™ =wu, In(uu)=In(u) +In(uy), e+ =¢e™,

[oxazatenscteo. [las pagos 11,72 € A (K) paBeHCTBa Ty = To U T{ = T4 PABHOCWIBHLI APYT Apyry. [losTomy
pagst In(e*) u z, gexamue B A4 (Q) u uMeomue TOXIECTBEHHO PABHBIE €IUHULE IPOU3BOLHBIE, COBIALAIOT.
Hoacrasnan B paBeHcTBO ln(e”) = & BMECTO X MPOU3BOJBHEIE PAALI 6€3 CBOGOMHOIO WIEHA, HOAyIaeM VT €
N (K) paBercTBo Ine” = 1. s pAIOB uy, uy € % (K) COOTHOIMIEHUS U = Uy U 4] = u) TAKKE PABHOCWILHBI
apyr apyry. Ilostomy psagsr 6e3 cBobogHoro wieHa In(ujuz) u lnwug + lnus, Takke mMerIue OJUHAKOBLIE
MIPOU3BO THEIE:

/ / / / /
U1 Us U U + ULU U Us

(In(uiuz)) = (1u2) =227 12— (lnwy) + (Inup) = (Inuy +Inu,) |
U1Us U1Us (75} U2
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log
TOXe COBmAAArT. TeM caMbiM, Jorapudmupoanue % (K) — A (K) saBigeTcsa roMoOMOpPGU3MOM MYyJIbTHU-

IIMKATUBHOU TPYIIEL B a4AWTHBHYI0 M OOGPATHO CIEBA K SKCIOHEHUMPOBAHUIO, W3 I€rO CIELYeT, ITO OHO
CIopbeKTuBHO. IloKaxem, 9T0 OHO MHBEKTUBHO. [[1 3TOr0 NpOBEpUM, ITO CJAEAYIOWMEe TPU PABEHCTBA HA PALEL
U1, Uz € % (K) NONapHO SKBUBAICHTHEL:

up =uy <= In(u;) =ln(uz) <= (Inw) = (lnuy) (8-24)

006e MIIMKAIUK «=» TPUBUAILHLI, I JOCTATOYHO BEIBECTH IEPBOE PABEHCTBO U3 TPETHEr0, KOTOPOE COIVIACHO
ynp. 8.7 MoxHO nepenucaTh B Buge uy(z) - us(z) = uh(z) - ui(x). Hogcrasasa uy = ag + ay @ + azx® + -+ u
2
Uy = by +b1x+box” + -+ u cpaBHUBaAA KOIDDUIIMEHTH IPU OAMHAKOBBIX CTENEHAX & TOIYIAeM COOTHOIIEHUS
aj - 1=1- bl
2&2 + a1b1 = a1b1 + 2b2

k-1 k-1
k-ap + Z m - Ambr—m—1 = Z(k—m) “Qp1bp—m + k- by
m=1 m=1

73 KOTOPBIX MOCTIEIOBATEIPHO BEITEKAIOT HYXKHBIE DABEHCTBA G = bj. Takum o6pasowm, jorapudpMupoBanue

ABAACTCA M3OMOP(GUIMOM TPYII, & SKCIOHEHIMPOBAHNE — OOPATHBIM K HEMY M30MOP(GI3IMOM. O
YnpaxHenne 8.8. lloxaxute, uto Vu€% (K) In(1/u) = —u, a Takxke mpoBepbTe paBEHCTBA €™ 172 = e
n e =y, cpaBHUB JorapudMIIecKne IPOU3BOIHEE OT 00ENX UaCTeH.

8.6. CTereHn ¢ MPOM3BOJIbHLIM MoKazaTeaeM. B mpegnonoxennn, 4To koablio K ob61azaeT CBOM-
ctBoM (8-18) co crp. 59 paceMmoTpum mis awdoro a € K psag

(1+2)* ¥ ealn(+2) c (k) .

Ou maswBaeTcsa 6unomom ¢ noxazamesem «. llogcraBnaa B GMHOM BMECTO I NPOU3BOJBHBIE DSIBL
7(x) = u(x) — 1 6e3 cBOGOAHOrO WIE€HA, MBI MOLYIAEM HA CPYIIE PATOB C EIUHUIHBIM CBOOOTHBIM
WIEHOM AIre0pamIecKyo OMEPAIII0 6036€0eHUA 6 (-YI0 CTNENEHD

U— U =e Inu

U (K) - U (K) ,

06J18,JAIOIIYI0 MHTYUTUBHO OXKHUIAEMBIMA CBOUCTBAMY BO3BEACHNUA B CTEICHD: JJIA JIOOBIX PAIOB U, U €
U (K) n aucen «, f € K OyayT BBIIOJHEHLI PABEHCTBA,

u® - uP = u P (W) =u? ) () = u” . (8-25)

YnpaxxHenue 8.9. [okaxure 5T0.

I T06bI OTHICKATH ABHEIC 3HAMEHNA KoadhduruenTon 6unoma (1+z)% = ag+a1z+asx?+- -+, Bo3pMEM
OT HEro JOrapu@MUIECKYIO IPOU3BOIHYIO:
/
(14 2))
(1+x)e

= (lnealn(lﬂ”)), = (aln(1 —l—x)), 11z

Monyuaem coornomenue ((14 2)%)" - (1+2z) = a - (1 + ). Cpapzenne xoabdumuenTor mpu ¢! B
NPaBON U JEBOU YacTu AaéT paseHcTsa kay + (k — 1)ag_1 = aag_1 , W3 KOTOPBIX
ala—1)---(a—k+1)

k!

ap = akk_l(a—k—i-l):

(mamomHMM, 4TO ap = 1, nockoasky (1 + z)* € % (Q)). Kax u B popmyne (1-7) Ha cTp. 6 oTH 4ncra
HA3BIBAIOTCSA OUHOMUGALHbIMYU KOIPPuyuenmany, 1 0003HATAIOTCA

(Z) def a(a—l)--l;:!(a—k—i-l) c K
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(B 4ucauTeNe ¥ B 3HAMEHATENE CTOUT [0 Kk MOCIeJOBATENIBHO YMEHBIIAIOIINXCSA HA €AUHUILY MHOXKUATE-
Jen, ogHako npu « ¢ N qucaurens 6yJeT OTIUYeH OT HyJIS Mpu Beex k).

8.6.1. CJIEACTBUE (®OPMYJIA HBIOTOHA). /s aro60ro koMMy TaTuBHOIO KoJabna K, yaoBie-

rBOpstomero ycaosuio (8-18) co cTp. 59 B koabne K[[x]], npu Bcex o € K cnpaBeiImBo TOXAECTBO

(a—1) ala—1)(a—2)
5 z? + 6 z® +

(1+:1:)a:z i o =1+az+ 2
v>0

0

8.6.2. Mpumep: meToa npouseoaswmx dyHkumii. Crenennonn pan f(z) = ag + a1x + axz® + -+ € K[[z]]
MHOT 13 HA3BIBAIOT Npou3eodauet Pynrxyuet N1 MOCIESOBATEIBLHOCTHI DIEMEHTOB dg, G1, A2, + -+ € K. B cury-
anuu, KOrja CBOUCTBA MOCIENOBATEIBHOCTH (@,) BBIPAKAIOTCA ajarebpamdecKuMu uiu AudepeHnnaibHbIMEI
ypaBrHeHusmu Ha f(t), ucuuciaenre GpOPMAIBHBIX CTENEHHBIX PAJOB OKA3BIBAETCS ONHUM U3 Hambomxee ddpdex-
TUBHLIX METOJOB U3YUEHUA MOCICIOBATEILHOCTHU. [IpOMLIIOCTPUPYEM DTO, HAUAA ABHYIO GOPMYIY IIA UUCEA
Kamanaana, KOTOpBIE OIPEIEIAIOTCA CIEIYIONIIM 00PA30OM.

IlycTe mpu BBEIMUCIEHUU CYMMBI (n + 1) qucen ag + a; + as + -+ + G, B KQXKIBIM MOMEHT BPEMEHHU pas-
pelaeTcsa geaaTh He Ooee OTHOrO caoXkeHus. Torga Takoe BHEIYUCIEHUE PA300BETCA HA N MOCIEIOBATEIBHBIX
IIAr0OB, HA KaXKJOM KOTOPHIX OyAeT BEMUCAATHCA 3HAUYEHNEe HEKOTOPOI'0 KOHKPETHOI'O CJIOXKEHUsA, B PE3YIbTATE
9ero BCe 3HAKU «+» OKaXyTCsA 3aHYMEPOBAHHBIMU B COOTBETCTBUAM C TEM, B KAKOM IIODSAIKE OHU BBIIOJHAIOTCA.
KonnvecTBo BCeX BOBHUKAKIIUX TAKAM CIIOCOO0M HyMepanui (Win nHade, KOAMIECTBO NOIYCTUMBIX PACCTAHO-
BOK 1 + 1 map ckOGOK B HAIEW CyMMe) HA3LIBAETCA N-bIM wucaom Kamaaana c,. Hampumep, ¢ = 1, ¢ = 2,
C3 :5, 04214,

YT06bl SABHO BLIPA3UTL C, 9Y€Pe3 7 MOJOKUM Cp = 1 M PACCMOTPUM NIPOU3BOLSALIYIO DYHKUMIO c(T) =
> k>0 cpx® . TlocKOIBKY 9HCI0 TAKIX PACCTAHOBOK CKOOGOK, IPH KOTOPEIX IIOCIEIHAM BEIIOIHACTCA i-THIH CIeBa
3HAK «+» PABHO C;j_1Cn_;—1, N-TOe unciao Kararana ¢, yIOBIeTBOpAET PEKYPPEHTHOMY COOTHOIIEHUIO

Cp = CpCp—1 +C1Cp—2+ *++ + Cp—2€C1 + Cr—1Co -

ITo cooTHOmenue o3HaTaeT, 9To ¢(r) — 1 = zc(x)? (mammcamnas Boime hbopMyTa CpaBHUBAET KOD(DDUITCHTLI
npu z" B JeBOH u mpaBoi yacTtu). B neroctroM xonsue Q[[z]] xBagpaTHoe ypasrenue xt? —t — 1 = 0 umeer Ba

1+y1—4 —1)kt 1 1
peleHus Tx ,rae V1 —4x = (1—4w)1/2 = Z (k—') -4’“-5- <2 — 1) (2 —k+ 1) -z¥ . Mockonbky
k>0

co = 1, uckomas Hamu QyHKIMA ¢(T) MOTYyUUTCs IPU BLIOOPE mepes pagukanoM 3Haka «+». [loryaaem

= X GO L (L) (S k) -

k=0

1

k
:2216_1.1-(2-1—1)-(4-1—1) ----- Q-1 —1) 5

|
k>1 k!
2k — 2)! 2K\ zF
:Zk(:'(k—l))' =) (k)k:+1
k=1 ’ k>0
1 2n
Urax, ¢, = 1 . OTMeTuM, 9TO ¢ TEPBOrO B3MIALA TAXKE HE BIOJIHE MOHATHO, MOYEMY DTO UHUCIO

n n

ABJIAECTCA TEIBIM.

!pu mepexoge 0T mEPBOM CTPOKM KO BTOPOM Mbl yMHOXKILIN KAaKIbIH M3 k MHOXHTEIH B WmCIATeIe APOGH Ha 2,
ormenus >tu k gsoek u3 4", u cvenmim 3max mocaegumx (k — 1) MHOXUTENAX; IPK IEPEXOAE OT BTOPOH CTPOUKE K
TpeThel — JOMHOXIIN U YMCINTEIb U 3HaMeHarens Ha (k — 1)!, uTo BmecTe ¢ 28! gomommser umcamrens 10 morHOrO
daxTopuana
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Bcerogy B aToM maparpade Mul 0603HadaeM depe3 K Tpou3BOILHOE KOMMYTATUBHOE KOJIBIO C €TUHU-
med, a 1epes k — mpous3BoIbHOE TOJE.

9.1. BoryucieHue 3HaYeHUus MHOrowieHa B Toduke. Jliobon muorowreH f(z) = ag + a1z + -+ - +
apz" € K[x] MOXHO stiuucaums B a060u Touke o € K, moncrasus B f BMecTO & 3HadYeHwWe & = . B
pe3yIbTaTe BOBHUKACT 20MOMOPPHUIM 6bIUUCACHUA

ev, def
eve : K] — K, f[fr— fla) =a+aa+ - +aa” €K. (9-1)
OTMeTuM, ITO MOML3YACH AUCTPUOYTUBHOCTHIO, f(Q) MOXKHO BBLIYMCIUTD 33 21 ONEpPAUH CIOXKEeHUA
" YMHOXEHUsA, HE TOACIUTHIBAsSI BCE CTEIICHU O(k IOo-0OTAC/IBbHOCTH!

flay=ap+a- <a1+a- (a2+ +a'(an—2+a-(an_l—l—a-an))---)) . (9-2)

9.2. lenenune c ocrarkoM. Muorourens: f € K|[x] co crapmmmM ko>ppuuueHToM e1uHnAIA HA3bIBA-
IOTCSA NPUGEIENNBIMY WIH YHUMAPHBIMY.

9.2.1.IIPEAJIOYKEHUE. [aa aro6oro MaHOrodieHa f u JM060ro yHATAPHOIO MHOTOWICHA U HAL
IIPOU3BOJIGHBIM KOIBIOM K ¢ equHHIICH CyIIecTBYIOT wenoawoe wacmuoe q € Klx] m ocmamox r €
K|[x], Trakne 4T0:

fl®)=u(z) q(z) +r(x) um deg(r) <deg(u) mm r=0. (9-3)

Ecan konpno K neaoctHoe, TO Takue q U T €AUHCTBEHHBI (414 JAHHOIO f).
[OokasaTenscteo. CymecTBOBAHME YyCTAHABINBACTCA P MOMOIIMA CTAHJAPTHOTO «IEJEHUA YTCOMKOM»: MOJIAraeM
ro = f, go = 0 u gamee gusa xaxgoro k = 1,2, ... 1o tex nop, noka deg(rg—;1) > deg(u) cTpoum MHOrOYIEHBI

rr—1)—deg(u)

ar(z) = (cTapmmit kospdumment ry,_, ) - 298 Ty =Tr_1— qrU,

CTEemeHb KOTOPBIX C KaXIBIM IIArOM CTPOr0 yMeHbIIaeTcsa. Korga Ha KaKOM-TO (-TOM ILIare MbI IIOJLY<IUM
deg(ry) < deg(u), paBencTro (9-3) GyneT BEIIOMHATHCA LA T =Ty U q = ¢1 +q2+ -+ - +¢q¢ . Ecau p u s — gpyras
napa MHOrOWIEHOB, Takux 410 deg(s) < deg(u) u f = up+s, 1o u3 ug+r = up+s BelTeKaer, 4To u(q—p) = r—s=.
Ecau 8 K met neaurenen uyas, npu p # q 6yaem umets deg(u(qg—p)) = deg(u)+deg(¢—p) > deg(u) > deg(r—s),
9TO IPOTUBOPEIUT paBeHCTBY u(q — p) =1 — s. Caenosarensro, p — ¢ = 0, a sHaunT, ur — s = 0. O

9.2.2. CIENCTBUE. /lig m06bIX MHOTOWIEHOB f, g ¢ KOS(PUIUEHTAMA B IPOU3BOILHOM moJe K
CyIIeCTBYeT eJMHCTBEHHAs Hapa MHOro4aeHoB q,r € Kk[z], rakux 4ro B konbue k[x] Beimoansercs
paBercTBO f = g-q+ r u deg(r) < deg(g) mmr =0.

