'_Di{ [A)A) -CQ6E E :—f(n—d?m vec. space.
A coreprec:.MaHom af (A) A)on E is an
invertcble UcCc L(EYRA st
(e A)(U)=U,U, in LE)®ARA

UelLBY®A <> A €EL(E EoA) <=
> e End, (EsA)
M; A* e a Banadh a/ér under convelution:
1,9 R’ g =(f=g)A
U-Sd corep 0/ Q,A) on £
Define - _A*——%L(E)) T, (f)= (Ifl%f) (U)
Peop. T, is o rep.of A¥on £
Lemwmia [exer W U ve L(E)CZJA) Vﬂgé/l*
(i@f@?) (U,Vi3) = Uef) (V) (1/@3)(\/)
Proof of Pftab 71))3614*
1y (Fheg) = (10 fxg) (V) -(eleg)a) V) -
’(4®7p@@)(1®i\) (L) :(1@/@53) (L2Us) =
= (2f)V) (1)) =T, ()T () D




Prop. O,V - K coreps of (A) A), Then
Hom (U) V) = Hown(vu)’;?v)
Lewwafexerd NV feA* v Ue L(E)oA
(pef)(U) -(4 ®)p)"/\0

—> E&A 7 £
Lemma fexer?.

X= \/ecspace Y— Mofm?c{ Jpace Then
VotzeXeY e et ({=f)2)fo.

Proof of Prob (et Te L(E, :«)
(U COre/) on E V- corep on FT)

T€ Hom (U, V) <= s(T@J)AU AT <
= vfeA* (1@7P)(/®r Ay =(ef)a, T

L1

T([@f)é\u )T

0/_4
Ta,()  =>TeHom(i,T)

L
Prop. U=fd corepof (A,A) on £ ;
FCE Suésf)aces P:E—-F a prod‘_ onto F
TFAE:
¢y (Pe)U(pel)=UPo1) in LE)RA




(2) “D/( Feh)cFeA
BR) A (F)cFeA.

fooyp Observe: P@l IS Q& PrtU 0/ ERA
onto F@A

() = >(P®d)U(P@1) UlPes) in EndE€h)

P )L - O on Foh <= ()

(2) &) {ollows from A, (x) = U(x@;{))
U(X@Q) - A, (a. [

P_gf F ica U-invariant Subsjche <
<> U ca{l‘c]@,'eg any (hence all ) of the
conditions of Proj.

Example A= C(G)
Uel(E)gh 1S a rep U: G - GL(E)
A E— E@A=CGE),
(AU V)& = Vv (xe &)
Fis U-iny & AU(/—_)CF@/—\ CcE F)
< YFCF V¥xeG
> UKF =F Vxe@E
> Luérelbresen fation: w > U(x)[]_
Is there a quoudume ama/oﬁg YEC (not oéwous'

—




Proé. FcE ic U-inv c=> F is iy ~iny.
Proof- Obser ve VféA*
@] LEO®A—LE) is an LE)-bimod

nworbhism.

Let P: E— be aprcaj,on'IDF
Fis W)-inv <= Vfé/l*
Pi )P = T,0)P-(ief)O)P =

: - @
(ef )((Peld)U(P@i)) (124)(U(Pe1)
<= (Pel)U(R=0) = U(Rd) <=> F Is U-inv 1

M U = {d corep ofCA)A) on £

U i< irreducible <> O and E are the 0”’2{
U-inv cubspaces of £

Cor. Ui ire «<=> Ty 8 (re

Prop (Schur’c lemma)

—TU_)PV(;{d Irr. coreps af” A, A) Then

(1) I}) D'Qév) then Hom (U; V)-0

) If D"/:‘—_“V) then Hom (U)V) (S {~dim

(3) End(V) = CA

M A/)fﬂ the clasgical " Schur’s lenuug
to Ty, [




Thm A {d corep. Of a CQC s witarizable.
More exacﬂq: if V isa {d core/b of (A)A)
on 6 {d Hilb.space H, then J a unitary
corep Uof & AYon H ¢t U=V

Lewwafexerd. A, B =unital alg, h: A>C ln,
X,Y ZchoAA  Then
({lohet) (XY, L) = X ((eh) ) et1)Z

Lewwa fexer2 (A, A)-CQE, Ve LE)A
a {d c,ore/p of A, TE L(£, F) invectible
Let U=TeHViTe)ecl(Feh

Then UiSO\C/OMKG/A OI\F) and

T is an isom V =T

Eroof of Thw Let T=>1eh)(V*V) cA(H)
V*V > ¢ Jor some €50 =

BH)&A

—s) T “%(H) _~ T is (nvertible

Let U=(T" eI\ (T Pel)c BHA
[2 U isq coreh of A,AonH, UZ V.
U*U =T e ) V(T % 1) T i) V(T & 1)

U014 & VI ([Tel)V =Tl &




V i€ a eorefb =

= ({A)(VFV) - Vis Vi Vi, Viz. in Bl)AR A
A/’P’ﬂ {ohed ;
(iohed )(eh)(V*Y) = (leph) (VFV) =

= (1@7)(11@ h)(v<V) =Ted

(iehet) (V5 Vi Vi Vi) y V*((@h)(\/‘\/)@!) V
s

L

V), - v*(I=i)y

= Tel - V(TeV & U is waitary 1

Remark

’Sfamclarcl faCi : G =conpact qroup,

: G > QL(H) rep of & onafd Hilb space H
= T X a unifary rep

Stondard fﬂ‘ogf .‘ c/efane G new (nner /10‘0({
Lulvhy = J<atu)mt)v>du )
G

= T is aadary wrt |- pn
_E—_%ﬁf.:- Show H’lCd) if A:C(G), then owr

Pmof ond the cland Proof are “eﬁem‘«'ally
the eomie”



_@_2,1_1_; (A)A)=QQG ; MCM,,,(A) IS G matrix
ﬂ,ore/J of A ( Au,;";?ugkesu,d)

Then 3 T€CLl,C) s1. TuT’ ik unitary
Cor2 (A A W) =CMQG. Then 3 7€ GLn, C)
oA vl'—:TuT_J 1S unh‘ary. Moreovef;

(A A,u') is a CMRE,

Proof exer [l

Convention : icfenﬁfy (A)A)u) wih 64) A)U’).

Br(_o/g,. (A) A, u) - comm, CMAG ueM,\(A) Is
unitary. Let C=MaxA. Then:
() The map G —>U(Vl)) K > (?((H;J')), is a
7‘0/). iConu. of G onto o eloged subﬁfou/) ly U(”)
(’L) The Geffamcl isom. 't A = C(G) sati{fieg
Mt ) () =i Vxe GCUM)

Proofff exer (jeﬂ the roofo the univ. 0P
of C(S/ij(z)) )f !

Facts: (1) GC Uln) closed cubﬁma/) =>
=G is a coup. Lie gfou//;
(2) G-~ Comp. Lie qroup = G is fop /‘Comor/b}u'c
to a cloged Subg roup of Uln) (for some n)




(3) G)H =L(e ﬁmu/)g, ,f: E>H cont th’ﬁb how

=-.>f IC cuooth.
Hence 4 an eguivalence
1( Com/). Lie qroupg}"/i___f 5 Conimt. CMQQS}
Phi/oso'bhy; (MQe = »CDVM/)QCl‘ ?uan/um Lie group’




