PoS
—C:ft-k 'A - Ci"a;{g) fEA*}/(E})'—’a.lT ir] A =

= () isanai => {(g)> 1) feD)—)f
=> A7p+(€,\) —> A’/4_(I+) = H—f = H_ﬂ — T;',,IS Cyelic

Problew : (e3) 1s not necest mwonotoue !

Correction -

Lemma A= C=alg, {€A” poc., (€)= a in A
s1. €30, lells i, bul is notl necess. nionot.
= T limf(e))= 1Hl

PfOO{- We may assume 141 =1
Va€h  lall<{ we have OQ/fa’*a)éi,

(e, = £(eD)f(@%a) < ffe))  because P=<e,
= 42 tmfle) < tmf() < supflg) = 1
Take cup : = I bUnmfle)=14 O

lanws 1 @ks k%@




Tensor /:roolucf.s ojf Cfctﬁc"éé”‘w)

We know .
@ A)B k—alﬁ = AgB Is a k~0~/3)’

(a,@bl)(GQ@bz) = Q4 & bljs’z).
(aeb)* = a*eb*
@ A = C%alﬁ ) M.q:{nxﬂ—magfceg with ﬁtxlfn'ej}
n
= M,RA is a C—%a/ﬁ_ ,
Moreover: 1 o um‘quz C-norm on MV@A

PfOE H(,H; - l‘nm./)rod, SPQCQS_ =S
I a unigur :‘nn./broducf on H;eH, mf:‘s/.

(’(‘@Kzltjléayz}=<’(;'Y1>(ley2> &)

PrOOf— Observe: Y vee sp E,F

1 sesquilin ExF—>C] = {blin EKFC—>C}
= HOMC(E@F)C C)

(neh,)e (hek,) = HRl@H e, =

(i e H kH,H, ) > Ce®C =C.
<l qely

A a Unigue Sesq. form <:[.)> on HieH,
SafiSfy ng b



A
YueHeH, u=2yez |

] (
(=1 )

(et fey, 6§ be an ON baysis in S/Jan{zu--xzng.

m
(=1

= <MIM>=§_IX:IIZ>O ’f uso [
L=1

Obsecve : fxeyl=IxIlyl) (x€H, yeH,)

(thed is, the nornn on HeH, is a cross nor@)
_Q%f_, Hi, Hy = Hitb spaces. Their Hilbect feusor
Prod‘*ci is the wmpleﬁ'on of H{@HZ w.r. t
> ac'ven by ()
Notation : H&&H,
Exer (H{@HZ)@I)) TS Cowt/Sfefe <)

<=> Hy or Hy S f{n-dim.

Exer (€)1 = ONB in H,)' ({])JEJ': ONR in H,

A—

= (e‘@ﬁ)(.-d-)erd is an ONB of HioH,

Examples [exer

() HOC" = H@ ®H
e) He (1) = B H = H)

(€T




3) ( ﬂ)@L (Y V) LZO(XY)/uxO)

Prop Hi Hy K, K, = Hilh spaces, SG%(H()K,)}
Te%(Hz)l(Z) = J «a Lu/u'?ue
S&T e B(HEH, K&kK,) sat:sfya'ng
(S&T)(xey) =SxeTy (xeH yeh,) ¢+¥)
Moreover, IST-=1SIITH
j’_ro_o_f UﬂfQuﬂneSS c/ear
I1S@T[ > IS ll/ clear

Existence : I a unigue bin ST : H,@HZ—Blg@Ka
sahqymﬁ (<X,
Now (t Suf—f 1o show that ST ie bdd aad

that ST <[SIITH
We may assuwe that T=1, (H-a Ht'(é.sj)cace_)

(because ST = (Séai)(f@T))
Let ue H@®H, u-= Zx@% (&, ..,eq= ON Jawily

= (S&1)(u) = Z Txlczse

s [ (SN IE D 1Sx:P< 1S )Jbg _ IS u )

(=

— S@1 Kk bdd, (S&i)z(sl 0O



Pro{z. A an i rUea‘h« lin ma/>

BH, K@ By k) 7> BlHEH, K&K,)
ST +—> S&T.