[oxaszaTenscTeo. 3amUCHIBAA g B BUJAE g = a - U, TAe a € k — crapmui ko> PUIUeHT MHOTOWIEHA ¢, a u € K[z]
YHATAPEH, Mbl BUAUM, 9TO TpeOyeMoe IpeicTaBienue f = ¢-q+ 1 paBHOCWIBLHO npeacTasaenuio f = u-(aq)+r
Buzga (9-3). O

9.2.3. [Npumep: 3HaueHune B Touke Kak ocTaToK. OCTATOK OT AETCHUS MHOT OWIEHA
-1
@) =apx™ + ap_12" + - + a1z + ag

HA JUHEMHBIA ABy4IeH u(T) = & — @ — DTO KOHCTAHTA, paBHas 3HadeHuio f(a) MHOrowieHa f B TOYKE &, B
96M Jerko ybenuThesa, BEMuUCauB o0e dactu paseHcTBa f(2) = (2 — «) - ¢(z) + r npm z = «. Hoyuurensno,
OMHAKO, YBALETH 3TO HEMOCPEACTBEHHO, YeCTHO BEIYUCIAA OCTATOK MTPU TIOMOIIN OMACAHHOTO BHIIIE ATTOPATMA,
IEJEHUSA U CPABHUBAA DTO BLIYUCICHUE C BEIYUCICHUEM 3HAYeHus 1o ¢opmyae (9-2) co crpanunst 63:

r(z) = (ap—1 + aa,) " 4 ap_ox™ 2+ - +arx+ ao
ro(x) = (an,g + alanp—1 + cmn)).al:"*2 +an_32" P+ o +aiz+ag
ra(x) = (an_3 + afan—2 + afan—1 + aan)))x"ﬂ +ap_gz" M - Faz+ag (9-4)

rn(m):a0+a-(a1+a-<ag+ +a-(an_z+a-(an—1+a'an))"')> = f(a)

63
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YuTaTento HACTOATENILHO PEKOMEHIYETCSA CAMOCTOATEIBHO IPOIENATE DTO BEUUCIEHAE B KOHKPETHOM CJELYIO-
eM KOHKPETHOM CIydae: pasienuTs B Z[x,y| = Z[z][y] mHOrOuwnen y™ — ™ Ha TuHeNHBIN ABy4UIeH (y — ).

Ynpaxuenue 9.1. Hatizure octatkm ot gerenms maoroarena r170 + 57 + 22 + 1 B Z[z] ma MHOTOWICHET
a)z? -1 6) 22 +1 )z +x+1.

9.2.4.[pumep: Hoa u anroputm Esknuaa. B koasue k[z] MHOrOw1€HOB ¢ KO GULUEHTAMY B IPOU3BOILHOM
noie k y ;11060ro Habopa 21eMeHTOB fi, fa, . .., fn AMEETCA HAMOOIBIINI OOIIKH TEMATEIb' , IPHIEM €r0 MOKHO
MpPEICTABUThL B BUIE

HOﬂ(fl:wi--:fn):f1h1+f2h2+"'+fnhn (9_5)

¢ nogxomsaummu h; € k[z]. JoxasbBaeTca 5TO TOYHO TakXKe, KAK U LA LEJABIX IUCEI. A MMEHHO, 0603HAMIM
qepe3

def
(fi, fore o ) = {fih + faha + - + fohn | by € K[z]} (9-6)
MHOXKECTBO BCEX MHOT' OWIEHOB, IPEICTABUMEIX B Buje (9-5) ¢ PUKCUPOBaHHEIMY f1, fa, . .., fn U IPOM3BOIBHBIMA
hi,ha, ..., h, € k[z], u o603naaumM 4epes d(z) € (f1, fa,..., fn) J1000U HEHYJEBOM MHOIOHUIEH MUHUMAILHON
Berpevatowencs B (f1, fo, ..., fn) creneHu.
Ynpaxtenue 9.2. Tlokaxute, 4T0 TOAMHOKECTBO (f1, fa, ..., fn) C k[z] obnagaer crenyromuMn cBOMCTBAMU:
a) o6ou MEOrO4IeH u3 (f1, fo,. .., fn) AEIATCA HA KAXKABIM OOLIMU JEAUTENb MHOIOWICHOB f1, fo, ..., fn
6) flaf?a"'afn € (flaf?a"-afn) B) 91,92 € (flaf?a"'afn) =01 :l:g2 S (flaf?a--'afn)
r) g€ (f17f2a"'7fn) :>gh € (flafZ:"'afn) Vhe k[.’E]
n) ao6ou muorowned us (fi, fo, ..., fn) seaurcs Ha d(z)
W3 mocaemsero yTBEpKAEHUA 3aJa9u BHITEKAET, 9TO, (f1, fa,..., fn) = (d) coBmagaer ¢ MHOXECTBOM BCEX
MHOTOYWIEHOB, KpaTHEIX d. B wacraoctu d = HOA(f1, fa, ..., fn) u npeacrasasercs B Buge (9-5).

OTMeTHM, ITO M3 DTOTO BEITEKAET, ITO OTCYTCTBUE y Tapkl MHOTOWIeHOB f,g € k[z] meTpuBmambmbIx?

O0IIUX JEIUTETCN PABHOCUILHA UX 63QUMHOLT Npocmome, T.€. BOZMOXKHOCTY TPENCTABJICHUA eIUHUIBI KOJbIIA
B Buge 1 = fhy + ghs ¢ nogxogsmmmu hy, he € k|z].

[l TPaKTUYIECKOTO OTHICKAHUA HAUOOJBIIEr0 OOIIEr0 ACIUTENA W HAMMEHBIIErO OOIIEro KPaTHOTO Ta-
PBI MHOT'OWIECHOB ¢ KO3(PPUIMEHTAMY B MPOU3BOJLHOM ToJe K MPUMEHAETCA AOCIOBHO TOT K€ CAMBIM AJaro-
purMm EBkiupa, 9aro u gua menbix gucen (cp. ¢ n°7.4). A umenno, g1 mapsl MHOrowieHoB fi(z) u fa(x) ¢
deg(f1) = deg(f2) nonoxum Ey = fi, By = fo, u Ey, = ocrarky or genenus Ej_o ua Ey_; npu k > 1. Crenenn
MHOTOWIEHOB Fy, Oy1yT CTPOro yOBIBaTh 10 TEX IOP, II0KA KAKOU-TO F,. HE pa3neanT Haueao npeasiaymui K,
B pesyabrare dero E,.,; obparurca B myas. [locaenauin Henysesou MHOrowieH F, Oymer pased HOA(f1, fo),
IpUIéM €CIM TPU BBIUUCJACHUM KAXI0r0 Fj MBI OyIeM IpeacTaBiIsaTb e€ro B Buge Fj = h§’“)f1 + hgk)fg, TO
E,. = HoA(f1, f2) u E,y1 = 0 ToXe mosydaTcsa NPEACTABJICHHBIMA B TakoM Buge. OTMeTUM, 9TO B BBIpaKe-
vum B =0 = hg’"“)fl + hgﬂ—H)fg MHOT'OWIEHEI hY—H) u hy—H) OyIyT B3AMMHO MPOCTBIMU MHOKUTEJAMIA,
JQOIOJHAIUMY f1 U fy 00 UX HauMeHbIIero obmero kpaTHoro HOK(f1, f2) = th_l)fl = —th_l)fg.

YnpaxkHenue 9.3. [okaxuTe BCE 3TU yTBEPK JCHUA.

Hampumep, naa fi = ' +32 +425 + 2t + 522+ 323 +32+4, fo=25+52* + 1123+ 1222 + 72 + 4 nepswii
mar aaropuTMa EBKIna npuBoguT K

Ey=2"+325+42°+2* +522+32°+32+4

E; =2® +52 + 1122 + 1222+ T2+ 4

By =—4z' —132° —212° — 102 —8 = Fy — (2> — 22+ 3) By

Jajblie yrobHee nenuTs Ha Fy He Ey, a 16F;, a 3aTeM yMHOXATH pesyabTat Ha 1/16:

4z +7 423 —22 -2 +5
by

Es = 16 16

A 1
2° 452 + 102 +8) = 7. (16E, + (4o +7) By) = Ey

16 (
CIeAYIONUMY Al y2Ke NaéT HanOOJAbLINU OOIMNUN JeJUuTelb

Ey=-16(2"+32+4)=E,+ 16 (42 —7) B3 =16 (2” — 3) Ey — 16 (2" —22° + 22— 2) E;

1 o o o o
HAMOMHUM, YTO OOIINU JEIUTENs HA3BIBAETCA HAUOOAbULUM, €CIA OH NEINTCA HA JIOO0U NPYrOU OOIIMU JeJUTETh
21, e. OTIMYHEIX OT KOHCTAHT M HE KPATHBIX CAMIM STHM MHOIOWICHAM
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IIOCKOJIBKY

:U+2E4:0:x3+2w2+m+1E0_x5+x2+1

E.=E
5 =Bt oes 16 16

E, .

Takum ob6pazowm,

HON(f1, fo) =a” + 3z +4=—(2° = 3) fi(z) + (" —22° + 22— 2) fo(2)
HOK(f1, fo) = (2 +22° + z + 1) fi(z) = (2" +2° + 1) fo(z).

9.3. Passoxenue Ha muoxuTean. Hanmomunm (cM. (n°8.2)), 4T0 06paTUMBIMU DJIEMEHTAMHA KOJIb-
na K[x] sBusmoTces B TouHOCTH OOpaTuMble KOHCTAaHTHL o € K. OTundsbl oT 06paTUMOU KOHCTAH-
TEI MHOTOWIEH p € K|[z] maswmBaeTcsa menpusodumbvim®, ecium u3 paBeHCTBA p = fg BHITEKaeT, UTO
OJIMH U3 COMHOXUTeJaen f, g ABasteTca oOpaTUMOU KOHCTAHTOU. B mpoTMBHOM Ciaydae p HA3BIBAET-
csa npusodumbim. Eciun K = k apasercsa morem, TO OIpuBOAMMOCTL MHOrOwieHa f € k[z] osmauaer
€ro mpeiCcTABUMOCTD B Bue TpoumsBenerus f = gh MBYX MHOTOYWIEHOB CTPOTO MEHBIIEH CTEMeHH

deg(g),deg(h) < deg(f).

9.3.1.IIPEAJIOYKEHUE. Beakun Muorodner f ¢ KO3b@UIHEHTAMA B IPOU3BOJILHOM HoJae K ABid-
eTCA IPOU3BEeHUEM KOHEIHOIO YHCAa HETIPUBOJUMBIX MHOT'OYIEHOB, IIPUIEM JFOOBIe JBa TAKUX IPET-
CTaBJIeHHA P1P2 - Pr = [ = q1¢2 -+ - @ HMEIOT OJMHAKOBOE YHCJAO COMHOXKHTETCH k = m, U DTH CO-
MHOXHUTETIN MOXKHO IMEePeHyMepOBaTh Tak, YTOOBI ¥V i p; = S;q;, rae s; € kK — HeKoTOpbIe KOHCTAHTHEIL
[OokazaTenscteo. [00ATCA JOCIOBHO Te XKe apryMEHTHI, YTO U A ueabix gucen (cp. ¢ n° 7.8.1). Ilepsoe yTeep-
XKJIeHNe OYeBUIHO: eI [ HempuBOAMM, TO OH caM M OymeT CBOMM Pa3jIOXKeHHeM, eCau f IPUBOAUM, TO OH
ABJIACTCSA IIPOU3BEACHUEM MHOI'OIJIEHOB CTPOI'O MeHbIlIeI;)I CTEIIEHN, KOTOPBIE B CBOIO OYepe€nb WX HEIIPUBO ANMbL
nan ABJAAITCA IIPOU3BEACHUSIMU MHOI'OJICHOB CTPOI'O MEHBIHeﬁ CTelleHu 1 T. 1. HOCKOJIbe CTEeIICHb HEe MOXKET
OECKOHEYHO YMEHBIIATLCA, MBI B KOHIIE KOHIIOB HOJydIuM Tpebyemoe pasnoxenue. [1s mokaszaTeabcTBa €ro
CINHCTBEHHOCTHU PACCMOTPUM PABEHCTBO

pPip2- P =q142 " Gm , (9‘7)

B KOTOPOM BCE COMHOXWTEIN HETPUBOAUMEL. [I0CKONBKY p; HENPUBOIUM, OH IEJUTCSA TOJBKO HA KOHCTAHTHI U
HA MHOTOWIEHHI BUAA § - pi € § € k. Ecim Takux MHOrOWIeHOB cpeau ¢; HET, TO YV ¢ HOA(p1, ¢;) = 1, a 3HauuT p;
B3AaMMHO IPOCT C KAXKILIM U3 (;, & CISIOBATEIbHO, U C UX npousBenenunem. Ho paBenctso hipy +hoqr - qm = 1
HEBO3MOXKHO, IIOCKOJBKY €ro JeBas 4acTh B cuay (9-7) memurcs Ha p;. Urak, oqun u3 ¢; — Ha30BEM ero q; —
umeer Bug ¢ = sip1 ¢ s1 € k. Torga (9-7) moxuo nepenucars B Buge pr(pa- Pk + S1 - @2 qm) = 0,
OTKyJa caenyeT 6oaee KOpOTKOE PABEHCTBO PaP3 - - - Pr = (8142)q3 -+ * G (B KOTOPOM $1¢2 TOXKE HETIPUBOIUM ),
K KOTOPOMY TIPUMEHUMO TO K€ PACCYXKJICHUE. O

9.4. Kopau mHOrowieHon. JdiemerT o € K, HaswbBaercs xopuem Muorowrena f € Kz], ecan
f(a) = 0. Kax mb1 Bugean B npumepe (n°9.2.3), 5T0 ycaoBue paBHOCHIBLHO TOMY, 4TO f(2) neaurcs B
K[z] na (z — a).

9.4.1.IPEAJIOZKEHUE. Ecau B K et gemuTenen Hyad, TO BCAKuH MHorodneH f € K|x|, mmero-
MU HECKOJIBKO MONAPHO PA3JINIHBIX KODHEH (1,02, . ..,qs € K, nemmrcsa B K[z] nHa npounssegenne

S

H(m — ;) .

=1

B wacrrocTn, ecomm f # 0, To deg(f) > s.

[oxazaTtenscteo. 3anumieM f B Buge f(x) = (x—ay)- fi1(z) . ockonsky B K Her genurenen Hyaa u (a; —ag) # 0
npu i # 1, BeMEMCHAA 06€ YaCTH TP & = 3, A3, ..., Qs, MBI 3aKII0YaEM, UTO (o, A3, ... , Qs SABIIIOTCA
KODHAMHI MHOrowieHa fi(z), 1 MOXeM IPUMEHUTDb K HUM TO JK€ CAMO€ PACCYXK ICHUeE. O

9.4.2. CJIENCTBUE. Hemnynrepon muorodteH f ¢ kodppuiueHTaMu U3 MEeTOCTHOTO KOIBIE, HE MO-
JKeT UMEeTh B 3ToM KoJble 6oiee deg(f) pasim<aHbIX KODHEH. O

lep. ¢ o6mmm ompenerenuen mempusogumocTu 3 (n° 7.8)
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9.4.3. CJIENCTBUE. Ilycrs xoabno K mgemoctroe, u f,g € K[z] umeror cremenu, He npeBOCXO4-
mue n. Ecan f(a;) = g(ey) grg 6omee, vem n momapHo paseix a; € K, o f = g B K[x].

