Slice ma]bs on minimal
Crltengor /b/'oo(ucz‘s

Motation H=Hilb.space, x,yeH
X0y € \%(H) (xey)(2)=<z/y>x.
Prop v TERH)

(@) T-(xoy)- TxOy

@) (xoy)T=-xoT*y

(3) (xcpy)T(zou):(Tz/y>xou.

G) NXO\)(I/#IXHII}/II.

Pr_oof; exer.

Thu A,B=C%alg, JeA* Then 3 o bdd
tin. oper: j&.1: ARB —=B uni we(y def’d
by aghb > {@)b.  (ach, beR) Moreover,
_olc_)! (Helemski 2009) e, il -1£1
Consider {&1: AQB =B, aeb->f@b

Tt suff to show that Jet i bdd wrt [ [,
ond that |fesl<Ifi

B> B(H)




S
Al — B => We may ascuue

l,‘gomefn (]/ ISometr. that B = C%(H)
A (H) 2ES B Let F=-fof

Observe : B and As R are 8—~/oimocla/es)
and F IS a worphisu [ 5. (ab)-abl
B - binwodules Of (a@ e

Let ue Ap

I F(u)) = WP} /(F(u)xly>f ki<, hyll < i}

Take x,y,h€ H, Ixl< 4 Iyl<4 Ihl=1.
Let p=hoh

(Fxlyyp =(hoy) FlW (xoh) =

- F((hoy)-u-(xoh))

Exer- (hoy)-u-(xoh) e AR Cp.

Hence (laoy)-u(xoh)-_—b@/) (be/l)

= [KFx[y) ] = Il(F(u)XIy>/>/ =

1 F(bep) =1 ©)p] = 14()] < IfIIB1 =
= {1 lbepl < HHlllul = F i bdd and
IFI<14l D




Notation. We write {fef fOf f@u.

Lor. feA*, 368" = f@g e(A@*B)* uniguely
det'd by a@b > {@)g(l) (aech, beB)

Proof féa(‘]:f*’(l@%])—-ao(f@f) n
Exet H=€"; 6: X()—>XKH),
O(7)=T17 ) where (T I€J> = <T€(-/§j>.
Prove: O is bdd  but
bl i KH)e W) —KUeX(H) is
unbdd w.rt. I Iy

The Haar state

G = loc. cowp. aro = pos. Radon nweas

on G (notufec\ciegsb;&l;f(/:u‘fe)
D_ef M is Ceft javariont ((”28}3. %’_qm‘ ing ) &
<> ¥ Borel BCG Yx€G MEB-pMB)
(resp. M (Bx)=u(8))

If M ;!:O) then M IS & (eﬁ (reys n’ghf)

Hoar wuasSure onvt G.

EXamblgg_: the Cowut:'r\j measure on QA drserete G.)'
’ A _—
the Lebaguz meas on IR or on I




Thw (A Haor, T.von Neumann, A.Weil)
1) 3 Qfé and r‘ffhf Uacr measuree on S

@) M,V = left Haar neasures on C = dcso
st V= M- S;mfla;ld for “‘;‘jm Hoor me4aS

(3) If G is compact, M=o pos. badon meas on &
Mis &f’t v <=> U IS n('?hf ny.

_D_gfi G- com/aam‘ 90 M= Haor meas on &.
Mo normalized «=> /4(@ )

Such p (S um'?ue.

G = C—OMA/) 8/‘00(/)) /U= POS’. RC\dOV\ Mees on G)'
he C(6), h{)=[Fdm
V¥ Xei definé a Pad.c_'meas, L on G fy
(loy 1) (R) = pa(x*B)
M is Ceft inv <=> xC€G /“;L‘K/u >
—> V{eC©) , [fdu =S4y

h(j?) Il (exer)

JHeeyduy)
I

(1eh)Af .

Notation A -=unital a/@ ?:@%A)
(1)=1,



Hence: M i (af{ invy &> (1®14)A =Qh.
M s r[&hf inved heod) A =47/1‘
Def (A, A) =CQE ; heA* hzo
his left inv <> (1&h)A = nh
h is ﬁ'\qlhf iy & (heod)A =7r]/’l
Qﬁf le convolution of f)ijA* 1S f*gé[lj
feg =(feg)A
Séecm/ case : convolution of weasures
€ -"(’_ow/).arou/); /u,\)él\/((G)
{fd(uxv) = jf(xy)dﬂ(x)dﬂ(y) (fJe CG))
G

GxG
Exer () (Af*) is a Ban.algebra.
(@) {gq>0 797?@820 = fxg >0

B) §,eSQ) = fegeslah) = Jxg cSA)

Prop. hel* hzo TFAE:
(1) his left (resh ri\?ht) iny ;
@ Y weAS wrh=wWh (resp. hsw=w)h)
(3) VLJQA*) ws0 we have @)

Proof Wrkh=Weh)A - WURh)A.
W) h= wyh.




Hence (1) =>(2).

() =(2) clear-

Lemuma (exer). \/ C’fa/ A VaéA\{Oﬂ

3 wel(A) st WRFO

Hint: a=b+ic, b,celgq

O)=>0) w(Ush)A-nh)=0 v weS(A)
L——“"-—:> (1®h)A -ph=0 = his lft inv. [

Thm (M}oronowr'CQ.
A= CQG.
(1) 3 he S(A) st hig Zeféin\{ and n'ﬂhf (inv.
() 1f eSQ) <t. f Is left or right iny,
then {=h.

Def h is the Haar state on A-

Lemmad. ¥ weSA) I heSA) st
wWwxh=hxw=h.

&_ng Let h,= %—(u)wtu)*wt,,ﬂtwk")_GS(A)

(S(A)) wk¥) is com/mci = 3 a subnet

h"(z\)—% he@(A)

wxh,— h, = h*w-h, = ;\‘_(w*("'“L W) —=>

\__.r———-/

=) Wxh-h=h%wW-h=0 [1 bdd




Lemma 2 heSA); woEAT o<v=d
If Dth = hx@ =0, then Vth=ha)=V(1)h

Pro_f f T/WM (modulo L2)

VwéA* wso, let K *{heS(A)'aJ*h-h*a)=w{)h]
EX@( COVI\IOZ(,L‘UOV\ onN A (< Qz/bara,fd\({ wkX cont
Henee KOCS(A) (S wk* cloced —> /(u) IS c,ow/)
ﬂ'ﬁa DMLJ 0, by L2

By Ld K+ Yw=0.
Hence ﬂ/(wqéo Ta/(e any /'lé n/(,,\)

W0

= h is left and r‘caht iny,
I)p féS(A) is left inv, then {-fch-h O




