O”i aégebm,s

’D‘Ef A- a/\ciebfa‘ An involudion on A 1S
A—>A ach > a*ec A ¢t
@ at*=a (ach),
(2) (ﬂaf/ué)*: ja*qaé* ())/ué C, a,l)éA)
B) (ab)*=b*a* (a,beA)
(A)*) is a x-algebra
D_cf A Banach x»gla e Q Ban.alg. equip/)eel
with oan fnvpl St N&¥(=lal (aeh)
D_ef A Ban. se,a/j A is a sta/\c]}eém l']p
¢ aeA  lax¥al =llal*
( Cx?qxioﬂ,,) C{:‘demfii/)
%@ A)B *-a,/(c]eb‘ras
An odff' hom @: A—>B is a x-hoponwrphiSu
if ylat)= pa)* (aeA)

D%f A= *"dﬁ' BcA Wéalg.
Bis a wb%e,m > V¥be bch




ES(aMT[;[e U) C are C’Ea[&) )*:j (Aé@)

_Exam/;le X=-aset > (wO() i< o C.’fa/a/
f*(x):f?&—) (xeX)

Exawple X = top space =>

_5 CO(X) CCb(X)C(w(X) are cloced
*~m/oa/(?ebras = C*—algebmz_

Example (K,/u)=mms. Space = Ldo(x, /,() /S
a C* a/ﬁ w.r. 1. m= f(y)

Exam/J/g, H = Hilb. space = jg(H) S G C’}a/g.
vV TeB(H) the az(fjomt Te BW) is
Ul/li?déld deferm. by (T%|y» = {x /Ty> (x,yeH)

@%f- A =¥ ~a,/g) H=Hdlb s/qce_
A *—r‘g’/)rex;enéce,tion cff Aon H s a x-how

i: A —> BH)
TS a,ifhfu( < Keel =0. (TO“[HO@') ge/ﬂ—we)

Exauple. K(H)CBH) is aclosed 2-sided
s—idea]l = J'Z(H) IS a C’fajg.



Eycu,;ip!e/exe_n C"Iab] is a Ban »e-a,la
wit f)=76), but is not a Cralg
(unless n=0)

Exanple /(;x_q 627(/5) is a Ban wfalﬁ w.ht.
142) = J(z) (2eD) | but is not a Ciaalg.

Example fexer  G=group = (HG) is

o Ban x-alg wrt f*(x)=f_6<:§; but (S not
a Cq{a/g ?wnless G“{QB)

Exawple ( reduced group. C’f—alg)

G = group | ((Q) H C—>C: 2> £ <M}

XEG

6(@) S a Hilb. space 5 (f| 6> 27‘0@@

<
Exer. (1) ¢ fcfi(é),geé @, )
’f*g IS de]gmcc( on f*gC@ G)
Ifegll, < Kl Mgl
@) The wap A LC) > B(C@), ADg-Hg
is o faithful s-rep (left regulas rep)




D%P The reduced Cg-(fa_lé of G is
C* (G) = Tm} < B(CG)
0'(G) = C/(G)
Products and wnitizations

of * -—alg ebras

Product

Observe :
() AP = *-al@ — AxA (: 4@8) 1S a &—a/g

wrt. (ab)=(a*b")

@) A,B = Banv-alg S>A®B is a Ban*-alg
wrt l(a,b)ll=wmax{tal b}

() A,B=C’£a/3 - so is ADB,

Unitization

Observe : A = Ban. v-alg = So iS A+;
(aert ) =a*+ Al (aeh, A€C);
latdl | = lal+A] (1)




Ecer: A= C*alg, A#O —> worm () does uot
S&i’fﬁlfy the C*—QXI'OVM_

A= unital Calg = A =AeClr(,) =
EArdC o< sf—a(ge/mzs =

= A, ica Cw—a/ﬁ w.r.t.

la+ 2 (-1 )] = max{lal IN])  Equivalent ly:
N+, | = max{la+a4 ]l 1A])

Pi)’b_ A = nonunital (&fn‘ct[y) Cx—ajg
Vach, let LiA—A L,(b)=ab;
et fal, = I Lol =supfllabl - beA, Ibl<4]
Then: (1) Il /S a normu on A+)'

2) Vach fHalk=lal;

B) (A l-01y) is & c*_djem,

Lemma 1/exer. E = normied S/>) EOCEvec, Qubfjb,
CchfinEEo';i. I)p Eo < o BCUA-S/)QCQ) then

—

foic E.