[NokasaTenscteo. MHOrOwWIeH f — g HyJI€BOH, MOCKOJILKY UMEET CTEleHb < N U OOJbIle, 9eM 1 KOPHEN. O

9.4.4. lpumep: obue KOpHU HeCcKoNbKuUx MHoro4dneHos. Ilycts k — mome. Yucao o Torga u TOABKO TOTIA
SABIETCs OOIIUM KOPHEM HECKOIBLKUX MHOTOWIEHOB fi1, fa, ..., fm € k[z], Korga a sBasercs kopueMm ux HanbG0Ib-
wero obwero geauress. B camom gene, ecau (r—a) genut kax s us f;, o (x—a) geaur HOA(f1, fa, .., fm), 4
Hao6o0poT. Takum 006pa3oM, OTHICKAHUE OOIIUX KOPHEN HAOOPA MHOTOWICHOB — 3TO OTHLICKAHNE KOPHEU UX HAW-
OOJIBIEro OOIIEro JEMUTEN, ITO IaCTO OBIBAET MPOIIE, YeM OTHICKAHUE KOPHEU JI00r0 u3 f; B OTIEJbHOCTH,
1. K. deg HOA(f1, f2, ..., fm) OOBIMHO OBIBAET MEHBIIE Min (deg(f,-)).

B wacrrocTu, eciu HOA(f1, fa, ..., fm) = 1, TO y MHOrOwIeHOB f; HET OOWIMX KOPHEH, NIPUYEM HE TOIBKO
B nosie k, HaJ KOTOPBLIM 3aJaHEL 3TY MHOMOWICHEI, HO 1 HU B KakoM OouabiieMm koable K D k. JencTBUTENbHO,
fi(a) HUKAK He MOT'YT OJHOBPEMEHHO OODATUTLCA B HYJb , TOCKOALKY 3 Ay, ha, ..., Ay € Kk[x], Takume aTO

fihi + fohy 4+ - + fruh = HOA(f1, fo, .o, f) =1
nuxo2da He OOpPAIIACTCA B HYJIb.

9.4.5. [pumep: kpaThbie kopHu. Kopens a € K muorowrena f € K|[z] maswsiBaercs kpamuvim, ecau f(z)
nemnres B K[z] ma (z — a)?. B arom cayqae f(z) = (z — a)?g(z) ana mexoroporo g € Kz], u crano 6uiTh,
f(x) =(x—a)(29(z) — (x — a)g'(x)) meaurca na (r — a). Takum 06pa3oM, BCe KPATHBIE KOPHU MHOTOWICHA, f
ABIAIOTCA oOmmMu KopHamu f u f’) a 3HauuT, Asasaoorca kopaamu HOA(f, f/).

Mycre K = Q. B srom cayuae npomssoaras f' moboro muorounena f € C[z] momoxwrenbHon crenenn
sABaseTcs HeHyIeBbiM MEOrowieHoM crenenn deg(f’) = deg(f)—1, a ycnosme B3ammuon npoctots f u [’ MOxKHO
HOBEpATH IpY oMo anropurma Esxanga B npenenax xomsia Q[z]. B wactrocTH, ecin f nenmpusoguM B Q[z],
T0 oH Oyger B3aumuO npoct ¢ f’. CoruacHo npeabiaymemy mpumepy, f u f' B 5T0M caydae He OyoyT UMETH
o0Immx KOpHen He TOabKO B (Q, HO u Hu B Kakom Goubmem note K D Q, k npumepy, B moIe KOMILIEKCHBIX IUCEL.
Takum o6pasom, HenpusoauMbl MEOrOwWIeH f € Q[z] He MOXKeT MMeTh KPATHBIX KOMILUIEKCHBIX KODHEH.

Haszoeém xpamuocmuio xopusa « € C muorounena f € Clz] Ttakoe uucio m € N, uro f(z) = (z — a)™ -
g(x), re g(a) # 0. Besakuyl m-KpaTHBIN KOPEHb ¢ MHOrowWwIeHa f saBisgeTcs (m — 1)-KpaTHBIM KODHEM €ro
[IPOU3BO JHOU, TOCKOJILKY

fll@)=(@-a)" ! (m+(z—a) ),

U 3HaYEHWE BTOPOI'O COMHOXWTEIA B TOYKE ¢ OTJIMYIHO OT Hyuasd. Takum obpazom, a@ € C Torga m TOIBKO
TOra ABIAETCA M-KpaTHBIM KopaeM muorowiena f € Clz], xoraa f(a) = f'(a) = --- = fm"D(a) = 0, no

F™(a) #0 (cp. ¢ (n°8.4.3)).

Ynpaxtenue 9.4, Ilycts k — moze. IIpoBepbTe, YTO MHOTOWIEH BTOPOU cTeneHn HenpusoinM B k[z] Torga u
TOJBKO TOT/a, KOTJa y HEro HeT KOpHen B mose k

9.5. Koasna Beraeros k[z]/(f), rae k — moure, onpegensiorcs aHanorudso xoasuaMm Z/(n). 3a-
(duKCHpyeM IPOU3BOJIBHBIM OTINYHBIN OT KOHCTaHTHL MHOrowIeH f € k[z], o6o3nayum yepes

(f) ={sh| h € klz]}
MHO2XKECTBO BCE€X MHOI'OJICHOB, OEIAIIMUXCA Ha f 1 paCCMOTPHUM CMEXXHBIE KJIAaCChL

def
[9]f = g (mod f) = g+ (f) = {g+ fh|h € Kz]} . (9-8)
/Ba MHOTOYIEHA g U go J€XKAT B OJHOM U TOM K€ CMEKHOM Kacce [g1]f = [go]f , €Cm 1 TOIBKO ecn
Pa3HOCTE g1 — g AEIUTCSa Ha f.

YnpaxHenue 9.5. Yoeaurech, UTO MOOLIE IBA CMEXKHBIX K1acca [g1]f, [g2]f mmbO He mepecekaroTcs, au60
COBTIAJAIOT.

CroxkeHne M yMHOXKEHHE CMEXKHBIX KJIACCOB 3a1aéTCa Temu ke cambiMu gopmyaamu (7-1), 410 m

CJOXKEHIE IEJOINCJIEHHBIX BEIYCTOB.

9]+ W € g+ h], [g-[n] % [gh]. (9-9)



8 9. MHorouneHsl n anre6panyeckue 4ucna. 67

YnpaxHenue 9.6. [IpoBepbTe KOPPEKTHOCTD 3TOr0 ONpeeienHus (T. €. He3ABUCUMOCTD KaaccoB [g+h] u [gh] ot
BHIGOpA mpeacTasuTenen g € [g] u h € [h]), a Takxe Buimonsenue B k[x]/(f) Bcex akcrmoM KOMMYTATUBHOTO
KOJbIla C €IUHUIICU.

HyneBeiv anemenToM koapna kiz]/(f) asaserca xmace [0]; = (f), eaununen sasagercsa kiacc [1]y =
14 (f). IlockombKy HUKaKasA KOHCTAHTA HE MOXET AEMUTHCA HA MHOTOWIECH IMOJOKUTEIBLHON CTENeHH,
KJIACCHL BCeX KOHCTAHT ¢ € k OyayT pasmuansl. MHade roeops, mose k sxaadvisaemes B xoasuo klz|/(f)
B KaJeCTBe KJIACCOB KOHCTAHT, U Jaflee MbI OyIeM IHcaTh ¢ BMecTO [c]r ama ¢ € k.

YnpaxeHenue 9.7. [Tokaxure, uro noxe klz]/(z — @) uzomopduo noio k.
[Mockonbky mo6ou MHOrOUWIEH g € K[| eAMHCTBEHHBIM 00pa30M 3amUCHIBAETCA B BUge g = fh + 7,
rae deg(r) < deg(f), B kaxg0M KIacCe [g]; MMEeTCA eIMHCTBEHHBIN IPEJCTABATEND I € [g]f CTerneHn
deg(r) < deg(f). Taxum o6pa3zom, KaK BN KIACC eJUHCTEEHHbIM 00Pa30M 3AIUCHIBACTCA B BAIE

lap + a1z + -+ +ap_12" Ny =ap+ a9+ +ap,19"!, raed=[z];,aaq €k.

3ameTuM, uTo K1acc ¥ = [z]y ygoBreTBopser B Kouble k[z|/(f) ypasrenuio f(J) = 0, 1.x. f(¥) =
F([z]y) = [f(x)]; = [0];. Takum 06pa3om, CIOKEHHEE U yMHOXKEHUE KIACCOB 110 npasuiaM (9-9) MOxKHO
HHTEPIPETUPOBATE KAK (POPMATBLHOE CIOKEHUE U YMHOXKEHUE 3alucen

ag+ a9+ - A ap_ 9" (9-10)

[0 CTAHJAPTHBIM MPABUIAM PACKPBITUA CKOOOK ¥ TPUBEIEHUA MOJIOOHBIX, HO ¢ YIETOM TOTO, UTO
cumBox ¥ ypoBaersopsier cootHomenuo f(J) = 0. [loaromy xoabmo klz]/(f) unage obosmagaroT we-
pe3 k[J] : f(¥) = 0 u maswBaOT pacwupenvem mons k nmpm moMomu npucoedunenus K HEMY KODHS
¥ muorowrena f € k[z]. Berpaskerus (9-10) B TakoM KOHTEKCTe HasbIBaroTCA (0606mEHHEMI') as2e-
6P AUUECKUMU WUCAAMU.

Hampumep, xomeno Q[z]/(z? — 2) MOXHO BOCIPHHUMATE KAK MHOXKECTBO (DOPMATBHBEIX 3ATACEN
Buga a + bv/2, rae cumsor V2 € Q[z]/(z? — 2) obosmataer krace z (mod (22 —2)). Cioxenue un
YMHOXKEHUE TAKWX 3AMUCEN NPOMCXOAUT IO CTAHAAPTHBIM NPABWIAM PACKPHITHA CKOGOK C yI&TOM

TOT'0, ITO (\/§)2 =2:
(a+bV2) +(c+dV2)=(a+c)+ (D+d) V2
(a4 bV2)(c+dV2) = (ac+ 2bd) + (cb + ad) V2
YnpaxHenue 9.8. IIporeprTe, uTo Q[v/2] ABIAETCA TOMEM, U BLIACHUTE, ABIAIOTCA JU TOXAME Kotbia Q[Y], B
KOTOPHIX ¥ yAOBIETBOPACT COOTHOmeHmo: a) 92 +1=0 6) 9> +2=07

9.5.1. [pumep: «anreGpanueckoer onpeaencHne KOMMIEKCHbIx Yncen. Iloje KOMILIEKCHBIX YUCET MOXKHO 0npe-
deaumb KaK pacIIpeHre moasa R Ipu IOMOMIM KOPHA KBAIPATHOTO ypaBHeHns 2 + 1 = 0, T.e. KaK KOTBIO

Re]/(2* +1) =R [V=1] : (V=1)" = -1,

cocrosiee u3 ducen Buga a + byv/—1, rge a,b € R, a cumBoa v/ —1 o603HaIaET KIACC OLHOWIEHA T IO MOIYJIIO
(22 + 1). CroxenMe W yMHOKEHME TaKWX TUCET TPOUCXOJUT TIO TIPABIIAM

(a+bdbvV-1)+(c+dvV-1)=(a+c)+ (b+d) V-1
(a+bv-1)(c+dv—1) = (ac — bd) + (cb + ad) V-1 .
Kouabmo R [\/71] ABJAETCS IOJEM, TOCKOJBbKY KaXK LI HeHyJIeBOHU Kaacc a + by/—1 obragaeT o6paTHEIM

1 _ a 7 b
a+by/—1 a2+b a2+b

v—1.

L ancebpauneckum wuciom B KIACCHIECKOM CMBICTe HaspiBaeTcs srement moaa Q[x]/(f), rae f € Q[r] — mempusoan-
MBI MHOrOwIeH (cM. npeaaoxenue (n°9.5.2) Hmxke); Hamwa 0600IEHHAA TPAKTOBKA OTIAIACTCA OT KIACCHIECKOU TEM,
9TO BO-HEPBBIX, BMeCTO (Q paspemaercsa npoms3BoabHOE moTe K, a BO-BTOPBIX, HE TpeOyeTca, ITOOB COOTHOmEHNE Ha, U
OBLIO HEIIPUBO MO
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Orobpaxenune R [\/—1 —+ C u3 5TOro HOMA B HOME KOMILIEKCHBIX THCEN C, onpenenénnoe B §6, comocra-
Bisgromee qucay a + by/—1 € R [\/—1 BEKTOD Y (a + b\/—l) = a+ bi € C, sBasercsa u3oMOpHU3MOM MOJNEN.

9.5.2. IPEIJIOZKEHUE. Kousmo klz]|/(f) AB1geTca moreMm Torga u TOIBKO TOLAa, KOTAa MHOI'O-
wieH f #HempuBogum B K[z] .
[okaszatenscteo. Eciu f = gh, rae 06a MHOrOWwIeHa f, g UMEIOT CTPOTO MEHBIIYI0, 9€M [, CTEleHb, TO HEHYJIEBhIE
kaaccel [g], [h] OyayT memuremsmu myas B k[z]/(f), aro HeBozmoxkuO B mose. Eciu xe f menpusogum, TO OH
OyeT B3aUMHO IPOCT C JIOOBIM MHOrowieHoM g € (f), T.e. mas mekoropwix h,q € k[z] Gyger BeImOMHATHCS
paBencTBo fh + gq = 1, u cramo 6erts [q] - [g] = [1] B k[z]/(f), T.e. mobon menyxeBou xmacc [g]y € k[z]/(f)
OyaeT o6paTuM. O

Ynpaxtenne 9.9. Hanmmmre sBHYI0 GOPMYITY I BEMACIEHAA OOPATHOTO DIEMEHTA
a) K wmeny ag + ap¥ B mone QU] 92 +9 +1=0;
6) x amucay ag + a1 + az¥? B mone QU] : 93 + 92 +9+1=0.

9.5.3. IPELJIOXKEHUE (KUTANMCKAS TEOPEMA OB OCTATKAX). ITycrs k — npoussoasHoe
moute, u MHOrO4IeH [ € K[z] aBrgerca mpoussegeHmeM m MOMAPHO B3AUMHO HPOCTBIX COMHOXKUTETCH:

f=fifor - fm. OTO6pakenne
Kial/(f) —E= (Ka)/ (1)) % (l2)/ () % -+ x (Kal/(fm)

def
nepesogamee xracc (gl € k[z]/(f) B mabop xmaccos ¢ ([gl) = (9l [9)far - - - » [9f,) , ABIACTCSH
KOPPEKTHO ONPEAeJ6HHBIM H30MOP(DU3MOM KOJIEI.

[okazatenscteo. KoppekTHocTs onpegenerus ¢ (mesaBucuMmocTsb ¢ ([g]¢) or BeiGopa mpeacrasutrens g € k[z] B
kaacce [g]y C k[z]) u TO, 9TO ¢ mEPeBOANT CyMMBL ¥ IPOU3BEAEHHA, COOTBETCTBEHHO, B CYMMBL X IPOU3BEJCHNU,
IPOBEPAETCA JOCIOBHO Tak Xke, Kak B npumepe (n® 7.6.1).

Ynpaxterue 9.10. O6s3aTEIBHO BBIIOJHUTE BCE DTU MPOBEPKHU.

Takxke, kak B (n°7.6.1), mpoBepuM, 9T0 ¢, PACCMATPUBAEMBIN KAK NOMOMOD(MU3M aIAUTUBHBLIX MDY, UMEET
HyaeBoe A1po: ecan V i [g]y, = 0, To g meamTcs Ha Kaxjgoe f;, a B CWIy WX IONAPHOU B3AMMHO IPOCTHL — U
Ha npoussenenne fifs--- fr, = f, orxyaa [g]; = 0. CregoBaTeabHO, IO TeOpeMe O CTPOEHHH [OMOMOPQU3Ma
rpymnm, ¢ ssiasiercs BaoxkeHueM. CIOPbEKTUBHOCTD (¢ YCTAHABIUBAETCS SBHBIM MOCTPOEHUEM IS 33 TAHHOIO
Habopa kaaccos [r;|y € k[z]/(f) Takoro muorowrena g € k(z], aro g = r; (mod f;) cpasy mus Bcex i. Kak u B
(n°7.6.1), m1a KaxkAOrO 4 0OO3HAYUM Yepe3

F; = H fl/

vF#i

[IPOU3BEIEHNE BCEX COMHOXUTENeN f, KpoMe f; U IOCTPOUM MHOI'OWIEH
gi = F; - hi = 1(mod f;) .

