The Riesz-Schauder ’f:héog/

—

F Riesz (1618) 1+ K
Y Schauder (1930) IS a Fredholm oper.
Of Index O

X = veetor space, 11 X=>X lwear
Notation K"- KerT"; I,=InT" (n>0)

0 =K, CKiCKcC... X=I,2L>1,>..
D%f Tl ascent of T is (nodzéw)
a(7) = mlnfn: K, = Kni V>0 (agr)—aoof)
tuch
The descent of T | (enyck)
CI(T) = P'/U‘n‘i” 1 '—In(.( Vl>0} (C%Tg;znf)

Lemma 1. (1) I)F ,n:/(nht, then K=Ky V(=0
(ence a(T) <s0)

@) If I = VIH S then In:Inﬂ‘ V(>0
(Wence d(T)<o0)

3) If a(T<so and d(T)<o = o(T)=d (T)



Proof. (1) <xer

@) Tt wff o show that Ty =Ty ).
Let x€l,, = x=T"Yy =T(T°y) =T(7"7)
A~
B) Let’s show thet d(T)2a(T)
Suppose d(7)>a(T), ter n=d(7)-1
= Ly and  Kn=Kary
let x€I, = x=T"y (yeX) = Tx =I"g’=7m§_‘

(729*(50“46 2—) =) 6Imﬂ: l;HL

— |
= y-Tze Ky =Ky =>TY=T"2 € I,

= 1,21,

t1

c(D ed(T) — exer [

’;emma 2 (Q(@SZ c‘ecom/oos«it’i@“)

X=vec space, T: X=X ln gper

.Cu/)pos‘e a (T) <vo Emc( d(ﬂ<o<ip o,
Let p=a(T)=d(T), Ky=KerT' T,=In]
The, X:(P@I/’) I and 1); are T-rnvay,

T/’(P is nilpetent, and T/IP: I, > I Js an iso monh



Poof Let xeX = T'xe 1, = I, =
= TP)( ___7‘21)7_ (ﬁ;{&)ma ZGX) ’ : |

. [_d x'=7"z
T
:__)TP'=7PK => s
° ° = 0
= x-y'e I<f) = 2 « T T%
= X = X’+(>< x') %’7&
——

éI}) I4
]%

Let xc/§,[)17> = T=0 and x——-TP (yéx)

= TPy =0, that Is, ye k%p K -)Ty

—

—-———>KP()IP =0 = X=l§)@J3)-
C(eafl(«j /(/ and IP are T-inv 7_/,? S ni€p.
T(I) Le =1, = = 1})_>§) % surf
KpN1p=0, KerT=K C lg, = (Ker T)NI, =0

— T/%_? 1S H’U =) T/I}, . J;)—)g) IS oy 15S0my |1



Thum (FRresz 1918)
X = Banach gpace TGJ?)(X) TCJ h%‘(}()

Then :
() T ig Fredheln, and ind 7T=0
LZ) C((T)<a'o d(T)<aO
@ Let p= a(7) =d(7), Ky =KerTh I=TuaT"
Then (/3 and J;, are closed I*‘/VN/ g,ub_g/;aceg
Ky 1S fm dH/M X = KJ@% §a i< Vu%a fenz}

and T/IP JP%JP S G i’D/)a :S«owr}/u'sm

Prooé T=4-S SeK(X)

Stepd. KerT is findim, T T i¢c closed

Proof let K=KerT = Sf =1, ; Sl is conp
—5 dim /<<0O

Congider X/K%X 7(x+K) =TX
It mff to show that 7 IS i—o/m/ tr{,/ect/ ve,

that is, I c>0 st ¥V ueX/k //Tq/[>c//u{/
In other w0/c1$) Il Tx || > c/[x+/(/( ¥ xeX
Mecwume that there i€ uo such €>0.

