Positive funcf:[onat’,s

A~ 4-alqg, A= C bu
_D_%E fis /)OQI'five (7’;0)4=> J(q"a)zo VC{EA,

We know :

1) A=Clalg 50 = f(A0) C 0, +:)
(2) A- c"_a/g, f>0 = Jat)- f) (aeh);
{ is cont.
A = x-alg, f. A= C />0
Notetion (alb}:f(b*‘a) (a,b€A)
('/'? is o Sesquilin. form ;
(ala/f’- {(a*a) € R (;—7;) ('/'% is Hernitian,
that is, <éla>]p=<alb;p.
Hence <IZ(, is & pre—:’nner}oroducf on A
lr_oﬁ (CRS t‘ngg.)
{(b%) Izé f (a¥a) £ (6*5) Efuiva/cm‘lv)

| {(ab)| = f(ac*)1*s)  (a,b €A)




j:: A,— C f+(a+A(F):/(a)+2"f[" 'ﬂé/)f-

Thm A= Cfala-) (&) an a.l in A ) -/GA»k
TFAE :

(1) f>O5

@) Cimf(e)=Ifl;

) dpz 0.
Llemma A= unital C*-Qla’ ‘fGAf f({):/]f”
N
Pf‘_ogjf We may assume that 1£1-5(1)-1

g {fo, then Ja€ho st f(a)¢[o+s)
G(Q)C[O)fw) is ez)wt/mci-

1 a closed dise DclC st G(a)C D, f(a)¢9
D=DOp) =
={z€C:/z-Mgfl 1)

r(&_)\/i)——-lla%ill') /’ == \\
normeal
(@A) CDlg) = la-2f<p =

- 4(0;—?\4)/4P =) —f(Ct)GD
IOERY

| Co I’l'{'r‘. D



Proof of Thwt We may assume that IHI=1
=@ 7= H)”; Igl=sd =
= Jlwflg)<1
Observe : H’aéA, lalléi, we have Oé-f(a*a)éi
| $(e@)|” = () H(aa) = /@)
(cBS) 2
(because €3 2€y by :iQN)
— @< timfle) = 1= 1 < timf@)
= &'VMJP(@,\):’ 4
Q=0@) £, )=1 = it suff foshow that
”ff I= 1. (hencef/:LZ,O
Clearly, 11> 1 by Lewtma)
VacA M /uéi
1, Gt Dl H@+ ol = | inf 02 1 e e f )
=|Li)\m /((w/ubr)ea)l = sup [ (e pui) )]

= flecepl I
> <t = If,I=-1 =4 >0

BYo ) clear. [

\



_6_0_1; A= unital Cal , —féA*
{20 = IFI=1(1)

M‘ A=C’—'af<ci) Bc/ closed ¥~Suéaf<c‘r)'
(cIEB*; qz20 = 3 {;Ez/g St. ’f/~,f3 ) HII"[’g”

fr_o_o;f We may assume that A, B are unital
and )€ B
(ofkefwise consider -A—r ) B{—) 31—)
Hahn-Ranach => 3 feA* s1. ff.=9, WI-Igl
= |¥|l=ll@llf;gf](4)=f(f) = f>0 O

Cor. A__-_ C*_a_{ ) QEA VLOfMa{ =)

e SW) st H@[=la]
'Prooﬁ. C_’gge__i . A = CD (X)) )(= €OC. COMP_ Haucd,

acCe.

5 J xeX st fa&)|-lal. Let {-¢,

Ceneral case : consider B:C;‘(a) onch 016/0[3
The, [




>r~re/brasaniation.c and x-modules
= &—a/a) H - Hifh, slbace.

A
’_D_ef A *—rg‘prggeﬁa:hon oony, H i<
a %-hom TM: A — @(H)
T i faithfyl <=> Keri=o0
Recall : (1) A=Banach ¥-alg = 7 is cont, ITif<4,
(2) A=C>Eafa)71 iS ﬁu’fhful =7 IS Sometr
_2%{ A ledt * -module over ) ic a feff A-nod
H +together with an )nmerpf‘oducf which
wakes H into a Hilb space and satifies

(ax|y )y = {x {a*y> (x,y€H, aeA)
Warning ¢ -modules == Hilbert Cfmodu/es
Y oy
eer fucepsof Ay = X0

ax =T@x  (ach, x€ H)
(I‘MPOP('CM{: 7[(6[) is bdd ,)