B xauecTBe h; B 5TOI GHOPMYyIe MOXKHO B3ATH JIOOGOH MHOTOWIEH!, KIacC KOTOPOTO IO MOJIYIO f; o6paTeH
kaaccy F; (mod f;) (xoropbit B3auMHO npoct ¢ f; u moTomy obpaTtum). Torana

So(gi) = ([O]fu vy [O]fi—17 []‘]fi7 [O]fi+17 EERN [O]fm) ’

U B KadecTBE MHOIOWIEHA ¢, OTOODAKAIOMIErOCs B 3aJaHHBIE KJIACCHL [1;] s, TP BCex i, MOXKHO B3ATb ¢ —
5
191 +7292 + +Tmgm - O

9.5.4. MNpumep: pasnoxeHune paumoHanbHbIX byHKUMI Ha npocTenwme apobu. Ilycrs k — mpoussoasHOE mose.
ITone gacTHBIX (cM. n° 7.10) mesoctHoro konbua k[z] obo3navaercs k(z) n Ha3BIBAETCS NodeM PAUYUOHAALHOIL
Pynryui. Paccyx neHue, ICIOMB30BAHHOE HAMA B JOKA3aTEIBCTBE KMTAUCKOU TEOPEMEI 00 OCTATKAX, HOKa-
3BIBAET, ITO J100as1 HeCOKpaTuMyo 1pobe f(z)/g(z) € k(z), 3HAMeHaTENH KOTOPOU ABJIAETCS HPOU3BELCHUEM
B3AUMHO IPOCTHIX MHOIOWIEHOB ¢(x) = g1(x)g2(x) ... gm(z), eduncmeennbim 00pa3om 3alUCHIBACTCSA B BUIE

CYyMMBI
fa) oy h@) @) f() _
g(z) hle) + g1(z) * g2(x) Tt gm(@) (9-11)

L4068l HallTH €ro ABHO, MOXKHO, HAIpUMED, B3ATH 0CTATOK R; or nerenms Fy ma f; u upumenuTs x mape Ey = fi
E: = R; arroputm EBkampaa, 1To gact Ha BhIXOAe mpeacrasaerue 1 = HON(F;, f;) = HOA(R;, f;) B Buge 1 = R;h; + fih;,

73 KOTOPOrO BBITEKAET, 4TO Kiaacc [hilp, = [Ri];l = [Fl];1 00I1ajaeT HyKHBIM CBOMCTBOM
g

i
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B koropou degh = deg f — deg g u deg f; < degg;. B camom zene, gomuoxkas o6e gactu (9-11) Ha g, moaydaem
B k[z] paBencTBO

f=hg+ fiQ1+ f2Q2+ -+ frnQm , rIQ;= l;l'gu n deg(} f,Q.) <deg@Q, (9-12)

U3 KOTOPOr'o MHOTOWIEHH h u 7 = Y f,(), OAHO3HAYHO ONPENEJSAIOTCSI KAK HEIIOJHOE YaCTHOE U OCTATOK OT
meaeHus f Ha ¢, a KaxAbll u3 f; — KaK €IMHCTBEHHBIM MHOIOWIEH crerneHu < deg g;, NPEICTABISAIONUN B
k[z]/(g:) xracc r~! (mod g;) = f Q; " (mod g;).

Ecau pasnoxuTh 3HAMEHATENIb B IPOU3BEAEHUE: g = ¢i 'qy > -+ ¢""*, Tle BCe ¢; HENPUBOAUMEI U IONAPHO
PA3IUYHEL, U B3ATE §; = ¢; *, TO cymMMy (9-11) pasmoxuTh 1 ajblile, 3aIMCAB YHCIUTEND f; KAXK IO U3 Apoben
fi/q"" B ¢;-MeCKOU MO3UIMOHHON CHCTEME CIMCICHUA, T. €. IPeACTABUTH ero B Buge!

d
p=>_pvg”, rae deg(p,) < deg(q).
v=1

YnpaxHenue 9.11. Y6equrecs, 4TO Takoe IpeNCTABICHAE CYMIECTBYET U €IMHCTBEHHO (DEIIeHne MOXHO MO/~
rasageTs B caocke (2)).

B pesysnbraTe MBI HOTY<IMM NPEACTABICHUE DALMOHAIBHON GyHKUNA f/¢g B BuIe CyMMBI MHOI'OWICHA CTE-
nenu deg f — deg g u npocmetiwuz dpobeii Buna p/q™, rae ¢ npoberaeT MHOKECTBO HEIIPUBOAUMBIX LEIUTEICH
3HAMEHATENA, 1M MEHAETCS OT 1 N0 KPATHOCTH BXOXKIEHUA ¢ B pasloxkeHwe 3HaMeHaTelsd, u degp < degg,
OpudIM TAaKOEe IPEeCTABICHNE OyIeT eJunCMEenHbIM. DTO IPEACTABICHIE IaCTO OBIBACT HOJE3HO HpH Judde-
PEHIMPOBAHUY ¥ MHTEPUPOBAHUY ¥ PALNAIBHBIX (PYHKIWH, a TaKkKe IPU UX PA3NOKEHNN B CTENEHHBIE DALEL
(MBI y2Ke HOIB30BAMMCH UM B mpumepe (n° 8.3.1)).

YnpaxHenue 9.12. Haitaute nepsoo6pasayio u 2005-10 mpoussoauyio ot /(1 + z2).
Ykaszauue. Coruacuo mpegsinymenmy, z*/(z? + 1) = 2° + a/(x + i) + B/(x — i); anma oreickannsa «, B € C yMHOKBTE
006e 4acTu Ha OOLIMHA 3HaMEHATeIb U IOACTaBbTe T = =i,

9.6. Koneunsle moasa Fy[d¥]. Ecin B xoncTpykuum u3 n°9.5 B3ATH B kKadecTBe k KOHedIHOe IOTe
F, = Z/(p) u3 p sremenToB, a B kadectse f € Fp[z] HenpmBOAUMEIN MHOTOWIEH CTEHNEHU 7, TO
KOJIBIO aunrebpandeckux uucen Fy[z]/(f) OyieT KOHEIHEIM IIOIEM, COCTOAIMM U3 P" DJIEMEHTOB BIIA
ap + a1 + -+ + ap,—19""! co BecepozmoxubMU a; € F,. Hanmpumep, 2% + z + 1 € Fo[z] menpusognm
corviacHo ymp. 9.4, T. K. y Hero met kopuei B Fo. [Tone Fy = Fo[z]/(2?+2+1) = Fow], rre w?+w+1 =10
cocTonT m3 weThIpéx amemenTon: 0, 1, w = z(mod (22 +z+1)) m 1 +w = w? = w™! (obpaTuTe
BHUMAHME, 9TO B CIeACTBEUE paBeHCTBA —1 = 1 B mose Fy MOXKHO 00XOANTHCA 6€3 «(MUHYCOBY ).
YnpaxHenue 9.13. Pemmute B mone Fy yparmenue 22 + 2 +1=0.

OTMeTuM, 4TO MyIbTUIIMKATUBHAA Ipymnia F; mons Fy n3omMopdHa MUKINIECKON TPYIIE 3.
Touno Taxxe, 2 + 1 € F3[x] ne umeer xopuen B F3, u 3mauunT, nenpusogum. CooTBeTCTBYyIOmEe
nose Fg = [F3 [\/j] COCTOWT W3 NEBATH dIeMeHTOB a + by/—1 rae a,b € {—1,0,1} = F3.
Ynpaxuenue 9.14. CocraBbre m1s mous Fg Tabauiy ymMHOXKeHUsS, Tabauily oOPATHLIX DJIEMEHTOB, TAOMUIY
KBapATOB 1 TaduLy Ky6os. UsomopdHa au My abTumkaTussas rpynna Fg nukingeckon rpynmne Z/(8) ?
Ha camom gmene, mias xaxmgoro n € N u agioboro mpocroro p € N cyiiecTByeT e IMHCTBEHHOE C TOYHO-
CThIO 0 M30MOpdusMa noxe [y , cocToamee u3 ¢ = p” 2MeMEHTOB, I BCAKOE KOHETHOE MOJIe U30MOPQhHO
ogHOMY U3 TuX mosen F,. DToT dakT (a Takke HEIPUBOAMMBIE MHOIO'LIEHBI HaJ motamu F)p) o6-
CYXKIAeTCA B 33Ja49aX U3 (HEOOA3aTENIbHOrO) JUCTKA 6%. 31echb XKe MBI OUPDAHUYNAMCS BCETO OJHUM
pe3yapTaTOM B DTOM HAINPABJEHNUN — MOKAXKEM, IYTO MYJIbTUILNIMKATUBHAA I'DYNIIa KOHETHOTO IO,
COCTOSIILIETO U3 ¢ DIEMEHTOB ABJAETCS [UKINIECKON CPYNION MOpsAgKa ¢ — 1 (M TeM caMBIM, 3aBUCUT
TONBKO OT ¢). DTO CIEAYET U3 CASAYIOMEro 6omee OOMIEro IPeII0KEHNA.

9.6.1. IPENJIOKEHUE. Jlrw6as koHeIHAA HOATPYIINA B MYJIbTHILIMKATUBHON TPYIIIE MPOU3BO.Th-
HOro noJiA K ABIAeTCA MUKITTECKOH.

! 1o xe camoe BEPHO U AJA HATYPAIbHBIX YHUCEI: BCAKOE P < qk €IMHCTBEHHBIM 00pa3oM MIPEACTABIIETCA B BHUIE
d
> pu/q” ¢ py < ¢; MBI HOCTOAHHO IOAB3YEMCA DTHAM B IOBCEJHEBHOU XU3HM, motarat ¢ = 10
v=1
‘'z u ‘b en
b/(OD —d) BUHOIAY L0 MOLReLIO 9139 Td u ‘b eH BOLUIOT 0D —d 9100HERd ‘b @H d BUHOLOT L0 MOLRLIO 9109 0d :dUHHIIHd
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[NokazaTtenscteo. IlycTs moarpymma G C k* cocrout m3 n saemenTor. O603HAMUM U€pe3 1M MAKCHMAJIBHBIN 13
MOPAIKOB 2MeMEHTOB Tpynnbl (G. MBI JOMKHEI TIOKA3aTh, 9TO M > n. [14 5TOr0 OCTATOIHO yOAWTHCA, ITO
MOPAJOK JHOOT0 dIeMEeHTa rpynnsl G ABIACTCA JeAUTENeM TUCIa 7. B caMOM [ese, eCid 3TO BEPHO, TO BCE 7
smeMenTOB rpynnsl G 6ynyT KopHaMu MHOTOWIEHA ' — 1 = 0, OTKyna n CIeIyeT HyKHOE HEPABEHCTBO.

YT06BI 0KA3aTh, ITO HOPAIKHA BCEX BIEMEHTOB T'PYIILI ABIAIOTCA JCIUTEIAMA MAKCUMAILHOIO TOPAIKA,
NOCTATOYHO A JMIOOLIX TBYX DJAEMEHTOB b1, by € (G, mMenmux mopAgKu My, Mo, TOCTPOUTE >1eMeHT b € G,
HOPSLIOK KOTOPOro paBeH HOK(1my,ms).

YnpaxHenue 9.15. [lokaxure, uro npu HOA(m,ms) = 1 B Ka4ecTBe TAKOTO DIEMEHTa NOKORAET b = bybs .

Ecaz mq u ms He B3aMMHO IPOCTHI, TO, PACKIAJBIBASA UX B IPOU3BEICHNE MPOCTEIX IMCEI, MBI MOXKEM IIPe[-
cTaBuTh HOK(m1,my) B Buge mpomssenenus f1ly Tak, arol my = kily, my = kols mw HOA({1,l2) = 1. Toraa

snementst U, = bY u by, = b2 Gyayr mmers B3ammuO mpoctsie mopaaku £1 u Ly, a ux npomssegenue b bl 1o
yup. 9.15 6yger umers nopsgok €14y = HOK(ny,ns). O

9.6.2. [pumep: KBaApaTUYHbIe BbIUEThI. JadukcupyeM nejaoe npocroe p > 2. Herymnessle siaementst mous Fy,
KOTODBIE SIBJSIIOTCS KBAAPATAMU, HABBIBAIOTCI K8AJPAMUUHBIMY 6bIUEMAMY IO MOAYJII0 p. HbBIME ciaoBaMu,
2

r—x

KBAIPATUIHBIE BHIMETHL COCTABIAIOT 00pa3 0TOOPaXKeHNs BO3BECHU B KBagpaT F) F} . llockoneky
5TO 0TOOpaKeHNe SABIAETCA MOMOMOP(U3MOM MYyJIbTUINIMKATUBHEIX PYII, U €r0 AP0 COCTOUT U3 ABYX dJe-
menToB? +1, KBAIPATUYHLIX BEIMETOB UMeeTCa PoBHO (p — 1)/2 u oHm o6pasyioT B F} MyabTUnInKaTUBHYIO
TOATPYTIIYy UHIEKCA 2.

CynuTs 0 TOM, ABIAETCA M TAHHBIA DIEMEHT a € F, KBajgpaTOM WM HET, MOXKHO TP TOMOI MaJoun

p—1
2

. p—1 _
rTeopeMbl Pepma. A umenHo, eciu a = b2, To "z = bP~! = 1. Bo3Begenue B -TYIO CTEIIeHb

p—1

* r—x 2 *
- - 5

]FP FP

(9-13)
TaKXKe ABJIAETCA TOMOMOP(PU3IMOM MYyJbTUILIMKATABHLIX TPYIII, IIPUIEM €ro 00pa3 COMEPKUTCA CPeIu KOPHEn
BCé Toro xe ypapaenna 2 = 1. OrMeTuM, 910 —1 JIe:KUT B 5TOM 06pa3e, IOCKOIBKY F} — »T0 nukamieckasn
rpymmna, u 0pu p > 2 B HEN ecThb 1eMeHT nopsagka (p — 1) > (p — 1)/2. CregoBaTeasHo, s1apo roMOMOphU3Ma,
(9-13) coBnanaer ¢ mOArPYNION KBAIPATUIHLIX BEIYETOB, 1 a € ), ABIAeTCA KBAAPATOM TOI/IA M TOMBKO TOT' A,
Korga ' =1 (s p = 2 370, POPMAIBLHO, TOXKE TAK).

Hanpuwmep, —1 aBasercs kBagparom B F) B Tounocru Torga, xorga (p — 1)/2 uérso.

