Positive ¢lenients
) - C*afg aell.

__f a 1S PO‘MLNQ (o> 0)c=> d-a *and ¢ (QB()Z;W)
(/’ A is unital, then G/(COC[O w)é—>6A(a)C[o+a<))

Exame/e A= C,(X (X- loc. C’Dm/. Hausd S}ace)
ach G20 <=> a(x)z0 ¥xecX

Notation A/,Og-- faeh: a0}

J—



Propd (1) p: A—>B x-hom (A 2= CZalg)
= ;0(4/>DS)C‘B/,OS.
@) A s uni?‘a() a€/ non/ua() féC(é(a»} f>0
=> f(a)3 0.

P‘C_O_Dj (/) VaEA ogCAgc\ W/Q)EASQ‘
e, (ip () Cq/a))([o)wa) = pla) > 0.

O Mpty () to Y. Cle) — A

Prop 2. (1) c«é/l/,og,ﬁelp,?\;o = A& EApos.

(Z) Al)mn("‘A/)vs): {03
(3) APO“ is closed In A__
¢) Ct)belll)u — a+£6/4/,05,

Thus A/;os is & elosed convex cone in A
Lemma A =unital Cfaf&) aEA, Iall< {.
Then - a0 < a=a* and li-al<{
Proof  Clear if A= C(X) (X=cou«/acv‘ space)

Gen case : cousider C::(a,i) and a/)/)l:{ tle
ict G-IV Thm [

mei % Pm/’& (1) clear.

(2‘) ae /",)o;n (’A/)os) = GA/(Q)=‘SOS = 4=0




6),l) B=jachA:ral=ij

Lewma = B0 Ape= BN AG Na: ip-all<i]
= /B/MPOS is closed and convex =>

= @), ¢) O

Notation Vaehpos Vi~ fla), where {(£)-JE
(€ [0, +00))

PfOQ 3 |a 1S Q uni?ue /JOSt'ffve elenq 0{/4
ot (\f_d)2=a_ : )
Proof- (g >0 by ?Sfof_ { g(f(a)):(gojf)iq)
Superpos prop —> (@Y-a. CrpEee P
sU/)/boSK 520) bz-fQ. SQ/oer/)os_/bro/b -
= b-Vb =ja. 0

Exer H=Hi/b.g/)ace. EAS %(H)

- \¢
Exer. Q. A=umta./ C-a/g SN Cvc’ry C‘(é—A /<
O UVI,COIMZD. Of A unitaries

int = TN _wep
% -

U p




Proe,qu, ¥ aels, 3 a erlJ?u,( pair (a+,4_) o/

positive tlements cf. Q=47 Q_

Proo

Consider
tf/t—: R — )'())+JC)

1,
’t——-
a,= tt(a) are what we need

cS‘Uffoge Q',azeﬂ/)os aza—az Qazr‘az@:
Let lal=a,+a_= t|@)

Q= {Q, Gz) a+a2_ (Q'Mz)} —=> Gt &, =Ja/

]
(a,+G_)=|al®

N = 1aJtq _
4“:’%‘“*»

—

2_ l — - "—"L.

Tho ( I-Kaplonsky) (1560 ics)
Vachd a*a>o0

Lenmal V¥ xeA x*xexx*=0

Proof X = y+:z (v, 2chs) =>

xX —-y-IZ




= =y il ey

X x* - y7‘+22+: zy-y2)
=) x*’x.,.)()(*: 2_(y24 ZZ)ZO_ (See PfOfS 3(, 2) D

Lenuma 2. A=unddal alg) q)bé/-] =
= c(ab)Ujo} = &(bg)U fO}
Proof. It suff fo show that
/—ab € AX ==>(-ba €A™
(because YA+0 ab-M=-A(1-76b))
If f*a/gé/lx) c={ -&@4 — {+bca s the
'nyverse 0f {-ba [
[n{ormw/ €x/)[c\na>('u‘01/lﬁ,‘
(f- a/o)'——’ 1+ ab + C(lp)z-} =
= (+ab+abab t gbababt. ...
= (4 -ba)ﬂ: ( +hgtbaba +bababa+ -
-1+ b(1+abrabab+ .. )a
Proof ef Thm
L,d, b=a*a ; b=b-b_ (5120) £+£_=b__£+:©)
We want : b =0, let x=ab_.
X*x = b a*ab_ = A,(Aj;bﬁ)b_—_ ——Af |
= —K'KX20.

