ﬂ)b/bros(i/ma{'e (dentities
In Ctajgab”a.é
A = normed alc.

_1)_4 A net (63)]'6,\ in A i< an ePPoximate
:'clen%ify (Q.i.) <= VC(GA aq%a) CAC(_"’C(.

Thw  Every CZalg A has an ai. (§),, St

se) ST
(A11) o0<e¢={, YA
(<quivafently, €20 ard lexl= 1)

(A12) dspu = & < Ou
M .A’-'{KEA/wsf II€II<i; (/1}5) 1S a/JOJet

Claimd. )| X A/)os as a /)oJef, As awro/(a/}//
N (¢ direeted.

Proof Consider [0,0;% [0, +0)

-, -

pl)= ~--t be)- ()= 1- L



vV eel ‘P(e)é/l};os

e,6,€ll, 4=4 7"_’ AR ) :f;éba—f

= (g—el)"é(!;ef) = p(g)= vle) |

Yac A,,s PEA (S/Dec. Ma/; Pro/aerfy)

a, < azl) = k/)(a,) = (/J(aa_) (exer.)

A Z;f;'_f A/’OS SM)éU /aos Pro/bafy =
(P(J):!Aioo_s) \’L‘Or{/\‘ [

_AC—>_A) e—>e, s a net S’wt“Sfy:‘nJ 041()' h12)

Claim2. Y a(’Afos, lal<1 we have [a(t-e)al-0
(e€N)
M Lonsider t:[0]>C | t()=1
t(4—t'/") >0 in Clojd]  (exer)
= al-a®) >0 in A
vV €>0 A nelNl st //Q(/;a/")/kf. .
¥ e€N st e>a la({+—e)al)5_)a(g-a")all<g

1
,:-l l a<b _—_>x*a)<éx"éj

—




Cloim3  (e),,, iS an al in A

Proof Veeh (-0 '=i-¢ (16N Thu)
= Vaé/'/)og) lafl< 4
la-eal™= [ (t-€)al’- la(,-¢)af <
< la(t,e)a| — 0
—> a-ea—>0 (e€A) for afl aeh (by linearity);

)
a-ae =(af-ea*)"— o a0k
Exer A-= se/)a/ab’(e Cg——cdg = A /’laS G
_()@?L(ﬁn/_tt(d d.(.

Convention. "a.i" will mean “a.. rajdgléya'ng
AWI1) and (AT2)"

Quotiont Cfa({ac/mas

Obsorvations:
() A‘—Banﬂ/ﬂ) ICA closed 2-sided /deal
= A/I (S a Banach al(c()'
fatIll-= fnf{l{cwbl/ cbelf
(.25 A= Ban,k-al(ci) ICA elosed 2-sided s~ideaf
= A/I (S o Banach st-a/gi (a+ D*——aﬁf




Lemma. A=C"’—af<c]) ICA closed Keft ‘deal

= T has « r.‘ahf Q.(. (ﬁ) Satd&fydn (AI/J@Q)
(ie, a net (¢) st. agy— a Ule/l)f

Proof Let B=INT* = Bisa c"‘.sqga_@ of A
Let (¢)) be an al in R
Vacl la-aeyl= lali—6)=
= (-e)ara(ize) ) < hata(t-a)] — o [
eB
Thm A:Cial(c]) TCA closed 2-sided ideal

Then
1) Tisa x-(deaf
(2) Suppose (¢) is an a.i.in I. Then YVa€A

la+Ih = tim fa-aal = inflla-ag
By A/r is & C{a/gebm.

PPOOf- (i) Let Cek) be a r-‘ahf a.cl. in I.Ca}f‘l%ﬁyl'ng
(AH\) (A12)
X

Vacl ag—a = ga-a = ael

el



() Vueh, Yhel
la-aeyll =la(t,-g)| < I(a+b)l=a)l+
+b(tl-e)) <la+bll+116-b¢gf
N

_ o
= T [[e-agy |l < e+ T

loe LN = :rf Ja-ae,l £ bm fle-aq). = (2)
(3) Vael
e I = inf falt,-e)l*
. t‘,\nf I G-l -e)l < in [l ata (1)
= Jata+ II |

L:xawlpla { (Ca“’-in d{qeérq)
H = Hilh tface ; GW) :@(H)/j((ﬁ)
is G c*-azﬂe/m (the Calkin a:/@éém)

Exomple 2 ( Toeptitz a/(c,;e/ara)
H = l‘nf-diM, w/mrab’le Ht‘/l)-gquce)-
{e,,,;néZW} an ON basis in /-[)

CeB(H) Sen=tay Vn (right shift oper)




24_ The Toeplit 2 afgebr@ is the c".wgda T
Uf B (H) ﬁene/ated b)/ S.
Explicitly - J= S/bcm{ Sk(S"‘)(: ke, )
( because S*S?-!L)

Exer. (1) KMH)CT
@ T/HMH)= C(T) T={zeC: 12/~

(3) The Toelpatz extension

0 - 3<(H)C-'5CT-—9 C{)— o
does not plit (te /Zy( cé{ hon . J .CM-T
st. pi=deen ).

Positive functionals

A_*a/ fA ->C lnear
__Df f kS /)OQLthe (f>0)<——*> f(a Q§>o Vad(
if A is Banach - a/q) then fé/l s a Stote
c=>{>0 and [£1=1 (cocrosuue)
Observe - Lf A ic a C*'—afa, then
{20 < f(Afos)CIOﬁw)




Example 1 Y. A—C is a «~Char = >0
If A s o C%—ala) X #0 ——'—‘)7( iS a state.

L’xw{e A= C ()() X =loc. comp. Hausd. Space.
V fin /xosc'h ve Radon measure },( on X let
fiA->C 1@ J’acpw tRLP

H = }4()() (ekar) gﬁu is a sfcufe e)/«()() {

Rt@Sl%liThm 4
i Fin /’DSn‘we } ——{ «{ Pos. lenear wac}

Rodon nuasusesS on X< on G )
( podi
L&
Exanple 8 A=M(C)=BH) dimH=n
W {:A->C, f(T)=—r’TTr(T) (nopmalieed
e o state.
(2) V¥ tn f A->C 9 a unigue SeA st
HT)=Tr(TS) (TEA); f=f¢

() fo>0 <> S20;
@) Hois a state =>$20 and Tr(S)=1




Example 4 A= BH)  H=Hilh space
gcH Jph-oC K (M=Cxlg)
fE(T*T) -(Tg| T2 >0 = fg 20,
H§ = Ilglll. f§ is a state = I51=1.

(vector state)

Ekag:£(¢5 A - Ki(G) ; G = qroup.

/ exer (D { A— C, f(a) = ale),
's a state. N
(2 ] extends +o a stafe f on CT(G)
(3) 7?' ic a vecter state

Tha, A= C{dﬁ, f:A—> C, f>0. Then:

@) fA )R
@ fle)-Ff) (ach)

3) {is continuons,

Proof. () Va€hsa a=a;a 6+ €Apos.

@) Sollows 140"" () (see the /arooJf for characters)
@ Clam: JC>0 st f) = Cla) ¥a€hpos

Lf not, then YneM I a,€Aps st Jaal<4,
fla.) > 4"




let a iﬁ' = @) > f{ 2)>2" Vn,

a contf — J(Cso0 st f(a < Clal Yazo
¥ o€ A af—(b+~b,)+ L(C”_——C—_)

(b=bb, C=C~C are selfad))
”61_’4“3”5/16(/( (because b = Q_%g*)
51‘mi(aflud) |cel < llecll

S ) 2 4CHall. L

Mz

)I