BMECTO TOTO, ITOGH BEMUCIATD @ F , MOKHO BOCTIOTB30BATECA CJEAYIOMUM COOOPAKEHNEM, BOCXO ISALIAM
k layccy. amummem saementsr mosa Fy, B Buge

—p=-1/2,...,-1,0,1,..., (p—1)/2 (9-14)

U YMHOXKHUM BCE «IOJOXKHUTEJIbHBIeY TUCaa Ha a. [I[pom3BeneHne BCex MOIYYIEHHBIX UCET OyIET OTIMIATHCA OT
TIPOU3BEIEHUS BCEX (IMOJOKUTEIBHBIXY INCEI B TOYHOCTU HA MHOXKUTEIH a7 . C OPYTOU CTOPOHBI, KAXKI0€
13 NPOU3BeNeHu ac OyJeT YucaIoM BUAa b, rae b «IOJOKUTEeJLHO», MPUIEM 1A KaxKA0oro b pOBHO OIHO U3
qucen +b OymeT mpeacTaBJeHO CPeay dTHUX MPOU3BEIEHNM, IIOCKOIbLKY PABEHCTBO ab = Fac¢ BO3MOXKHO TOJIBKO
npu b = *£c. Takum 06pasoM, IPOU3BELEHUE BCEX UUCEN AC, L€ C (HIOJOXKUTEJIBbHO», OyIeT OTIMIATHCA OT
IPOU3BEJEHUA BCEX ¢ 3HAKOM, paBHBIM (—1)%) roe s — KOMMYECTBO (HONOKUTEIBHBIX) YUCENT, CTABIIAX MOCIE
YMHOXKEHUS Ha @ «OTPUIATEeJbHLIMIY. TakuMm 00pa3oM, a ABIAETCA KBAAPATUIHLIM BBIYETOM TOI'IA U TOIBLKO
TOrJa, KOr4a IPU yMHOXKEHUN HA G MEH’ET 3HAK Y6THOE YUCJIO (IIOJIOKUTEIbHBEIX) d1eMeHToB 3amucu (9-14).
Hanpumep, 2 sBasieTcst KBAIPATUIHBIM BEIYETOM IO MOAYJIIO P, €CId U TOAbKO ecan p = +1 (mod 8).

p—1 o
YnpaxHenune 9.16. IlokaxuTe, 9TO @" 2 paBHO 3HAKY IEPECTAHOBKH DIEMEHTOB 10/ [y, mpouncxoaamen mpu
UX YMHOXEHUU HA .

B 3ajadax ympaxxHeHni (LONOMHATEIbHBIA INCTOK 53 ) JOKA3BIBAETCA K6adpamuunbld 3akon 63aumnocmu Layc-
ca, KOTOPHIA TIO3BO/IACT BEIACHUTE, ABIACTCA U 33JaHHOE @ KBAIPATUIHLIM BEIYETOM IO MOIYJIIO P, IPUMEPHO
33 CTOJBKO K€ JeMCTBUH, 33 CKOJIBKO OTBICKUBaeTCs HOM(a, p) .

!y ¢; Hazo OTHpABUTL BCE IPOCTHIE JEIMTEIH 1), KOTOPBIE BXOAAT B 1) B GOIbLIEH CTENEHM, YeM B 1My, IPHIEM
B3ATH UX HYXHO POBHO C T€MU CTEMEHAMM, KOTOPBLIE OHU UMEIOT B 1M1
260 ypasrenue 22 = 1 mMeeT B IIO6OM HEIOCTHOM KOIBIE C €JHHUICH POBHO [BA KODHA



§10. PakTOp KOJbIIA M UEAJbI.

10.1. U aeanni. [lonmuoxecTBo I KOMMYTATUBHOIO KOJAbIA K Ha3wIBaeTCA u0eaq0M, €CI OHO YIO-
BJIETBOPAET CACAVIONINM ABYM YCJIOBUSIM:

ai,ag € I = ar tag el (10—1)
acl = VbeK abel (10-2)

[lepBoe ycaoBue 03HAYAELT, YTO MACAJ ABIAETCA ANIATUBHON MOATPYINOA B KOJbIE, BTOPOE — YTO
BMECTE C KaXIBIM DJIEMEHTOM HIeaT CONEPKUT U BCE KPATHBIE eMy daeMeHTHL. B (n°6.5) Mbl Bu-

o ©
eI, 9TO STUMH CBOMCTBAMHU 00JagaeT Aapo Jaodoro romomopdmsma K —— K/, Ttax ato agpa
TOMOMOP(MU3MOB ABIAIOTCA UaeatamMu. IIpuMepaMu umeaaoB ABIAIOTCA TOIMHOXKECTBA BUIA

(@) = {ka| k € K}, (10-3)

COCTOSIIINE U3 BCEX DJIEMEHTOB, KPATHBIX (QpUKCHpOBaHHOMY diaeMeHTy a € K. Wneansr Buga (10-3)
HA3LIBAIOTCS 24a6HbIMU. MBI BCTpedaIncs ¢ HUMU IIpy mocTpoeHun Kosel Buraeros Z/(n) u klz]/(f) ,
I'Ie OHM BO3HUKAJIN KAK A1Pa TOMOMOP(PU3IMOB

m—[m|n,

Z

2)(n), Ka) —0 s kg /(f)

COMOCTABSIONIAX EJOMY YUCIY (COOTB. MHOTOWIEHY) KIACC €r0 BLIUETA.
Bouaee obmum ob6paszom, mis a060ro HabOpa JIEMEHTOB a1, a9, . . . , Gy € K MHOXECTBO BCex die-
MEHTOB, IPEICTABUMEIX B Buae kiai + koas + - - - + kmay, ¢ npousBoabueiMu ki, ko, ... kyn € K

(a1, a2, ..., am) < {krai + koas + - - + kmam | k1, ko, ..., km € K} (10-4)

TOXKE ABIACTCA uaeatoM. OH HA3BIBAETCS UJEAAOM, TOPOHCOEHHBIM (1, A2, - . . , Qmy. MBI BCTpEYATUCH
C TaKUMU HJeaJaMi, KOUa JOKA3BIBAIN CYLIeCTBOBAHUE HAUOOIBIIErO OOIMIEr0 LEeIUTEeNI B KOIbIAX
LEJIbIX YUCEeJ] M MHOIOYIEHOB ¢ KO3(DUIMEeHTAMY B LIOJE.

Otmernym, 4T0 B m060M Koabue K umerorcsa mpusuassuvie ugeans: (0) = {0} u (1) = K.

Ynpaxtenue 10.1. Tlokaxkure, 9TO CAEIYIOMINE YCIOBUA HA uaeat | B KOMMYTATUBHOM KOJablle K ¢ equHuUien
nonapuo paBHOoCwIbHE: a) I =K 6)1 €l B) I copepkuT Kakou-HUOYAb OOPATUMBIN IEMEHT.

10.1.1. IPEAJIO2KEHUE. KomMyraTusHOE KOIbI0 K ¢ eTHHHUIICH TOrAa H TOJABKO TOTAA ABIAACTCA
moJeM, Korga B HEM HET HETDUBHUAJIBHBIX U IEAJIOB.
[okazatenscteo. Ecmm K mome, I € K — ugean, u b € I oramden ot myas, To 1 = b~ 'b € I, u 3mauuT
I = K, nockonbky Vb€ K b =1-b € I no ceoucry (10-2). Hao60opor, TpUBHATLHOCTE [VIABHOI'O HMAEAJa

(b) = {bc| c € K} osmagaer, aro b0 b = 0, m6o (b) 5 1. B nocaeguem cay1ae be = 1 pas HEKOTOPOro ¢, T. €.
b o6parum. Tem caMbIM, €CIM BCE MIABHBIE WIEATBl TPUBAAIBHEL, TO BCE HEHYJIEBBIE DJIEMEHTH O6paTumel. [

10.2. ®akTopu3anuda. [lycTs TpoM3BOJbHOE KOMMYTATHBHOE KOAbIO K paszburo B oObeanHeHME
HEIYCTHIX HellepeCceKarounxcesa IO IMHOXKECTB:

zeX

3aHYMEPOBAHHBIX DIEMEHTAMH HEKOTOPOro MHOX)ecTBa X. MHadye MOXHO CKa3aTh, ITO UMEETCH CHO-
PBEKTUBHOE OTOOpaXKeHNe MHOXKECTB

K -5 X, (10-6)

COMOCTABISIONIEE KAXKAOMY diaeMeHTy a € K Homep z(a) Toro mogMuoxkecTsa paszduenus (10-5), rae
aexut a. Jlaga kaxgoro a € K ob6osmaumm uepes [a] = X,y C K MHOXECTBO BCEX DJEMEHTOR,
UMEIIMINX TOT XK€ HOMED, 9YTO U G, " 6y,[[eM HA3LIBATE €r'0 KAGCCOM daemenma a. Mbl xoTuMm 3a1aTb
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Ha MHOXeCTBe X CJIOXKEHWE U yMHOKEHUE, COTVIACOBAHHEIE CO CJAOXKEHWEM U yMHOXKEHUEeM B Koubie K,
T. €. OIpeIeInuThb UX (popMyIamMu

z(a) +z(b) =z(a+b), z(a)- z(b) =xz(ab).
DTO TO XKe caMoe, UTO 3aJaTh CIOKEHUE U YMHOXeHue Kaaccos pazbuenus (10-5) ¢popmyramu
[a] +[b] =[a+0], [a]-[b]=ab]. (10-7)

[Moxaxem, 4TO 3TH (POPMYJIBI TOTAA U TOABKO TOT' A KOPPEKTHO HAMEAAIOT MHOXKECTBO X CTPYKTYPOU
KOMMYTATHBHOI'O Koablla, korga kiaacc [0] C K sBasercs ugeanom B K, a Bce OCTAIbHBIE KJIACCHL
MPENCTABIAIOT COOOU CMEXHBIE KJAACCH IO MOIYJIO DTOTO UALAIA, T. €.

VaeK [a|=a+I={a+ilicl}={bcA|lb—acl}.

B camom gerne, mycts [0] — nmaean B K v paBeHCTBO K1accoB [a1] = [ag] o3HavaeT, 4To ag —ay € [0].
Torza dopmysr (10-7) KOPPEKTHO 3a1aI0T OIEPANMU HA KIACCAMHU, T. €. mpu [a1] = [az] u [b1] = [b2]
MBI otyanM (a1 + b1] = [ag + ba] u [a1b1] = [a2bs]. JencTBurensHo, eciu ag = a; +a u by = by + 3,

rae a, 8 € [0], To ag + b2 = a1 + b1 + (a+ ) u az + ba = a1b1 + (aby + a1 + aff), rae 3akn0YEHABIE B
ckoOKku wieHsl dexaT B [0], mockoabky [0] ngean. BeimonHeHne akcumoM KOMMYTATHBHOIO KOIbIA B K
aBTOMATUYECKU BICYET X Boinoanenue B X . Hanpuvep, nucTpuby TUBHOCTE NPOBEPSAETCSA BBIKJIA KON

[a] - ([b] + [¢]) = [a] - [b + ¢] = [a(b + ¢)] = [ab + bc] = [ab] + [be] = [a] - [B] + [a] - [¢] -

YnpaxxHenue 10.2. [IpoBepbTe aHamorndasiM 06Pa30M BHIIIOJHEHNE BCEX OCTAJIBHBIX AKCHOM.

Hao6opor, ecin dpopmyast (10-7) xoppekTHO 33ga00T Ha X CTPYKTYPY KOJBIA, TO OTOOPAXKEHUE
(10-6) sBaserca romomopduamonm kouer ¢ aapom ker(z) = [0]. CregoBarensro [0] = ker(z) — mgeax
B K, n mo6oit kracc [a] = 27! (x(a)) ABAAETCA CMEKHBIM KIACCOM AADA.

10.2.1. Oupegenenne ¢pakTop KoJabna. MHOXECTBO a1 IMTUBHBIX CMEXHBIX KJIaccoB naeana | C K
CO CTPYKTYPOU KOabla, 3agaHHon dopmyramu (10-7), oboznavaerca K /I m HaspBaerca darxmop
KoabYom Koabua K mo mmeany 1.

10.2.2. Ctpoenne romomopduama. M3 IpeabIayIero cieayet, 9To o6pas Jr060ro roMoMopdu3Ma,
KOMMYTATUBHBIX Kouen, K —— Ko n3oMopder pakTop Koasiy Ki / ker(y), a cam romomopdusm
PACKIAIBIBACTCA B KoMIosunuio Broxerns K/ ker(p) ~ im (@) —» Ky u snumopdusma pakTopu-

17
samun K1 —» K1/ ker(p) ~ im (), T.e. MBI IMeeM KOMMYTATUBHYIO IUATDAMMY

K Ld - Koy

o / (10_8)

K/ ker(¢) ~im (f)
aHaJOrmw4Hyo (5-9).

10.2.3. [pumep: peaykumsi LENOUNCAEHHBIX MHOMOUNEHOB MO MOAYMo b, Paccmorpum B koabue Z[z] riaBHbIT
ngean (n), rae n # 1 — menas KOHCTaHTA. DTOT UAEAT COCTOUT U3 MHOTOWIEHOB, BCe KOX(DMUIMEHTH KOTOPHIX
penarca Ha n. PaxTop xompuo Zz]/(n) msomopdro koxeny (Z/(n))[z] MEOrOwIEHOB ¢ KO>(bdUIMEHTAME B
Kouablie BeraeToB Z/(n) . B camom gese, oToGpazkenue

on: Zla] — s (7)) (2], Tae

def

[ama™ + ap_12™ "+ - taiz + ao}n = [am), 2™ + [am—1], 2™ '+ - +[a1], T + [ao],

(10-9)

ABIAETCA CHOPBEKTUBHBIM roMoMopduaMoM kouer ¢ ker(g,) = (n).
Tomomopduam (10-9) maswBaerca pedykyueti no modyao n. OH 9acTO OGHIBAET MOJE3€H I T0KA3ATEIb-
CTBa HENPUBOAMMOCTH TOIO wWiu uHOro Muorowiena f € Z[zx]. Xox mbicam mpu 5ToM Takos: ecin f = gh B
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Z[z], To Bo Beex xoabuax (Z/(n))[z] semonnserca pasenctso [fl, = [gly - [h]n. Ecan n = p — npocroe, To
konb1o Z/(n) = F, aBasercs monem, B 1acTHOCTH, B F)[2] uMeeTCa 0 1HO3HAMHOE PABIOKEHUE HA HEIPUBO TUMBIE
MHOXKUTeIH. Bosee TOro, Bce NOTEHNNAIBHEIE HEIIPUBOANMBIE JEINTEIN IO0N0 MHOTOUIEHA [ f],, B IpUHIMIE,
MOXKHO Iepe6paTh, 160 Haj [}, eCTh JUIIb KOHEYHOE YUCJIO MHOIOWIEHOB 33 JAHHOM CTEIeHH.

Ynpaxtenue 10.3. [lepeuncaure Bce HenpuBoguMble MEOrO4IeHEL crenenn < 3 B Fy[z] u B Fslz].

Hampumep, 110661 yoeauThCa B HempusoauMocTu MHOrouwnena f(x) = x° + 2® + 1 B xonwue Z[x], nocTaTouHO
PaCCMOTPETH €ro penyKnmio mo MOAymio 2. IIoCKOMbKY y f HET meabx KOpHeH, HETPUBHAIBHOE DA3JIOKEHUE
f = gh B Z|z] Boamoxuo Tomeko ¢ deg(g) = 2 u deg(h) = 3, a 1.x. y [f]2 = #° + 2% + 1 ner kopuen u B F2, o6a
MHOTOWIeHa [g]a, [h]2 Hempusoaumst B Fo[z]. Toraa 2° + 2% + 1, cormacuo ynp. 10.3, gomxen neautbes B Falz]
Ha 2 + = + 1, 9TO He TaK.

Emé oaus npuMep: TOKaxeM, 9TO MHOTOWIEH JeJCHUA KPyTa HA HPOCTOE IHUCIO TACTEN

P —

f(x):$p71+$p72+ .;..1-4_1:717
T —

rae p mpocToe,

HenpueoAuM B Z[z]. [lasa 5TOr0 mepenuiieM ero Kak MHOMOWIEH OT HOBOM IepeMeHHOn ¢t = ¢ — 1:

f(t):(tLHt)p_lztp—k(]Dtp_l%— +< P )t.

p—1
Ilpu pegykimm mo MOAyJo p or MHorodneHa f(t) ocraércsa Toabko crapmmu MoHoM [f(t)], = t". Ecan
f(t) = g®h(t) B Z[t], To [g(t)],[h()], = t" B F,[t], orxyaa BeTekaer!, 910 g m h TOXe peIymUPYIOTCA
0 MOAyIo p B cBom ctapmme MoHOMEL [¢(z)], = ™, [h(z)], = z*, rne m = deg(g), k = deg(h). Tem cambmm,
BCe Koo puimeHTsl ¢, h, Kpome crapiiero, aeaarcs Ha p. Ho rorga muaamumn kosdgdunuent [, Oyay<du mpous-
BeJeHWeM MIaIIIX Kod(hUIIEeHTOB g, h, TOTKEH JeTuThC Ha p°, 9To He Tak. CleJoBaATeTLHO, f HEIPUBOIMM.

