Fred holm O/bé roators

X,V = vee sp. T:X =Y liwar
_Dﬁ”f'. 7 is Fredholwy <= KerT and Cokerl
OLfé OF;I/”C{:‘M/I.
ind T = dimKerT=din Coker T (mc/gx)‘

Thw X —> Y =>7
‘—’I'Vlc‘ (87) = ‘ndS + m

'_T_!a_n_/L (Kato)
X,V = ban S/b, Te bX, Y)) Coleer| i< ﬁ'wc//m
=> TwiT i< cloced in Y
Bﬁo_oji We My ASSpme e KerT =o.
(ofl/u/wfsz consider %-’XA((/T—QY)
7/&(5(+ RerT) = Tk))
Y=IwmTeaY, dim Y, < so.
Consider S )()6960\/0 — Y, S(Y)y)"‘Tx*X
S s 'biJCcﬁ've fnd bounded ( 5@3
=8 s a 1%/(. (Sonyq
X®0 CcXp_Y ie closed (exer) =>
= SU@O) = TmMT Y ic closed L




Thm, X, Y = Bangp, T€H(KY) Then:
T is Fredholm < T s Fredlolu
Mo reover, 1'7F fh(;y are Ffe({/bo(m) +hen
(1) indT*= - (nd T ;
() indT = dimRerT—dim Ker T
M If either T or T /s Fredholw =
(Kg———t%)T ECL‘&‘Sﬁ‘aS the econdi v owy 03€ te cloted
imﬁtﬁé Thaw = InT and ImT are c[oféc()
and I(erT*f:é(Cokng)i Colce('/’»;)(/(e;/?)%

— hoth T and T¥ are Ff@c//bo/wt) and () 2) hold
I

The Riesz -Sehauder 'Fheory

F Riesz (1518)
J Schauder (1930)

| 1 +K ic Fredholu, and
ind (4+I<)= o)

X = vec. ‘SP') T:X—>X linear,
Notation Kn;,(CfTH) In: IV'/ITV‘ (”ZO)
0= I,CkCIhC. ... 5 X=1,>2[;2T >,




D_gf- The ascend of T s (nodeenm )
a(TY=mnin: K”':K"U VJ;o}

(a(7)=oc ifj/Such n)
Thﬁ C{QSC@Vl_r Of T I‘S ( CVTVCI()
d(T)=min{n: I,,\;IMJ- VJ'>/0}

(d(T)= if A such n)

Lewwa S (1) Tf Kn=Kaeq  then K=Ky V>0
( hence alT) <)

@) If Ii=Ipe, Then 1,71ng V20
(hence d(7)<oo)

(3) If a(T)<so and d(T)<oo, then a(7)=d(7)

Proof @) If suff. to showo that KuyKar.
Let x€ Ky | T"%% —o0=T""(7x) =
= TXE ey =Ky = T x=T"(7x)=0 =
= xEK, ;.

(2) exer.
(3) Llet’s show that a(T)=<d(T)

Sc,(,b/)ose £l t a(T)>d(T)-) tet n-a(7)-1
T[/lém I(V\Q ’(Vl-ti:,<l’lf2 and I.q:IVH—i-
Let x€kye , TN€L=L,, = Tx=T"Yy
%r fom e yéX = OZTon:TMZy =D



syl Mgy = 0=T"Yy =T = xek,
= Kne= Ky, & contfr
Sindilarly A7) <a(T) (exer) [

Lewumn 2. (a(gc/am,{c Riesz Jecom}boga‘fiom)
T X——v}( f{'mea/‘)' S /JoSQ a(ﬂ(oo) C/(T)(m.

Let P;a[ﬂ: d(T), p':/{er‘ﬂj 1/’):. IMTF,

Then I(/; and ?) are. 7-ff’ll/am'cm7ﬂ
g

X=N. @I i< m//)ofem*
/’, /))., )
T/IP : lF ”51]0 1S an I'KDM/OM/B/?('SM_

Proof C/ea,rhd) Kp and Iy are 7-inv, and

—

’/I( 1< Vll‘//mfenf
{ g X = Txel.=L, = Tk=T"
let xeX = [ XE p= dyp = K = /

for some yeX L ;¥
Le—t )(,: TP}/ y. = o
TPXI:TllD)’ZTPX‘ 7%0)(! 4’

. ( -S> oy = 1Y ¢ x!

