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Topological vector spaces

3.1. Let X and Y be topological vector spaces. Show that
(a) a linear operator X → Y is continuous iff it is continuous at 0;
(b) the set L (X,Y ) of continuous linear operators from X to Y is a vector subspace of the space
of all linear operators from X to Y .

3.2. Is there at least one continuous norm on the following topological vector spaces?
(a) KX (where X is a set); (b) C(X) (where X is a metrizable topological space);
(c) the space O(U) of holomorphic functions on an open set U ⊂ C (we equip O(U) with the
topology induced from C(U));
(d) C∞[a, b]; (e) C∞(U), where U ⊂ Rn is an open set; (f) S (Rn).

3.3. Let X be a Hausdorff locally convex space, and let P be a defining family of seminorms on X.
Show that X is normable iff P is equivalent to a finite subfamily P0 ⊂ P .

3.4. (a)-(f) Which spaces of Exercise 3.2 are normable?

3.5. Let X be a Hausdorff locally convex space, and let P be a defining family of seminorms on X.
Show that X is metrizable iff P is equivalent to an at most countable subfamily P0 ⊂ P .

Hint. If (pn)n∈N is a sequence of seminorms, then the function

ρ(x, y) =
∑
n

1

2n
min{pn(x− y), 1} or, if you like, ρ(x, y) =

∑
n

1

2n
pn(x− y)

1 + pn(x− y)

satisfies the triangle inequality.

3.6. (a)-(f) Which spaces of Exercise 3.2 are metrizable? (To get a better criterion in (b), you may
assume that X is locally compact.)

3.7-B. Let X be a finite-dimensional vector space. Show that there is only one topology on X
making X into a Hausdorff locally convex space.

3.8. Let X be a set. Prove that for each f ∈ KX the multiplication operator Mf : KX → KX ,
Mf (g) = fg, is continuous.

3.9. Let U ⊂ Rn be an open set. Prove that each linear differential operator
∑

|α|6N aαD
α on C∞(U)

(where aα ∈ C∞(U)) is continuous.

3.10. Let DR = {z ∈ C : |z| < R}. Given f ∈ O(DR), let cn(f) = f (n)(0)/n!. Show that the
topology of compact convergence on O(DR) is generated by the family {∥ · ∥r,∞ : 0 < r < R} of
seminorms, where ∥f∥r,∞ = supn>0 |cn(f)|rn.

3.11. Recall (see the lectures) that the standard topology on the Schwartz space S (R) is given by
the family {∥ · ∥k,ℓ : k, ℓ ∈ Z>0} of seminorms, where ∥φ∥k,ℓ = supx∈R |xkφ(ℓ)(x)|. Show that the
following families of seminorms generate the same topology on S (R):
(a) {∥ · ∥(p)∞ : p ∈ Z>0}, where ∥φ∥(p)∞ = supk6p, x∈R(1 + x2)p/2|φ(k)(x)|;
(b) {∥ · ∥(p)1 : p ∈ Z>0}, where ∥φ∥(p)1 = maxk6p

∫
R(1 + x2)p/2|φ(k)(x)| dx.
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3.12-B. The space s(Z) of rapidly decreasing sequences is defined as follows:

s(Z) =
{
x = (xn) ∈ KZ : ∥x∥k =

∑
n∈Z

|xn||n|k < ∞ ∀k ∈ Z>0

}
.

The standard topology on s(Z) is determined by the family {∥·∥k : k ∈ Z>0} of norms. Topologize the
space C∞(S1) (by analogy with C∞[a, b]), and construct a topological isomorphism C∞(S1) ∼= s(Z).
(Hint: the isomorphism takes each f ∈ C∞(S1) to the sequence of its Fourier coefficients.)

3.13-B. Let (X,µ) be a finite measure space, and let L0(X,µ) denote the space of equivalence classes
of measurable functions on X (two functions are equivalent if they are equal µ-almost everywhere).
For each f, g ∈ L0(X,µ) we let

ρ(f, g) =

∫
X

min{|f − g|, 1} dµ.

Prove that
(a) ρ is a metric making L0(X,µ) into a topological vector space;
(b) a sequence of measurable functions converges in L0(X,µ) iff it converges in measure;
(c) (L0[0, 1])∗ = 0.

3.14. Let ⟨X, Y ⟩ be a dual pair of vector spaces. Show that
(a) dimX < ∞ ⇐⇒ dimY < ∞ ⇐⇒ the weak topology σ(X,Y ) is normable;
(b) the weak topology σ(X,Y ) is metrizable ⇐⇒ the dimension of Y is at most countable;
(c) the weak topology on an infinite-dimensional normed space and the weak∗ topology on the dual
of an infinite-dimensional Banach space are not metrizable;
(d) the weak∗ topology on any equicontinuous subset of the dual of a separable topological vector
space is metrizable.

3.15. Describe all continuous linear functionals on KX (where X is a set), and show that the weak
topology on KX is identical to the original topology.

3.16. Let en = (0, . . . , 0, 1, 0, . . .), where 1 is in the nth slot. Does (en) converge weakly in c0 and in
ℓp (1 6 p 6 ∞)?

3.17. Give an example of a discontinuous linear operator T between Hausdorff locally convex spaces
X and Y such that T is continuous w.r.t. the weak topologies on X and Y .

3.18. (a) Give an example of a Banach space X and a norm closed vector subspace Y ⊂ X∗ that
is not weakly∗ closed.
(b) Show that, if X is nonreflexive, then X∗ contains a subspace Y satisfying (a).

3.19-B. Show that each weakly convergent sequence in ℓ1 is norm convergent.

2