YnpaxHenue 10.4 (kpuTepunit DiiseHwTenna). Ilycrs Bce KoaddunmenTsl npusegéHHOro MHOrowieHa f € Z[z]
JeIaTea Ha TpocToe Iueao p € N, a MIaimmi ko>p@UIIIenT, 1eIach Ha P, He JeIUTCA OIPU dTOM Ha p2.
Tokaxwure, uro f HenpusoguM B Z[z].

10.3. Kosba raaBubIX ugeanoB. llerocTHoe koabio K ¢ eTUHUIEN HABBIBAETCI KOALUOM 2AGEHLIT
udeanos, ecim kax e ugean I C K apasercs eaasnvim, T.e. uveet Bun I = (d) = {ad| a € K}.

IMapamneauam mex gy xkouasuamu Z u k[x], rge k — nose, koTOpbi MBI HAOIIO AN B IPEABLAY X
aByx maparpadax, 00bACHAETCS TeM, IYTO 003 DTUX KOJbIA ABIATCA KOMBIAME TVIABHBIX UI€AJOB.
[lokazaTeabCTBO 3TOr0 (PaKTa, OCHOBAHO HA BO3MOXHOCTH [TEJEHUs C OCTATKOM, U (PAKTUIECKU OBLIO
xaHo Hamu B (n°7.7) m (n°9.2.4), xorga MBI 00CYXIaIN CBOUCTBA HAMOOJBIIMX OOIINX NEJUTEIEH.
Cervac MBI BOCOPOU3BEAEM €0 I Pa3 TAKUM 00pa3oM, ITOOBI OHO TONMIOCE IIA JHOOr0 KOJBIA,
JOIIYCKAIOIIEr O «EICHAE C OCTATKOMY B CJAEIVIOIMIEM TOYHOM CMBIC/E.

10.3.1. EBkimgoBsl Koabma. LlenocTroe koawio K ¢ eIuHUIEH HA3LIBACTCA €6KAUOSbIM, €CIN
cymecTByeT pyHKIUA
14
K\ {0} — NU{0},

COIOCTABIAIIIAA KA IOMY HEHyJIEeBOMY 2IeMeHTy a € K Iesoe HeOTpHIATEIbHOE IuCIO v(a), KOTO-
poe Ha3BIBACTCA €6KAUd0601 Hopmotl (mim ebicomoti) snemenTa a Tak, 4ro Va,b € K \ {0} Beimoans-
I0TCS CAEAYIOLIUE 1BA CBOUCTBA:

v(ab) > v(a) (10-10)
dg,r€ K : a=bg+r naubo v(r) <wvb), mbor=20. (10-11)

Tak, B KOJIbIE HMEALIX Iucea Z (PYHKINEH BLICOTLI ABAAETCA a0COMIOTHAA BEININHA, & B KOJLIE MHO-
rounenos k[z] ¢ koodpdunuenramu B nose k BEICOTON CIyKUAT CTEIEHb MHOI'OY/IEHA.
YnpaxHenue 10.5. [lokaxure, 4T0 KOJIBLIA
) Z[i] ¥ {a+bic |abeZ, i*=—1}
6)Zw] < {a+bweC|abeZ, w+w+1=0}
)=

ABJAIOTCA €BKJINIOBLIMU OTHOCUTEIBHO BEICOTHI V(2 |z|2.

!31eCh MBI BCIIOIB3yeM eJMHCTBEHHOCTD PA3I0KEHIA HA HEIPHBOUMEIE MHOKUTEIN B KOIBIIE Fplz]
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DJIEMEHTEL ¢ U ', O KOTOPBIX UAET pedb BO BTopoM cBoucTee (10-10), HABLIBAIOTCA, COOTBETCTBEHHO,
HENOAHBIM YACTIHBIM U 0CMaMKoM OT neneHus a Ha b. [oguepkHéM, 4TO UX €IMHCTBEHHOCTHU (/s
INAHHBIX @ ¥ b) HE IPeaIoIaraeTcs.
Ynpaxtenune 10.6. [Tokaxure, 9T0 B 10000M €BKINIOBOM KoublLe paBeHcTBo v(ab) = v(a) B cBonctse (10-10)

PaBHOCHIBHO TOMY, ITO BIEMEHT b o6paTuM (perrenue MOKHO ToATIALeTh B cHOcKe (1)).
IMokazxkeMm, 9TO B JIOOOM eBKIXIOBOM Koablle K Beakuu ugean I C K apaseTcsa raaBHbIM. BoiGepem
B | Kakou-HuOy b HEeHyJIeBOU >aeMeHT d € [ HamMeHbINen BLICOTHI. Torma BCAKUM daeMeHT a € [
geanTcsa Ha d. [[encTBUTETBHO, Aend a Ha d ¢ OCTATKOM, moaydaeM a = dg +r, vae r = a —dg € 1,
noCKOAbKY a,d € I. Ilpu stom aubo v(r) < v(d), 970 HEBO3MOXKHO 11O BEIOGOPY d, aub0 1 = 0, 4T0 1
yTBepx paercsa. Takum obpasom, I C (d). Tak kak d € I, mu1 umeem pasenctso I = (d).

I/ITaK, BCE €BKJMNJOBBI KOJBIIA ABJIAITCA KOJbIAMUI TNIABHBIX I/Irﬂ[eaJIOBQ. B JaCTHOCTHU, KOJbIIaMUN
IVIABHBIX MaeatoB asiaiorcs Z, k[z], rae k — mone, a Takxke koapna Zi] u Zlw] u3 yup. 10.5.

10.3.2. HO/I u BzamMHas npocToTa. JI10601 HabOop 3JIEeMEHTOB a1, a2, . . . , Gy IPOU3BOJLHOIO KOJIb-
113 NIABHBIX nAeanoB K nMeeT HanOGOMbIUY O0umi geautens d = HOJ (a1, as, . . . , Gy), KOTOPBIX MOXKHO
IPEeNCTABUTE B BUae d = 141+ X202+ - -+ TpGy . DTO IPOCTaAA MEPEHOPMYAUPOBKA TOT'O, ITO UAEA,
TTOPOXK AEHHLIN DJAEMEHTAMA (1, A3, . . . , Oy , ABIACTCSI TVIABHLIM:

(al,ag,...,an) :{$1a1+$2a2+"‘+$nan|xi GK}:(d) :

B camom gene, obpasytommas d, Kak U BCE DIeMeHTH (a1, ag, . . . , Ay ), IMeeT Bug d = Y | x,a,, 1 3HAYUUT,
JEMATCS Ha JIOOOU 06Iunn aeaurens aucen a;. C Apyrou CTOPOHBL, BCE BIEMEHTHI (a1, a9, . - ., ay) = (d),
BKIIOYAA CAMU a;, ACTATCA Ha d.

W3 manumama npencrasiaeaus HOA (a1, ag, - . ., Gp) = X101+ L2029+ - -+ Tpay BEITEKAET, YTO B JTHOOOM
KOJIbIE NVIABHBEIX HICAJOB OTCYTCTBHE Y DIEMEHTOB (1,02, ... ,0; HEOOPATUMEIX OOIINX NeJIMTENen
BIEYET 33 COOOM MX B3AUMHYIO IPOCTOTY®, T. €. BO3MOXKHOCTE IPEICTABUTE €IMHUIY KOJIbIA B BIIE

1==z1a1 +x000 + - -+ + xpa, C HeKOTOpPBHIMU X; € K .

YnpaxxHenue 10.7. Ilokaxure, 9TO €cau IEMEHTHL G, A, . . . , Ay, KOJBIA [VIABHBIX UAEAJOB K TAKOBBI, ITO

Vi# juol(ai,a;) =1, mo K/(ay-ay- - am) = (K/(a1)) x (K/(az)) x - (K/(am)) -

10.3.3. [IPEAJIO2KEHUE. B 1r060M KOJIbIIEe IVIABHLEIX HAeadoB K caenyiomime CBOHCTBA 3JAEMEHTA
p € K nomnapHO 5KBUBAJICHTHBI APYT ADPYTY:

(1) K/(p) aBagerca moaem;

(2) B K/(p) Her gemmrenen Hy.Id;

(3) p mempuBoguM, T.€. p = ab = a wiu b obpaTtum B K .
[okazaTenscteo. Mmmiukanusa (1) = (2) yxe Obwia gokasaHa Hamu gias Jjo6oro nois B (n°7.2). Ilokaxew,
9TO B JIOOOM HEIOCTHOM KOIble K (He 06sS3aTeJbHO ABIAIOMEMCS KOJABIIOM TVIABHBIX HIEANOB) UMEET MECTO
nvumkanusa (2) = (3). Us p = ab crenyer, aro [a][b] = 08 K/(p), n ecin B K /(p) HET menuTenen Hy s, TO OAUH
U3 COMHOXUTeNen, ckaxeM [a], paseH [0]. Torga a = ps = abs mus vekoroporo s € K, u sHauut, a(l —bs) = 0.
IMockoneky B K et menuTenen HyJd, bs = 1, T.e. b o6parum. ITokaxkem Teneps, 9TO B KOJBIE IVIABHLIX UI€AJ0B
(3) = (1). Ecau p menpusogum, to Vb & (p) HOA(p,b) = 1, a suauur, Jx,y € K : pr+by = 1, orxygna [b][y] = 1
B K/(p). Tem cameiv, aro6on kaacc [b] # [0] o6parum B K/(p), T.e. K/(p) — noue. O

10.3.4. O fHO3HAYHOCTL Pa3JoXKeHWA Ha HeIPHUBOAMMEIE MHOXHUTeMA. L1eT0CTHOE KOJIBIIO HABLI-
BAETCA PaAKMOPUGALHBIM, ECIU KAXKABIY €r0 HeOOPATUMBIN DIEMEHT G ABMACTCA MPOU3BEICHUEM KO-
HEYHOI'O YUCJIA HETIPUBOAUMBIX DJIEMEHTOB @ = P1P2 - - Pm, IPUUEM JI0O0€ IPYyroe TaKOe PA3JIOKEHUE

1
nuredgo q u T = bq oHAraLRAOTAID {() = bq — | Loholrd 93KOL OLh

‘0 = (bq — 1)p oenfr> wodoxrd og () = .. uru () = bq — T udu OMIIOL OHXKOWEOE SOMRL ‘OTdMATIAredn WOLehA O {() = b — T
ogur ‘(D)1 £ (4)a ogur 0Lk ‘Loedaridad (bq— 1)p = .4 earoneded eu {() = 4 ogur ‘()1 = (qv)a > (4)a 0Qur SYI ‘u+bgD = D
waviLKIron ‘WOMLRLIO D QD €H D BIOX 0L ‘(D)4 = (qv)a uroo ‘odogoeH {(v)a = (;_qqv)1 > (qv)uﬂ 0L ‘. q E Urde :dMHAMEd

OTMETHM, ITO OOPaTHOE HEeBEPHO, HO KOHTPIPUMEPHI IPUXOJAT U3 JOCTATOYHO IIyOOKOM TEOpUHU Uuces u anrebpa-
M9eCKOU FeOMeTPUH, TaK ITO [AJfA UX HOJHOLEHHOr 0 IOHUMAHUA TPeGyeTCsa TEXHNKA, KOTOPOU MBI IIOKA €LIE He BIaeeM;
BIIPOYEM, 3aMHTEPECOBABIINICA IATATEIb MOXKET OOPATUTHCA K 3aMEIaHuio 3 Ha ¢TP. 365 kuuru J. B. Bunbepra «Kypc
arre6psn (nut. no msganuio M. «Daxropuamr (1999))

SuHate B3AMMHYIO TPOCTOTY a1, A2, . .., Ay MOXKHO OXAPAKTEPU3OBATH KAK DABEHCTBO (A1,as,...,an) = K
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@ = q1¢2 ‘- Gr COCTOUT U3 TOT'O UNCIA COMHOXKUTEIEN k = 1M, U MOCIE HALICKAIIEH TepeHyMepallun
KasKIBIN ¢, OyIeT acconmmpoBan’ ¢ p,.

YnpaxHenue 10.8. [Tokaxkure, 9TO B IPOU3BOJIBLHOM KOJBIIE IVIABHBIX naeaaoB K 100ble [Ba HEIPUBOIMMBIX
DIeMEHTa P, ¢ 160 B3auMHO HpocThl (T.€. pr + qy = 1 ga HekoTOphIX Z,y € K), b0 acconuupOoBaHBL
(T.e. p = gs mast HeKOTOPOro obparumoro s € K).

10.3.5. IPEIJIOZKEHUE. Bcakoe kKoabHo IMIaBHBIX HAEAJI0B (PAKTOPHUAILHO.

[okazaTenscTeo. JJokazkeMm CHadaJa CyIIECTBOBAHMIE PA3/IOKEHNS IPOU3BOILHOI0 DIEMEHTa @ B IPOU3BEIeHIe KO-
HEYIHOI'O 9MC/IA HEIPUBOJUMBIX MHOXUTEICH. ECIun a HempuBoguM, TO JOKA3BEIBATEL Hedero. Eciu HeT, 3amumem
€ro B BUJE IPOU3BEICHUA HEOOPATUMEIX DJIEMEHTOB. KaX LI IPUBOLUMBIL COMHOXUTEIb STOr0 IPOU3BEIE-
HUA CHOBA 3AIUIIEM B BHE IPOM3BEICHNAA HEOOPATUMEIX DJIEMEHTOB U T. . DTOT IPOHECC HE KOHYUTCA Iepe3
KOHEYHOEe HUCJIO0 MIAr0B HOCTPOeHHeM TpebyeMoro pasoKeHHs, TOIbKO ecad B K cymecTByeT GecKOHEYHas
HOCJEJOBATEILHOCTE DIEMEHTOB {a;}, B KOTOPOH @;y1 AEIUT a;, HO ; HE JEIUT Git1, T.e. (a;) & (aiq1).

YnpaxHenue 10.9. Ybeaurecs, 9TO I T0O00U MEMOYKN BAOKEHHBIX ugeanos --- C I, C I,11 C .-+ mpous-
BOJBHOI'O KOMMYTATHUBHOI'O KOJIbIA 00beauuenue [ = U I, Taxkxe ABIACTCA UIEATOM.
14

Tockoabky Bee ngeans B K raasusie, U (a,) = (d) gia sexoroporo d € U (a,). Koas ckopo d nexur B 00beiune-
v v

uun, 3i:d € (a;). A Torga (d) = LVJ(a,,) = (a;). B wactroctn, V& > 0 (a;+r) = (a;) BOIPEKN IpeIIOIOKEHUIO

o ToM, 910 (a;) & (as4+1). Tem cambiM, mpouece pasaoKeHus: He MOKET IPOI0NKATHCA OECKOHETHO.