= X - X él(/o => Xwﬁ;ﬁ)'f’i/ e/(/;‘f'IP

€k, €T
Su/:/oose X € /(/)/)l}) =) T@(———»O and X=TPZ
Jor come zeX = Oﬁf/—xﬁ—/’szz =D

=D ZQI(QP:I(P = TPZ:O) tHa I'S) Y= 0.



=> /(P/II/)MO = X=k@1,.
T(I/D) /9+i =L = l( ’ﬁI i WU

I(Fﬁf =0, and /(erl-/ﬁCk/) => /(erT/)T/Dfo

N ’*/; (S m(} = T/ 5) S an isomn [

e —

Thw, (FRiesz, 1918).

X=pan.sp, TERXK) Te{ +K(K) Then:

(4) T is Frediolm, and indT=0

(2) 0((7_)<at> d(ﬂ<00

@) let p= 0 (T)=dl(T), Ky =KerT, T,=Tul”

ﬁ’f(en /(F and 1, are C/Os’ed T/n\/ wbs/baceS,
X = /(F @I/)) lﬁ) 1S 7lyfr\—din//) T/K/, /S m{/n)’fewf)

T’l : l/; —-—>l;) isS a fO/JOf I‘S/Omwf/)h(in/(\

/D
Proof- let T=1{-S where SEK(X)
Stepd: KerT is findim, and lal is closed
Proof Let K=Ker T = S/K:l ) S/I( IS comp

= K is ft/\ ~dim.
Congider )(//( >X ’(X+K) Tx

I SM# fo slww that 7 (S fo/) m\/edrve
'ﬂta'f /S Jeso st /IT(A/(>C V(,(e)(//( lull={



Acsuome fhere i& no such €>0

=1 a seq WD), U eX/K Mul=1, <t.
_/fb(,.’bo (n > o)

Let u,,fx,,ﬁ/() x€X, Ixnlc2 =>
= dist (g, K) =luall=4 Tx,~> 0,

We moy asSuue that S><n—>><€}(,
(Lecause S is comp ) \;n'TXn

5 X, X => > Tx = Tx=0; that is, x€K.
On the other hand | dist (s, K)=1 x,-> x

This is o« confrr =s TwT IS closed. LI
M T i Fredholu

Proof- TwT is cloged = CokerT s a Ban. sh;
The O Tui. Thut = (Coker TV > Ker T

TE {-S*¥c {+ H(X¥) = KerT"is findim =>
S co 1S CokecT = T ic Fredholm. 1

Sfepd  a(l)<ee

Eﬁ?_%p- Acsume a(T):éo = KnQVnH vV n
Choose KAGK,,,H which 1¢ a Vz*l to K,
(thet i< Ixall=1£ and c/iS‘f(xn)l(m)?{/Z)
Then YumeN, n>wm+l, we hove

[ Sxn-Sxul = 11 ((=T)xin—((-T)%m [| =



—_-l[x,,,~Ts(V,+><M~T><M [ = % , o confr
N~ N
eKﬂ GKM+1CMV\
with e compaciness of S [
Step 4 J(T)< oo,
’.)_CQ_OJp' We know Q(T*)<GO => el
S dnso St Ker(T)'= Ker(T7)"
= 4 I(er(‘f"‘))“L = L/(er(T"”)*
i ___li___m
Im (T") T (T"*)
{ l
Tm (7") T (T")
(because Tkis Fred, V/<20> ﬁ>d( <00

_S’:felﬁ 5. T i< Fred = ¢co /¢ 7'73::5
- /(/) i< fir-dim  and ,5) is closed
Now [2 impliec )

( by Hee Banach Im\/,MQ/D‘TA’M),

= indT = Imd(ﬁ§)+%> =0 1

O

:O -
(K/? (§ -f(ﬂ f’('m)



tor 1. (Fredholm Altfernative)
Te 1’(+ K ic ;‘M; —> T ig cugf &>
c=> T (S b'u‘ech’ve

Cor 2. (3 Sehauder 1G30)
(abstact Fredholu Heeorems )

Te fxftﬂ(){)  Then
(5) dimer T=din Ker T"< %
(2) Im 1 —HherT)
@) ImT*= (/(efT)’L'