Qs_;f H() H, « -modules over A.
A mo{phismn_ Y: H("%HZ is a Cont. A—moc( honow

( Le. Lp(as()= atp(x) v KGH,) CLéA)



-I_—e_rminofggi Morﬂu'smg = infertwinin ma}g
(Cn/\ejawu:(ug on —P)

_?lo_h AH&—CJQ) H = @fﬂ'*-moc{ over A)
HoCH cubmodule = o is @ submod o H
Peoof a€h, WxeHs, VyeH,
(axly>=(></9f_y>=0 = axe
cH

4
Hy O

GNS congtruetion
(Getfand, Nainmack, S’cqal),
A= *“a’{{) ]1)._ A— C, {>0
R,_C;CCL“ - (alb%g-—f(b"‘a) IS & /Jre—l'nucr /Jrod&cf‘-

on

— {laﬂf—: \((alf&f (S O Semu(nefur on A
Notation N,- {qéA : Ilallff-oj ={C(€A '. f(a*q)ro}
Lenua. Ny={a€h J(sa)=0 ¥ bEA]

~[aeh : fab)-0 VbeEA]

Proof (6]’ {(66%) ()
) (@b)|’= § () (6°6) Ll




Lol <Q*Nf/5*/\/{> = Qz/b%, = J(b%2)
o m”"‘("ﬁ"‘d fnne( /DY‘Odu(ff o A//\If,

Notation Hy - (A//\ge, <-1->)
HJ’ = QOMP/e,ﬂOn OJP H;; H’f IS & Hith S?QCQ-

tor?2. N, is a €eft ideal af A

—
This iwpties fhat A/N,=Hy is o Ceft A-nod:
a (b +Nf) = aéfA{]p.

| et le: A — Ehda: (H}) denote e fef/mch‘ve

feﬁemm‘aﬁbn} @“’(a) (b"/\éﬂ):ab 'LNJ'

EQQ/A A= Ciq{\cl) J)EA) f20 Then
Vaeh Mle) i€ bcd, R IR
Pr‘oo;lf‘

2
| Wf‘f(a)(bwLNf)uz—‘- [ abH\/fﬂ - f(b*a‘*ab)
Observe : 0 < afa < fatal{, . (LEN)

> bratab < lal*b¥s =
= f(¥atab) <l FB) = lallib+ NI~ ]




Thm A= C*afa JCA*J>O Then

(1 VO\CA To(&) Luxuqu,e? extends 7o
,(a>c&%(Hf) and I I <lal

(2) TI A — \%(H?p) IS O - fe/D fA
Pf‘_Oqf (f) follows Frona Pf‘elb_
(2) Clearlﬁ) 'u’f(ab):- f(a)ﬂf(b) fa,bel
< "]a(a)(bﬂ\/j() | c+Np ) = <ab+Nf[c+/\éo> =
= f(ctab) = f((c*c)*b) = <_L,+A/f/cfc+/\;g>
= b+ ng/ 7/'(d9(C+N7p)> = 7r(a)’f=7r¥(a*), 1
;LTK ]p ic the ENS fqbrcs{n-fahom aSSociated
to f
Notation. Ay’ A—>H, acA atN,
Properties of A Ly
0 _Af(AS :ij}
(@) (AalAb)=/(7) (q,beA)




M An abstraet GNS I“jﬁfesan%aﬁom D:,/A
associatfed 7"03( IS (H)'IT)A-) where

H=Hilb S/ace, T A—> J’D(H) IS @—rep,
N A—-H linear st. ()-(3) hold

Prop A - Cta/ﬁ) pféA*) {>0;
(H,W)/\) cn chetraet GNS rep assec fof

Th@’l = o buftiffu,ﬂ unh‘ar)/ 1somt. U H - ij
of A-modules st wu-A =Af'

Proo;f: exer [
E_Xé_f_“_ Descr,'be (H—f> nf>Af> éﬁp{[c[ﬂq i
{he foll coses:

(1) A= COO()) M = pos finite Radon meas onX)

{(0) = Jadu
%

() A-M(C), S(T)=£7r(T)

(3) A=BH) ofA"—y(H)/ sefl g l=1
(1) -<T5lg)