JoxaxeM Tenepb €IMHCTBEHHOCTb pasoxkeHus. IIycTh MBI UMeeM DABEHCTBO DiPs - Dk = (142" dm, B
KOTODOM BC€ MHOXKUTEIW HENPUBOAUMBL. 3aMETHM, ITO p; HE MOXKeT OBITH B3aWMHO IPOCT C KaXIbIM U3
gi, TIOCKOJIBKY B DTOM ClIydae OH OyJeT B3aMMHO NPOCT ¥ C UX npoussegeHueM (cM. n°7.6), T.e. HaumgyTCA
T,y € K 11 =2api +yqi¢2- Gm = Zp1 + ypip2 -+ Pk = P1(% + Yp2 -+ - Pi), ITO HEBOBMOKHO, HOCKOIBKY Py
neoOparuM. Tem camMBIM, B IPABOU 9aCTU CyIIECTBYET MHOXKHUTEIb, CKAXKEM (1, KOTOPEIN HE B3AUMHO IIPOCT C
p1, a3Ha4ut (cM. yup. 10.8) ¢ = sp; gas Hekoroporo obparumoro s € K. Torga py(pa - pr — 5¢2 - qm) = 0,
OTKyza caefyeT 6omee KODOTKOe PABEHCTBO PoPs « -+ Pr = (842)¢3 - - * ¢m, K KOTOPOMY IPUMEHAMO HPEALIAYIIEe
paccyxaeHue. ]

10.3.6. HekoTopble mpegocTepexenus. PazyMmeeTcs, He Bce KOMBIA ABAIIOTCA KOIBIAMY TVIABHBIX
ugeanos. Hanpumep, ngeanst (2,x) C Z[z] u (z,y) C Q[z, y] He ABAAIOTCS IIABHBIMY.

YnpaxHenue 10.10. Jokaxkure >TO.

Yepes HEKOTOpPOE BpeMsl MBI IOKaxKeM, 4To kKouabla Zz] u Q[z,y] dakropuansunl. Taxum obpasom,
(paKTOPUATEHOCTD ABIAETCA CyIIECTBEHHO 0oJee CrabbiM OrPAHMYIEHMEM HA KOJIBIO, €M CBOUCTBO
OLITH KOJBIIOM IVIABHLIX HIEAJI0B.

[Ipumep HEPAKTOPUATLHOTO HMEJOCTHOTO KOIBIA TOCTABIACT KOABIO ATreOpAnTIeCKAX TACeT

— 2
ZIV3] = L) /(2 - 5) ,
B KOTOPOM €CThb TaKH€ IBa PA3JUYIHBIX PA3JIOXKECHUA HA HEIIPUBOAUMBIC MHOXKHUTEJIN:

2.2=(V5+1)- (V5-1)

YnpaxHenue 10.11. Joxaxure, ato 2, v/5 + 1, /5 — 1 HEIPUBOAUMEI 1 IIONAPHO HEACCOMAMPOBAHEL

10.3.7. [Mpumep: npocTeie n HenpuBoanMble dnemMeHThl. KuIloueBBIM MECTOM B [OKA3aTEIHCTBE €IMHCTBEHHO-
cTu pasjoxenusa u3 npemaokenus (n° 10.3.5) Obu1a Takas UMILIMKALWA: €CJIU IPOU3BEICHUE ¢1q2 - * * ¢y AEITATCA
HA P1, TO XOTA ObI OJVH U3 COMHOXUTEIEN NEAUTCI HA Pi.

Heo6paTuMbIil 3JeMEHT P TPOU3BOMBLHOTO HMEMOCTHOTNO KOMbIa K Ha3LIBAGTCA NPOCMbIM, €CIU I TIOOBIX
a,b € K u3 Toro, 4ro npousBegenue ab IeauTCsa HA P, BEITEKAET, YTO a win b nemurcsa Ha p. VHAYEe MOXKHO
CKa3aThb, YTO NPOCTOTA IEMEHTA P O3HAYAET, ITO B Kouble K /(p) HeT neruTenen HyJs.

B nokasareascree mpemaoxkenus (n°10.3.3) Mbl Bugeau, 9TO B JIOOOM LEIOCTHOM KOJIBLE BCE IPOCTHIE
3JIEMEHTEHL ABTOMATAYECKU HEIPUBOAUMBL. MEI Buaean TakxKe, ITO B KOJIbIE [VIABHBIX UEAJI0B CIPABELINBO U
00paTHOE: BCAKUY HEMTPUBOAUMEIN DJEMEHT TPOCT. VIMEHHO B 3TOM U 3aKIHOUAETCSA MPUINHA (PAKTOPUATHEHOCTA
KOJIEI] TVIABHBLIX UI€aJOB.

'r.e. ¢, = s, - p, a1a HEKOTOPBIX O6paTHMEIX S, € K, cum. (n°7.7)
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Ynpaxtenue 10.12. Ilycrs B neiroctHoM Komblie K BCAKUU SJIEMEHT ABIAETCS IPOU3BEACHUEM KOHEIHOI'O YU~
cra HempuBoaUMbIX. [TokaxwuTe, uTo K (dakTOpMaTHLHO TOTJA U TOJBLKO TOTIA, KOTIa BCE HETIPUBOIUMEIE
271eMeHTH B K TpOCTHI.

s O6IIET0 HETOCTHOTO KOMbIa K MpoCTOTa ABIAETCA CTPOTO 00Jee CATLHBIM CBONCTBOM, €M HETPUBOIA-
MocTh. Tax, B yxke yIOMUHABIIEMCA BHIIE KOable amrebpamdeckux wucer Z[v5] = Z[z]/(z? — 5) wmcro 2
HEIPUBOAUMO, HO HE IPOCTO, HOCKOIBLKY B (PaKTOP KOJbIIE

Z[V5]/(2) =~ Z[z]/(2,2® - 5) ~ Z[z]/(2,2® + 1) ~ Fo[z]/(2* + 1) ~ Fy[z]/((z + 1)?)

UMeeTCA OMeBUIHLIN gemuTens nyas (x + 1) (mod (2,22 + 1)) . Ha a3bike anre6pamdecknx 9ucen 3TO O3HATAET,
aro /5 + 1 me gemnres va 2 B Z[V5], a (V5 +1)% = 64 21/5 — nemurcs, XOTA IBOMKA MTPU BTOM HETIPUBOIMMA.

10.3.8. Mpumep: rayccoesl uensie uncna (npogonxenue npumepa n® 6.4.1). Coraacuo ymp. 10.5, koabo rayc-
coBbix uucen Z[i] C C saBasercs KOJIbLIOM IVIABHBIX UIEAIOB, a IOTOMY B HEM CIpaBejIuBa Teopema 00 OTHO-
3HAMHOCTH PA3JIOXKEHUA HA HENPUBOJAMMBIE MHOXKUTEIM. BBIACHUM, KaKue meable MPOCThIe duciaa p € Z ocra-
IOTCS HEMPUBOAWMBIMU B KOJBIE TAYCCOBLIX Yucel. [/ 5TOTO 3aMETHM, ITO PA3JIOKEHHUE JI0O0T0 HEeJOTO Be-
MIECTBEHHOTO N € 7, OyAy9M WHBAPUAHTHLIM OTHOCUTENTBLHO KOMILIEKCHOT'O CONPSMKEHUA, MOMKHO BMECTE C
KaXbIM HempuBoauMBIM MHOXuTereM a + ib € C N\ R comepxaTh U CONPKEHHBIN €My MHOXKWUTEIb a — ib.
B uacrrOCTH, eciu mpocToe p € Z mepecTaéT OBITH HEMPUBOAUMEBIM B Z[i], TO OHO HPEICTABIAETCA B BUIE
p = (a+ib)(a —ib) = a® + b? ¢ menysebivu a, b € Z. Taxum 06pazom, mpocToe p € Z TOrAa U TOJLKO TOTJA
IPUBOANMO B Z[i], KOTJa p ABIAETCA CYMMOU ABYX KBAAPATOB. ITOGHI ABHO OMUCATHL BCE TAKUE D, BCIOMHIM,
ITO HEMPUBOAMMOCTD p € Z[i] paBHOCUIBLHA TOMY, ITO hakTOp Koblio Z[i]/(p) anseTca norem®, u mocMoTpum
Ha 5T0 BAKTOP KOJIbIO KaK Ha (aKTOp KOTbIla MHOTOWIEHOB Z[x] no uneany (p, x> + 1) C Z[x], mopox réuroMy
anemerTavu p u (v2 + 1):

Z1i)/(p) ~ Z[z]/ (p,2* + 1) = Fp[a]/(2® +1) .

Camoe mpaBoe KOJIBLO ABIATCA IOJEM TOTJA M TOIBKO TOrAa, Korjga MHorower z° + 1 menpusoaum Hag F,
9TO PABHOCUIBHO OTCYyTCTBUIO y Hero xopren B Fj,. Takum o6pasom, npocToe p € Z ABISAETCS CyMMOHU ABYX
KBAPATOB, €CJIM U TOJBKO €CIU —1 KBaAPATUYIHEIN BEIYET 10 MoAy 0 p. Kak mMur Bugenu B nmpumepe (n° 9.6.2),
5TO MPOMCXOAUT B TOYHOCTHU TOTAA, Korjga (p — 1)/2 wérro, T.e. gua mpocteix p =4k + 1 up = 2.

10.3.9. lMpumep: B3aumHo npocTole uaeansl. JIpa ugeana I, J mpou3BoIbHOIO KOMMYTATUBHOIO Kobrna K ¢

€IMHUIIEN HA3LIBAIOTCA 63GUMHO NPOCMbIMY, ecam cymecTByloT & € [ my € J, Takue uto £+y = 1. D10 ycaosue

def . o
paBHOCWIBHO ToMy, uro ugean I +J = (I,J) ={z +y|z € I, y € J}, nopoxAéHHBIN UX O0BEIUHEHUEM
7 COCTOANIMU W3 BCEBO3MOXKHBIX CyMM, COBIANAET CO BCEM KOIbIOM. CBOUCTBA B3aMMHO IMPOCTBIX HACAJIOB

0000IIAI0T CBOMCTBA B3AMMHO IPOCTHIX IUCEL.
10.3.10.JJEMMA. Ecau mgean I B3auMHO HPOCT € KaxAbIM U3 HAeAI0B Ji,Js, ..., J,, TO OH B3auMHO
IIPOCT ¥ C UX IIepECeTCHIEM? .

[OokazatenscTeo. [l kaxporo v =1, 2, ..., n Mbl umeem suemedTsl ¢, € [ ny, € J,, takue uro z, + ¥y, = 1.
[lepeMHOXas BCE DTU DTU PABEHCTBA U PACKPHIBAA CKOOKM, MBI MOJYYIUM PDABEHCTBO BUIA

(4eHBl, CogepKaIIUEe MHOKUTENb BUAA T,) + Y1Y2 +*+ Yn = 1,

B KOTOPOM IIEPBOE Cjaraemoe JexutT B I, a Btopoe — B N J,,. O
v

10.3.11.IPEIJIOZKEHUE (KUTANCKAS TEOPEMA OB OCTATKAX). ITycrs ugeansr I, I, . .., I,
IIPOU3BOJIBLHOIO KOMMYTATHBHOI'O Koablia K ¢ equHuIen monapHO B3aMMHO NPOCTHL. Toraa muas ao6oro Habopa
um3n xaaccos [a,] € K/I, (rgev =1, 2, ..., n) cymecrByer a € K, rakoe 410 [a,] = a (mod I,)) ogaOBpEeMeHHO
I BCEX v, IpIIEM 44 a060r0 apyroro a’ € K, 06.1a5ar0ero STuM CBOUCTBOM, MBI OyeM IMeTh a’ —a € ruw 1,.

HMubivu croBaMu, mMeeTcsa KAHOHUIECKHU U30MOP(U3M KOJIEI]

a—(a (mod I), a (mod I2), ..., a (mod I,,))

K/nI, e (K/I) % (K/LI) x - x (K/I,) . (10-12)

~

a—(a (mod I,),a (mod Iz),...,a (mod I,,))

~

» (K/L) x (K/Iy) x -+ x (K[I)

siBasieTCsA ToMoMOopduaMoM kousery ¢ sapoum N I,. TlosTomy HAM ZO0CTATOYHO HOKAa3aTh €ro CIOPHLEKTUBHOCTD. 110
14

[OoxasaTenscteo. OTobOpaxenune K

'em. mpenmoxenue (n° 10.3.3)
?y6eauTech, ITO TEPeceveHne ueaI0B TOXE ABIACTCA UIEATOM
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OpeabIayIen JeMMe I B3aUMHO IPOCT C Q I, nns xaxgoro k. Ilooromy maumgyrcs xp € Iy u yp € Q I,
v#k v#k

Takue 9To Iy, + Yy = 1. ITO 03HAIAET, 9TO

0, mpuv #k
yr (mod I,,) =
1, npuv =£%k
u B KadecTBe diaeMeHTa a € K, 0T00paxKaomerocs B IPOU3BOILHO 33, 1aHHBIN HAO0D Kiaccos [ag] € K/I} , Mbt
n
MOXKEM B3ATh @ = Y YgQg- O
k=1

Ynpaxtenune 10.13. BeBegure u3 npemnoxenus (n°10.3.11) npeabraymme Bepcuu KUTAUCKOU TEOPEMbL 00
ocraTKax, gokasaHuble B (n°7.6.1) u (n°9.5.3).

10.4. XapakTepuctuka. /[I1a m0060ro Koaena ¢ eamanner K nMeeTcs KaHOHMIeCK TOMOMOP(U3M
»
7 — K,
[IEPEBOIAIINY €IUHUIY B €TUHUIY M AeHCTBYIOUINN HA IPOU3BOJLHOE IIEJ0E YUCJIO MO IPABIILY

w(tn)=+(Q+1+ --- +1) g1a neN.

n

Ecau 3 nabexkTUBEH, TO TOBOPAT, 4TO K UMeeT rapaxmepucmury Hydb, B IPOTUBHOM CIydae Tapak-
mepucmurod HA3BIBAIOT HAMMEHBIIEE HATYPATLHOE YUCIO P, I KOTOPOTO

1+1+--4+1=0.
|
p

Muave 5TO MOKHO CKA3aTh TaK: MOCKOIBKY B 7 BCE UIEATBI riaBHbE, ker(x) = (p) mis HEKOTOPOro
[e0r0 HEOTPUILATEILHOTO P, KOTOPOE U HA3BIBAETCA Taparxmepucmukot konbua K. XapakTepuctuka
o6oznavaercs char(K) . Ecmm xonpno K menoctHOe, TO ero nogkoasno Z/(p) ~ im (») C K Taxkxe
He 6yIeT UMETDh HeJuTenel Hymas. TakuMm 06pa3oM, XapaKTePUCTUKA LEJOCTHOrO KOAbIA WIA PABHA
HYJIIO WM SBIAETCSI IPOCTHIM YHCIOM.

YnpaxxHenue 10.14. [JokaxkuTe 3TO HEMOCPEICTBEHHO, IOIb3YSICh PABEHCTBOM

I+14 - +1=0+1+ - +1)1+1+ - +1)

mn m n
10.4.1.IIpocTtoe moamoue. llycte k — mose. Haumenslee o BrIOwUeHnio moamnosae B k, comep-
xkamee 1 u 0, HasLiBaeTCa npocmuim nodnosem B k. IIpocToe moamone, Takum 00pa3oM, COTEPKUT

im ().

Ecnu char(k) = p > 0, To im (5¢) ~ F), u 6yzer npocTseiM mognoxem moas k.

Ecan char(k) = 0, T.e. »(q) # 0 mpu ¢ # 0, TO rOMOMOPGU3M 3¢ MOXKHO HIPOIOIKATE A0 (ABTO-
MaTUYECKN UHBEKTUBHOrO 1o n° 6.5.1) romomMopdusma mosen

=

)
%:Q;%@,k_

QI

CuepoBaTelbHO, B DTOM CIy4ae MPOCTOoe NoAnoje B K m30MOPMHO NOJI0 palrOHAIBHEX ucesa Q.