Then 4 a Seq. (xn) tn X st




| .+ Kll={ ¥n, but Tx,—>0O (naoo)

d‘o&t”(x,,)}() We may @ssuud that &) I8 bdd
(because Nxat+ Kf=1)

We may assume that Sl’lxn—a xE X

_ _ = Txp
= KK =D x> K

= Tx =0, that s, XeK . This i$ a contradichoy
(becauce ¥,—> X and disf(x,bK):i> (]
2 T is Fredholm
I}m_of- We bnow: 1wl is closed = CokerT IS
aBan space.  TH={-S*e 4 +H(X*)
= Ker T 1S findim.
We linow (co/<er7—)*'gk€FT*'=> &/@T%‘Z"
= 7 /s Fredholm. [

$tepd  a(T)<>

Er’ao&f Assume a(M)=00. Hence KnG Kae 7
Vn tet x,cK,,, bea +-L to K

(that is, lxull=1 and distla,kn)> % )

vV nmelNl, n>miqg, we have

I Sx,,-Smll = Mt -T)x - ((-T) %, | =




% = T =Yt Ty || >4, which is a

\—
€ K, Kps € K
confrodiction with the wa/SacJ‘ ness f?ﬂ £ 11

%‘%LL, d(T)<wo.

Proof We kaow that a(7'*)<co that is,
TneM <t Ker (T*)"= Ker (T

= T K@) =Ter (T
] I
Tm T T 77
I I
ImT" I T

> d(T) <o [99 L

S/—Q TP i< Fredholm = l}) IS c,/oSea{)
/) rS fn—d/"/l
19 => (3) (because 771 IS « f0/5 I1Sonn JJy
Bonach's Inyerce Ma,p/omg 771014)

ind (T)~ '"d(T/;(f)*MJ> =0 O

=0 =0



Cor 1 (the abshoet Fredholm aléemwlc)
Te 1+ K(X) i irU'acbt‘ve T IS Wt\“/
DT ¢ bUectJ ve.

CLor2. (I Schauder(530)
(abetract Fredholn's ﬂcwrem_s)

Tel+J(X) Then
(1) dimKe rT=dim ke T¥< o

4
(2) TwT="KerT* G) T T*=KerT)™

The spectr bUMjp o1 cowg/:acvt Gi/Se,rad:Q/"

Recall X =Ban space ever €, 7e B X)
The __\,/_MCIS’MVM of VANES
&(T)={AeC : T-Q4, is not invertiblel
The point spectrum of T i
cp(T)=1de C: ker (T-My)#0 f CE(T)

_7_7'_”'4: X= BCM.S/Sace)TéJQ(X) Then :

(1) 2ec(M\{o} = Q\GC?(T), A has finite
muLfJ/)&a‘z‘y (that /S, dr'm/(ef[r’/”)<do)/
and A i'S an [coletred /oomfaftb’(-/?



(9_) @CT) i< al nwgt eountuble

Proof (1) T-M=-2(-2"T) =
= the Riesz-Schauder tiuory applies to 1-A41
The Fredholm alt. = T-A{ ic not e that /s,

TN 1¢ Fredholm = Ker (T-)0) is fon-din
et p=a(TH)-dTA), K=Ker (1),
I = Tm MY, = Kp and I, are closed
and T-itnveaiant , and )(“:/gb@f/) =

i)(,gl s (T) =c:(‘l’/,<!)) UG(T%Z_; 4 70-.
CFM)/% RS mé/). = @((Tfhl)/%o ) =40}
= <(71,) = 14}
(r__M)/]P; ]},—))]% IS e toh /‘&owwrf:ht'&m) thet 1S
og c((T-1)},) = A é/G’(T/zf)
Now (&) becomes &(T)=1X} LI G’(T/IP)
But g(ﬁy)) < e,om/,af,t = eloced in &(T)

52 5 an 1solated point of & (7)




) VREN let K=B(DN{dcC: h>E)
K is wm/m,cf) and all /)omfs 'ﬁpkm are
icotated = K, (s finite =
c(M\{o} :-_Cj; Kn is at wogt eountable. [