Lenma Z/EXeF A = Ban 016 equd,ﬁpeq/ with
an involution st lall’= fa*al Vaeh
= A s a C»—ajg.
Progf ef Prof
@ Vabeh labl=lallbl =
= Jal < lal;
laa* Il = la =ttt = Hal = la

(4) C((afld ”-/’+ '\S G Ceuul morm on A+.
Suppose a€ Ay, a+o, lal=o

a=btAl, (beh, AeC). 3/(2) A£o
We have La=0 , that Is, V c€EA

0o=ac = bctdc => ((7h)c=c =>

— ¢=-2"b s g left identity in A =>
— ¢t ica ({'jh,{' identity _—> A 1s wnital

(exer)
o contr. => I 1S & worm on Ay

(3) LQMAMAQ{ =) A+ IS G Baj/[&ch ajg w rt /{/’+



lablZ= [l (ab)*ab [ =1 b*atabll <
< (bellatabll < IL*[1&%I b)) =

~llaxal B = Jal < laval,
= A, isa C‘—‘a/g. Hy

S/’be,ch’a,( /)fo/)e,réfes of Cfaeﬁebras_
The {st (commutative) Gé%/and - Naiark
theorem

A - x—a/@
Eef' «€EA s $e€fac_{,‘oc‘nf —a‘—a
(hefm t'\ff‘t'am )

ach is normal = ad*= a*a.
l_f A ic um’#a() then uch is um'ta/;/ =>
ue A and u'= ut
Observe : (1) feffagtl/' —> normal
unitary =
) Va€ell o*a is seffads




Example 4 A= @X/ or A = CLOO
@) feh is ge(ifac{}' = fKER ¥xcX
@) fEA IS wnitery <> lf(»g)]=£ V xeX.

Exanple 2/exer. 4 = RBH), H=ueh space.

U) 7€eBH) s S(’_{fuc%j > {Tx[x>€ER VxeH.

) UERBH) is unitary &= U jc bijective,
and {Ux[Uy>=&ly> (,y€EH)

B':_QP VaeA 3 a qui?u( /qu‘r (b) C) Df ge_(/a;(/j
elenants &1 a=b+tc

3
Proof b=Q+8% - A=A
2 2i —

Thmi A=C*al  a€h normal = lla)l=r(a).
Proof W b=b*eA 12| =l6l" =
= [a*all™= |@a)*] = |a*aata] =
el = l@* Yo’ = 1@*a] =
= Ja2|*

— (o=l Induction => a2 =lial® vn




= r(a):n(g‘) g a7 =MQ123 fla>"|| 5 lall O

Cor{ A = C%'ala — Ha€elA ”Ctll—:—l/r(a*a)'_

aﬂf?Q. A :-slf—a/(? -——-)3 at most { norva on A
wiich makes A into a Ciajﬁeﬂbm.
Equjl/a(gmﬂ- , ¢ach &_/'Somor/x}urﬂ/l befweem

C‘-f—a!ﬁebras is iSomelric.

Cor. 3 A;Ban_*-afg) B:C*—w{@

Each %-how : A—>B Is tout, and lyl=1
Proof Let a=a*¥EA = (@) Is selfady
= lyp@)l =rlpE) <rk) <hal

V ach o*a is fe(ﬁ(c{jﬂ —>

= 1= 1 gt @] = fy(axa)ll < haral < Jall
7

M- A= C*—afa) ach Se(fac(jomt =
—=> GA’ X

Pr‘oof- We May aSsunte that A i< unital.



Lot Aec(a), A=d+ip (%pER),
V telR ?\+1'6Cco’(a+[t!) =
/7\+itl 2 la+itll™= (| (a—itd)a+itd)] =

o(+( H)f = a2+ £ < Ja2 ]+ £

+/a, e 2ptet’ = oppe2pt <l v tcl?
— [L—'O fAM:s) AelR lj



