15.10.2020 INTRODUCTION TO FUNCTIONAL ANALYSIS Exercise sheet 3

Hilbert spaces

Exercises marked by “-B” are optional. If you solve such exercises, you will earn bonus points.

3.1. Show that the norm on the spaces (C™, || - |,), ¢, (Cla,b], || - |l,), LP(X, u) (where (X, p) is a
measure space containing at least two disjoint measurable sets of positive measure) is not generated
by an inner product (unless n =1, p = 2).

3.2. Generalize the parallelogram rule to n vectors.

3.3. Show that the norm on the spaces ¢, (C[a,b], | - ||,), LP(X, 1) (where (X, i) is a measure space
containing infinitely many disjoint measurable sets of positive measure) is not equivalent to a norm
generated by an inner product (unless p = 2).

3.4. Consider the vector space H = C[—1, 1] with the inner product (f | g) f f(t) dt Let

Hy = {feH/f t)dt = /f dt}

(a) Prove that Hy is a closed vector subspace of H.
(b) Does the equality H = Hy ® Hy hold?

3.5. Prove that every incomplete inner product space H has a closed vector subspace H such that
Hy® Hi" #+ H.

3.6. Let C'2°(a,b) be the space of smooth compactly supported functions on the interval (a,b). Prove
that for each p € [1,00) C°(a,b) is dense in LP[a, b].

Definition 3.1. Let f € L*[a,b]. A function f’ € L?[a,b] is a weak derivative of f if
b b
| redt=- [ rea
for all ¢ € C>(a,b).

3.7. Prove that if f € L?[a,b] has a weak derivative f’, then f’ is unique (as an element of L?[a, b]).

3.8 (the Sobolev space). Let W'2(a,b) denote the space of all f € L?[a, b] that have a weak derivative
[ € L?[a,b]. Prove that W%2(a,b) is a Hilbert space with respect to the inner product

(flg) = / (fa+ f'g)dt

3.9 (the Hardy space). Let D = {z € C : |z|] < 1}, and let H? denote the space of holomorphic
functions f: D — C satisfying the following condition:
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Show that the map f +— (¢n(f))ns0 (Where ¢, (f) is the nth Taylor coefficient of f at 0) is an isometric
isomorphism of (H?, | - ||) onto £*(Z-). Hence H? is a Hilbert space.

3.10-B (the Bergman space). Let D = {z € C : |z] < 1}, and let LZ(D) denote the space of
holomorphic functions f: D — C satisfying the following condition:

1= ([ 156+ inPdvdy) " < oo

Show that L(D) is a closed vector subspace of L?(D). Hence LZ(D) is a Hilbert space.