L2
xx* = (xxet) 1 (=x¥) 20 = xx 20
=0 30



=) X*X=0 = 63_____0 —> b =0 El

Notation. Yach lal= Ve*a e Apos

0bServe - ;f’ a-a* then (&|=1/a7 = [t((a) =
= 4,+Q_.
7 U

Cor ach TFAE:
(1) a=0
(2 3 bzo st Q= A

) I bed, st a= 19,'
(4) Fbel st a-b*b

M o b€l a<be—=bL-az=o0

Prop (1) (Am) <) i a poset
2 aéb) 1eR, Az0 = da < Ab
(3) a,<b;, 6G.<b, = a+a,<b,tb,
(y) ash, el = Xax <x*bx
(5) A is umta,l aéA a1 = a <1
(€) A is unital, o<a<6 Q, e = b«
(1) oca<b = yatéﬂba
(%) aeAPOS. lef €1 <= a=<1,
c=D («L/A s unital) a <4,



M () ~(3) : see P/‘o)>.2.
(4) b-a=-c*c, C€)

by - x¥ax = *cfex = (cx)(cx) =0
(5) A/)/)h{{ ) to x=a~ (/z‘

_ _ L, -1 L
(G) 0<a< b =—_>_{éa,/zéa/l 1_,_:>a!> a* <A
- (4) (s)
._—.____.—>/o < )
) A

(7> A/p/;/y the 1st 6N Thua o C:;_(b) {+) —
S ob2lbl, = aslbl,  —>

(16N & C; (a,0) — lal=1b]
4
() AH’% the {6N to C:;(a,g) or C:(a)i) M
Approsimate jdentities

(A <) poset

Pet A is directed <= V)I,/ué/\ JoeA ¢t
1<V, /u.-su).

Exambles (1) (N, <) < {le standard esder
(2) A =({ heiﬁhberhoodé" CfXé)(}) :-j)
()( = “170/ &/Jace)




X = L'O/x space
_P_ef A net in X is G map x: A =X
(where N is a directed /Doséf)

Notation X = (XA))GA K(A)=X).

24 A net (x,\)AEA converges 7o X €X
: U2 X
()(,\——\;)( or f,j\ms(}‘: X) = V flﬁhd
INEN st VA2A, erU'.
EXaM'IJj[g. N =the posd fom Ex ()
\/ UéA choose afly XUEU‘, Then XU__>X‘

A = normed ajaebm

Léf An approkirmate idzn%{t’y (a.i) in A i<

6 net (e)‘)AEA in ll ¢4 VafA Gae,—Aa,

N =YY

Def (1) An ai (e")AEA S g?mﬂd P
e=> A= with te wal erder.

@) Anai (@) i< bounded <= 4 C>o0
st lel=C Y)




Emmjp/e, { A=¢c- C;(N) = {af—'(a,,)éﬁl/w: qﬂ—ao}
V nelNI enz(“)"“)i)o)o""‘)é A
— ((_ﬂ) IC & L_a.z.nin A Indeed : Y aell
| 4—ae. | = SijJ/ak/ — 0 (n>w0)
k>

Exawple2. A = with pointwise mult
— (en) 7£r0wl ExLl is an unbdd a.i. in (i.
Exef. ﬁi does not have Qa ba.i.

P—S—

Exam!:ig_S_‘ A =GR

\e (e"')n ¢INI IS a é.a, l. (exer,)
£
EanlE/e 4. A- Q(X) (Xr loc cou), /{a,ugc{)

ﬁp ace

AT-\‘com/S. sehks KCX), (/I)C) is adir.

/oset.
/' KeN choose CKGQ(X) s.t

_ _ is & ba.i
eKIK'!’ fecl=1 (exer)> (6K>K€A

Exer. Q()() has a szgu.enﬁa,( a.l. D
= X Is g’—cow(/)ac’(;.



Example 5 A= J((H) H=Hilp space.

M= 3 in-dim subgpaces LCH}
= ) is adir poset.
v LeA let P =the Orfh./;r@i onto L
)LEI\ s a bai in KH)

F

Exer. KH) has a seg.a.i = H is sepable.

_EXC“""___,N_&_G.- (1) (A) zero mult.) does not haue

on G.L.

@) A= {féCﬁ:O,i] ; 7[(0)':0} does not have an
a.i.  (exer)



