GNS reps an d cyc{ic reps

A- C"—a,/g’ féA*)f;O.

77{-'4 —"\%(Hf) GN\C@ asSoc fvf
Recall - Af A — H)p) a—>a+N,
T,T/(a)/\f (!’) = A_f(ab) ) (4_/G1Afb>=7p(6*6i)

Qbsm/aﬂan $u/5/Jar¢ A i unctal ?:A/({)
—> TQ(a)xf-= Af (a) = 5(7{ i< OyC/('C ﬂor ng,

Also, f(a)ﬁ(/\fa/xf)

Lewma. Let (¢) be ana.l. in A Then

@) () is an a.i.in A;

(2) /\+(€;|) — /‘,/1 (14) in Hff'

Recall - f,: A, C 44 (a+ﬂl+)=f(a)+ﬂllf/l
ﬂ?o; ”'f.;—”:f./.(h—):”]g”.
M (1) ha-ae})<la-ae, |+l (a-ae)e, |l <
< 2|a-aé\| — o
(?-) " A{L((_,_"ea)"z: {((,4— _63)2) _
Jel)-2f@) 1 #(z) — o D

“Whh Si1f) =y




Thm 1 a Unigue umfwy iSomt. U : Hf 2>1’-{
of A-modules st u{A(a) -4, (a) (acA

Proo;f Defme u,: Hf—bff&) uo(a+/\fg)=a+/\/f+

Uy I¢ cun A—mod‘ mofﬁ/‘) U, /S (,Lnt'(:&f){.

Lemma = /\ﬁ(u)c—:W = Imuo =Hp
= Y, u,fquudéf extends 1o a unifary iSoun

w: Hy =>H, of A-modules. [

Remark A -~ B Hy)

N 4 ey (i
Ay =R, )

Ad(M)Tg MTM,L_
COnvMbon Idenﬁfy H)g ancl H

T (@) with T, @), Ap(a) with A(a) (aeh)
Thu Defme Af (/+)CHf Th(;n
Xp is cyclic {or T, (a) Xy = Ay, and
Xf I uni(]uf[a defefmmec/ b)’ f(a)=</‘{ale>.

M Tff(a) Xf =T’,ﬂ+[ﬂ)/l]pf((+) =Af(a)"




In pacticular, X e eyelic.
{halyy) = <ApalApter 1)
The uniqueness follows from A{(A) :Hf- )

I_hﬂ T:A——x%(”) Cyc(ic x-rep | x€H cyc/u'c.
befine féﬂ*by {(a) = <n@)x|x”

Then 4 a bmiquz (,u/u'fafy ISom. MZHE—DHJQ

of A-wodules st u(x)-—-x/.

fm#. let MA—H A@=i@x =>
= A(W=H ; {AalAb> - <1)ml)x | xp =
7Y T)AB) = Alab) =>

= (H,_IT, /\) (S an abstr GNS rep ascoc fojﬂ
= 4 a uaitary (Som. w: Hﬁé”f of A -nod ules
st uo A= /\Jg. We have u(W(a)X)=777((a)M(><)
Let (¢) be an G in A Tlf(e)()\j —\y Yy
—> Ay (6) =T @) utd => Xy = u6)

Umiqb«,cwe_ss (s clear. H)
Uni{-ary iSont Clpsses

Exer.
= {Positive fe A*}Z]‘of (H,}K): e Gres
of A

* - 1 on H,
xeH cyelic for T



Tén.CoF /broducfs oj’ Ctat”jebras

AQR R =& .
1 Mu(h’/)@icafc'on.

2 Involution.
3 C*~porm. (Nonfrivial [)

4 G?M/)ettt'on

f_f_O,g A) R = a/gebf‘as. = AR 1S an af\ﬂf wrt
the nmult. w’liqu.e/y determined by

(a,@ b)) (G&h,) = 4,6, @b, by

Pmof. AxA — A
Ly

AA
(AeB)® (A@B) S AQASBRB Avb
7 A Ng

Assoa'aﬁv(fy: exer. U

4])_4. = = vector aj)ace over C.

The conjugate space of E is £ defined as
follows : (Ef+)= (E)f))'

—

Ax in ES — _Xx in k£

Motation: Y x€E (et xC be x considered
o< on elens af E¢




Then ax=(Ax )¢ (1€ C xeE)
Thet is, E — EC) XHX(; s antlinear

Prop (1) Hom, (ESF) = {antilin. E—>FJ =
"Hom ({: =
@ {[mlm C _C }—‘—{bilt'n. E{*El—éFC}
~{anhbalm. EXE —>F}.
(3) 3 a vec Space 1Som E @EZC = (EF(@E&)C
@ xS 1> (4@%) ’

Pr‘oof (3) If Suff,‘ces fo cons'r. o natural

{Som
Hom@ (E,C@EZC) F) ;Homc((E,@Ez)c) F')
(FE Vect)
Homg (EoES F) 2 {bilin EfxE;—> F =
"‘% bilin l:,xtz — F°© } ;HOMC(Ef@tz) FC)
= HO“"C ((EI@EZ)? F) 1



Prop. A,B = *-algebras => AgB is a x-alg

wrt the invel umt'ciufly deterniived by
(a@b)*= a'eb® (ach, beB)
Proof L'A: A -‘*?AC) QA+ a")‘ s bnear
hob — Aeb" = (loB)
22
Exer : thes is an (nvol on AB [

Def A= «-alg. A norm II-]) on A is o Cnorm

(1) Habl<talibl;
@) haty=tal; (a,b€A)
(3) lata| =tal®

(A) 1) is a .pre-Cfa{\cl;aém ]

0!986“/@ —thﬂ COMAf)(eét‘OVl #a /bfep-cs_tal& /'S c‘
Cia/(zf.

FProp A =x-alg;lland I, - C*norms on A

Suppose @, II-II% IS complefe. Then (I I1=1,

Prooj- Let A, be the coup(efion vf (A) I ﬂd.).
J.:A%Ai IS an frv“. i-/’loWl btw C{ng

L,




= J (s Isometric

—

Notation A- afgebrm
Mn (A) = {Vl*n - matrices with entries :'n_A,_J.
My = M, (G)
MaRA 5 M, (A) 5 (wijp)@a > (wja)
alg. isovwor?h{sm
._EQ,E-. A - C*“Q/\C(@-bfa- = 1 a undyvte
CEnorm on M&A . Thic norm nakes
M,8A into a C%-a/g.

Proof Let 7: A—>BH) be a fuithful *-res

el s MeRH) =M,(BH) - HH")
m(/_k-ham C{Zlg.

Let lull = (tem) )] (ae/u,@/‘r)
This 1s « Ctnorm.

Im (f@“lT) = {u&%(’*f”) : M{j € ImTm V'.,J}

is closed in BW"Y) (exer)

= (M”@A) Il ﬂ) S @ C\-%-a/j.

Umqwmes—ﬂ ﬁl/ow’s fﬂ)m e ﬂrew‘owj /rrc% N