Proof Let Ue BH D& BH, L), «(U)-0

Uz:j_Si@TL. ) S})‘_,’gn are lUin t‘ndz/).

L=/

= > S, xel;y =0 (<€ Hy, VéHz)
pply dge<lzy  (26K)
> 3 dTylzy Six-0 (xeHy yeky, cek)

that s, D, (Tiylz?S =0 =
=) <7:‘>1IZ>:O (t’:—l)_,.)l/\) yE Hz) ZéKZ)
= 7“:“-:‘7; =0 =D U-_-:O D—

Prp, A, B = % -algebras, m: A—>BH,)
T B — B(H) ¥ -reps Then 1 o > -rep

TRT: A®A %\%(Hféfﬂ) um‘queld de termined
by (e T)(ab) =TYT®) (ach, beB)
Moreover: T&T Is fw'flnfu( D

T and T are faithful



Proof. AeB E> %(H,)@%(H;)C-P\%(H)@HL)
|

T T [\

Def A,B = Clalgebras. The spatial C-norm
on A@b is given by full, = (@) ()|
(whue Wy , Wy Qe the univ reps of /l B)
(Vj)oc‘ﬁa»(c‘geuuag C- Ho/SMOl)

Pro/: = I I, IS indeed q Ct norm

The com/)(e,t,m of AR wrt | I, is denofed
by A@,B and Is called the spatial C* teus
P(‘Oclucf

Observe . laebly =lal bl

Thr (Takesaki)

¢ Cinorm I Il on A®B we have -l <{-|

Notation O = Bui, (minimal C’Tfmg.proc{.)
Wlly = iy

cluaSt /nroklems

1. Looks unwm}mfaé”le, < 1 ~
2 Looks novgfu_ﬂcf—om‘qé

——




Recall A = Ctalg) 7. A—> \%(H) cycl[c >(=-reP)
x€ cycfc‘c g f(a)=(7r(fc)xlx> —>
= {>0, TET,.
Lemma 1= I
In particular, f68(4)<=> Ixli=4

Proof - CRL = 1< i

(e,\)-’—‘a.l—'. (N A = W(eA)K S X =) f(eA)_%”X”z
= H//'——”xllz. ny

Th A, B = C“—a(gebmg = VyeleB

Jull, = suﬁ{/’(ﬁéf)(u)”-‘ - :__';Z) ?;9/2‘3 }

‘P_F_@f We want 1o show that

| (MeT)W) | = 1, wy)(u)]
We may assume that U, T are nomcfeg{mcrm‘e
(beca,use W=F/@0) T-:'C'ééo) where T/‘j (.
are nomdageﬂerm‘e *

J
| (o) WHT'e )] )
Ll /—:—:'@77,; , T= @6 ) Wc,'E]' are Cyc&'c,

_ N . =
Lenwa = T, = T[?p' ; l{’] = 7% where



feS®), g€ S(B)

TeT & @(ﬂ@TJ) (exer)
4

I@eT )W = wf //(mézJ (W <
= sp @@ 1)) = 1€

geS(8)

Lor : A — By t/): A,— B, *-homowms
bed ween C“—a.fg. Then J a % -howow
gﬂc@*q/ : A{@*Al —> B’@k Bz un(?w(\‘f c{ei‘(ml;:id
by (LP@*%)(“,@Q&)‘-’ ‘f(a:)@f}(az) (e k)
_P__r(_)gf J o «-hom ((@50: 41@/!2%8,@8&

vmi?uel deternmuned by («*3),

We want to Show that (p@&L is bdd
wrt I [[x. VueA e,

Ipe )W, =
- s floeOtger)ol 157 98]

u(pé qb