Takum 06pasoM, BCAKOE MOJe ABAAeTCA Jub0 pacimpenueM mouas Q, aubo pacmuperueM OmTHOTO
u3 nosent [, ¢ mpocteiM p € N, npuuéM HUKAKIX HEHYJIEBBIX FOMOMOD(MU3MOB MEXK Ty IIOJIAME PA3HBIX
XapaKTEPUCTHUK HeT.

10.4.2. Tomomopdpuam Ppobennyca. Ecan char(k) = p > 0, Toxe camoe BbMucJIeHUe, YTO U B
(n°7.9), nokasbIBaeT, 4TO -1
Va,bek (a+b)P=a’+> (1+1+ -+ D" 400 = +17.
—_—

= )
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r—zP

Tem camMbIM, OTOOpaXKeHUe BO3BEJCHUA B P-TYy10 cTeneHb Fy, : k k aBageTcsa romomMopduamMoM
u3 moaa k B ce6a. On HaswBaeTcs 2omomopdusmonm Ppobenuyca. Cormacuo mamon Teopeme Pepmal
romomopduzm PpobeHnyca TOXKIECTBEHHO AeUCTByeT Ha mpoctoM nognoxe F, C k. Hanpumep, ana

Fs
k = Fy = Fy[z]/(2? + = + 1) romomopduam Ppoberuyca Fy — Fy aprserca aBToMOPGUIMOM,
AHATOTUIHBIM KOMILUIEKCHOMY COIIPSAKEHUIO: OH TOXKIECTBEHHO aencTByer Ha moanosne Fo = {0,1} u
IIEPEBOUT APYT B APYTa BJIEMEHTH W = [x] n w? | apnmommecs kopHAME MHOTOWIeHa 22 + 2 + 1.

Ynpaxtenue 10.15. Onuumre gericrsue Ppobennyca Fy ma none Fo = Fslz]/(2? + 1) .

10.5. Koabna ¢pyakmun. Ilycts K — KOMMyTaTUBHOE KOJBLO, a X — IPOU3BOILHOE MHOKECTBO.
MeuoxecTBO Beex dyukimia X — K o6o3nagaercs KX u 06pasyer KOIbIO OTHOCATEILHO O PALHIT
MOTOYEYHOrO CJIOKEHUA U YMHOKEHVA 3HAMCHUN (DYHKIINHA:

frg:xe fl@)+g()  fg:xm flx)g(e).

ToX JeCTBEHHO HyIeBad PYHKIMA ABIACTCA B XX HyIéM, a TOXKIECTBEHHO € IMHIIHAL (ecim B K ecTb
eIUHNIA) — €IUHUIECH.

Nuage KX MOXHO BOCIPHHEMATL KAK Npamoe npoudsedenue’ OINHAKOBBHIX KOIMH KOJbLA K,
3aHYMepPOBAHHEIX daeMeHTaMu & € X . Eciau MHO)KeCTBO X COCTOUT U3 1 2I€MEHTOB, TO BMeCTO K~
06brvHO muiryT K" u m306paXarT 2JIEeMEHTH TAKOrO KOJbIA CTpO‘IKaMI/I3 (ar,a9,...,ay,).

Hockonbky npousBeneHue JOOLIX ABYX (DYHKIUU C HEMEPECEKAIOIIUMUCS HoCurexavmu’ PaBHO HY-
10, B Koablle KX MHOrO genuTenen myas, gaxe ecin K — moae. O6paTuMeiMu daeMeHTamm KX
ABIAOTCA PYyHKIIUNA, TPUHUMAOMIE 06PATHMOE 3HAIECHNE B KAXKJIOU TOIKE.

10.5.1. TomomopduaMmsl nmogbéma. C KaKIBIM 0TOOpaKEHNEM MHOXKECTB X —?+ Y cBa3aH roMo-
MOpdu3M 1n00%bEMma® BIOIB @
o KY frofop KX,
KOTODBIA TIepeBOAnT QYHKIUKA Ha Y B UX KOMIO3UIUHU C (©, ABOIMECT QYHKIUAMEA Ha X, ¥ TeM
CaMBIM, TEUCTBYeT B IPOTUBOIOJIOKHOM K ( HaupasiaeHuu. Ha sa3bIke HEKOMMYTATUBHOU aareOphl
NOABEM €CTh He 9TO MHOE, KAK MPaBoe yMHOkeHue Beex orobpaxenn u3 Hom (Y, K') ma oTo6paxenue
¢ € Hom(X,Y):

Hom(Y, k) —1=1%

Hom(X, K)

OTmeTuM, 9T0 XOTA KOIbIA (PyHKIMA ¥ HE HEIOCTHBIE, MOMOMOP(GU3M TOABEMA, BCErAa MEPEBOJAUT
eqUHUNY KOabla K Y g eqUHUIY KOabla K X,
Ynpaxtenue 10.16. U3 kakux GpyHKIUN COCTOUT AAPO TOMOMOP(U3Ma, MOABEMA?

B reomerpun u amamusze MHOkecTBa X U Y OOLIYHO HAJEIAOTCA TOU WIX WHOU JOTMOJHUTEILHON
CTPYKTYPOU: MEPOU, TOMOJOIHEN, JOKAJBHBIMU KOOpaAuHATaMKU U T. . COOTBETCTBEHHO U (DYHKITMN
pPacCMaTPUBAIOTCA HE MIOOBIE, 8 COTVIACOBAHHLIE C DTOU CTPYKTYPOU: UHTErPUPYEMBIE, HETIPEPLIBHLIE,
rIajKue u T. 1. Takue crnenuaibHbe GyHKIUK 00pa3yioT B KOMbIE BCEX (PYHKITMHU IO IKOIBII0, KOTOPOE
B aarebpe mpuHATO 0603HaIaTh K[X] C KX u maswBaTe cmpyxmypuvim woavyom (WIH KOAbYOM
pe_YAAPHBIT HYHKYUTE) COOTBETCTBYIOIEN TEOPUM.

OTo0pakeHUs MEX Ty MHOKECTBAMI C JOTIOJHATEIHHOU CTPYKTYPOU TOXKE PACCMATPUBAIOTCA HE
MPOM3BOIBHLIE, & COTVIACOBAHHLIE C DTOU CTPYKTYPOU: CKAXKEM, HEMPEPLIBHLIE Win AudpepeHnmupye-
Mbele. B anrebpe Takue 0TOOPAXKEHUA TOXKE HABBIBAIOTCS pe2yaaphbimi. Kak TOIBKO 3aduKCUpPOBaHA
TEOpus, T.€. B KOAblle (PYHKINM KAXKJIOTO PACCMATPUBAEMOrO B 3TOU TEOpUM MHOkKeCTBAa X BhBITE-
JIEHO TIOAKOJBIO peryaapHbix dyukuny K |[X], Tak perymspubie 0TOOpaKeHNs MEXK Iy MHOKECTBAMU

tem. (n°7.9) u (n°7.3.2)

Zem. (n°7.5)

SmamomumM (cm. n° 7.5), 9TO CIOKEHWE M YMHOXKEHNE TAKAX CTPOK MPOM3BOJUTCA MOKOMIOHEHTHO

{mamoMHENM, UTO Hocumesem yEkmmm X '+ K masemaercs mmoxectso Supp(f) = {z € X| f(z) # 0}.

Smo-amrmmicku o maseBaerca pull back homomorphism; MO-pYCCKY MOABEMBI TOXKE MHOTA HABBIBAIOT 06D AIMHbIMY
06pa3amiy, 1 UX HA B KOEM CIydae He CIeAyeT MyTaThb C Npoobpasami
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Teopuu OOBIMHO CTAHOBUTCA BO3MOXKHBLIM OIPEIENUTH HUCTO aareOpaudecky, a UMEHHO, KaK TaKue
4 .
oTobpaxenus X — Y, IOOBEM BIOJIL IEPEBOAUT PeryasdpHbIe PYHKIINN HA Y B pery/sapHLIe QyHK-

iy Ha X , T.e. KOPPEKTHO ompeeaseT romoMopdusmom nogkoner K[Y] K [X].
YnpakHeHue 10.17* (@5 Tex, KTO 3HAKOM C HEPEPLIBHOCTHIO). (O603HAYUM KOIBILO HEIPEPHIBHBIX (DYHKIMN
[0,1] — R wepes C' C R, Mokaxwure, a0
a) oro6paxenue [0,1] —— [0, 1] HempepsIBHO TOMIA 1 TOMBKO TOrIA, Koraa o*(C) C C;
6) 1/ HEMPEPLIBHOTO (0 WHBEKTUBHOCTL ToMoMopdusma C L PABHOCIIBHA, CIOPHEKTUBHOCTH (0.

10.5.2. Tomomopduamsl Beramciaenus. B ciaydae, korga X = {*} cocTouT m3 OZHOUM TOUKH, [O-

T y

MOMOPGU3M HOIHATUA, OTBEYAIOMUN €€ BAOKeHUIO {+*} —— Y B Kakoe-HUOYIb MHOXKECTBO Y B
KaHuecTBe HEKOl Touku i € Y, mepesoaut dynxmmo f € YX B uauncio f(y) € KU = K, u rem cambiy,
IPEICTABIACT COO0I0 20.MOMOPPUIM bIuUCAIenuAs’ 3HAMEHNH GYHKINN Ha Y B TOUke y € Y :

f=f()

evy : KY K

IToT roMoMOpGuU3M SMUMOPQEH, a €ro AIPO COCTOUT U3 BCeX (PYHKIUU, KOTOPLIE 00PAIIAIOMINXCA B
HYJTb B TOYKE .

Ncnonb3ys roMoMOpQpU3MEl BEIMHCJACHAA, MOXKHO A JI000ro abCTPAKTHO 33IaHHOCO KOJBIIA C
equHUIEN R, COAepKaInero OCHOBHOE KOIBIO K B KaYeCTBe MOAKOJIBIA, IOCTPOUTH MHOKeCTBO X [R],
Mt KoToporo R Mox#HO 6yaeT ecTecTBEeHHBIM 00pa3OM OTOXKAECTBUTHL C HEKOTOPBIM IIOIKOJABIIOM B
KXIA] 1, T€M CAMBIM, PACCMATPUBATE KAK (KOJLIO PErYIAPHLIX (PYHKIMNY HEKOTOPOU «Me€OMETPUIe-

o i ) o p
ckou Teopumy. A mmenHO, HazoBéM K -moukot xoabiia R mpomsBoabHLIN romoMopdusm R —— K|
TOXKIECTBEHHO JeUcTByomumy Ha nogkoasie K C R, u BospMéM B kadecTse X [R] MmHO)ecTBO Beex K-

, f
Touek kKoabua R. Kaxabm sremenT f € R MOx)eT BOCHpHHMMATHC Kak QyHKIims Ha X [R] —— K |

3HavYeHne KOTOpou Ha K-rouke R L. K , o onpexenenuto, pasuo p(f) € K. Hogkomso K C R
MPU 3TOM NMPEBPAIIASTCA B MHOXKECTBO TOCTOAHHBIX (DyHKITAN.

YnpakHenue 10.18*. Mmeercs 1 6uexnus Mex 1y Toukamu orpeska [0, 1] u R-ToukaMu KOIbIia HEIPEPHIBHBIX
dyuakuun [0,1] — R ? UsmMeHUTCA M OTBET, €CIX 3aMEHATH OTPE30K Ha motyuHTepBan? WameHaTcs mu
OTBETHI, €C/IM 3AMEHUTh HENPEPHIBHBIE (DYHKIUU HA  a) guddepeHnupyeMble  6) HOIXHOMUAIBHBLE 7

Tem campbiM, KaK TOJBKO 3aduKCHPOBAHO KOab10 KoHCTanT K, Hanpumep K = R, u BeiOpan HEKOTO-
puin Kiacc KoJaen R, cogepxamux K B KaeCTBe MOIKOJBIA, TAK CPa3y XK€ BOZHUKAET FeOMETPUIECKAI
Teopus, IPOCTPAHCTBAMY B KOTOPOU OyAyT MHOkecTBa X [R|, onncaHHBIe BHIIE, a KOJBIIAME DEry-
JAPHLIX (PYHKIINU HA DTUX MPOCTPAHCTBAX OyayT momkoabia R C K X[R]
KaK DTO OOBACHATOCH BHIIE. 3aMEYATENLHO, IYTO BCAKUN TOMOMOP(U3M KOJIEIT

, Broxennpe B K-XB] Tax,

RILR27

TOXJECTBEHHO NEUCTBYIONNA HA KOJIBIE KOHCTAHT K, MOXKET BOCIPUHUMATHLCA MPU 3TOM KaK COMO-
MOPGPU3M TMOIBEMA Mg HEKOTOPOTO OTOOPAKEHUA IPOCTPAHCTE, ACCOIMUPOBAHHBIX C DTUMU KOJbIIA-
MU, & UMEHHO, M1a 0TOOPaXEHUSI TOABEMA

" X[Ry] ——— X[R],

nepesosmero K-touky Ro L. Kned moabséM Ry 2+ Ry -2 K BIOJH TOMOMOP(U3MA, .
Ynpaxtenue 10.19. Yoeaurecs, ato (p*)* = .

B pesyabTare Mex 1y TOUKaMU U PYHKITMAME BOZHUKAET 3aMEYATEIbHAS CAMMETPUA, UT'PAOIIAL (PyH-
JMaMEHTAIBHYIO DOJb BO BCEH MaTeMaTuke. [IpuamHa eé KpOeTcs B TOM, 4TO BeIpaxenue f(x) B nen-
CTBUTENLHOCTU abCOMOTHO CUMMETPUYHO TO £ U f — MOXHO CUMTATH, 9TO f BHITUCIACTCA HA T,
a4 MOXHO CYMTATh, YTO & BBIYUCAAETCA HA [ — M HET HUKAKOIO €CTECTBEHHOrO Cnocoba CIeaaTh
BTOT BBIOOD @ priori. ToUuku TOTHO TaKkKe ABIAIIOTCA XKe PYHKIUAME HA, TIPOCTPAHCTBE (PYHKIINU, KAK
(pYHKIIUU — Ha MPOCTPAHCTBE TOYEK.

'o-anrmmitckm: evaluation map
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Ecau B xadecTBe KOMbIlA KOHCTAHT B3ATH HEKOTOPOE mote K, a B KadecTBe KOJEINl PeryJaspPHBIX
GYHKIUN — KOHEYHBLIe mpsaMble TpousBeferns k" (¢ mpomsBoasHbiME 1 € N), TO ONMCAHHBIN BBIIIE
MEXaHU3M COIIOCTaBJICHUA KOJbIIAM IIPOCTPAHCTB BBIJACT B KadeCTBE pe3yabTaTa I'eOMeTPUIeCKYIO
TEOPUIO, U3BECTHYIO KAK KOHEUHOMEPHAA AUHETHAA as2ebPa, C KOTOPOU HAYHEM 3HAKOMUTHCA B CJI€-
ayromeM Monyie. Eciu B3saTh Gojee CI0XKHBIU KIACC KOJIEl] — KOJIbIA MHOIOWICHOB K[21, %9, . .., Tp]
7 uX (PAKTOP KOJBIA, TO MBI MOIYIUM TEOPHUIO, U3BECTHYIO KAK afdunnas aseebpauneckasn 2eome-
MPUS, KOTOPYIO MBI TOXKE 00CYyANM 4Yepe3 HeKOTopoe BpeMs. OMUCaHrsa KIACCOB KOJEI, OTBEYIAOIIX
3a 60Jee CIOKHBIE TEOMETPUIECKNE TEOPUH, BOHUKAIONINE B AHAINAE, TOMOJOIMHA U MATEMATUAIECKON
dusmKe, MOXKHO OTHECTH K HAMOOJEEe SIDKUM TOCTUKEHUIM MATEMATUKA XX BEKA.



