_A = Comm. ,,m(%a/ Bom. a/g

A =L Max(A) ¥ Kerg

0
(A*) wk*)
o A — ClMaxA) | aeh >4
b (x)= ¥(a) Cetfavd Fransfon

L-’Kamp/es: ;ubafﬁe/ﬁaa % C(x)

X = com/>ac+ Hausd top. gpace

VxeX &: CX)=> C, gp)=f&) ;
m, = Kere,

Lemma Y ideal IQC(S() dxeX ¢t 1 Cw,.

M 5*4/>/wce FxeX 34€T et L k) #0
o nbhd Upx st. Vye U {(y) £0

X = (&lum-u Uy, (by coupaciness)




Let f = ilthi%/éi’
Jp(y ) >0 Vyéx => )FIS mvafﬁab’(ﬁ n C(K)
= T = C()()) e confr. |_|

Cor “T’/aemaf £t X —> Max C(X))xn-emx

A
T bu'ecf:pm_ > Clx), xe=>¢,.

Netation. X,Y compaet, Haucd
f: X — VY eont

£ COv) = Cx), L lpl=pef
Properties of f°

() ¢ o unctal afﬁ. homt, and /(f'l:i
D (1,) = e

) X '—{">Y P+7 = (3of)'; f’o 6.'

Observe: (1)-3) = /ff ¢« homeo,
e n f iIC an iSouwir e ;!omor/b/z/SW.




_@l_l/_v_l_ X——"Com/)acf Ha,urd.*fo/.g/che
A c CKX) S’rb{bw{{j) -'fc(x)eA. Suppose

(1) A s Bam-ajﬁ. wrt a worm that
doniinates the Sp norm,

@) A repacater te foints of X

B) VyeA I xeX <t ¥=¢.
Tl/Lémﬂwmﬁ/JE X-’?A X & /sa
/wwowcor/)/uw A/(Of@O\/(l‘ the Jlol/ dtag_
Conmurutes C(X)

s¢ £
C(MaxA)
Pi‘oo 2) g(g, =) £ IS @ btJec,fJ@m

£ is cont => Vael the wap wi E(x)(a)
is cont: a (0
o€ C(X) = € IS cont = g ¢ a howeo.

ET )W) = () = & (a) = aly)
= the dl\af{‘ cComomwct es. 1



Cor. If A-CX) (X cowpact, Kausd )
= /‘;\ IS an iSonetric ;Soww!}bf’u'gm)
Otnd f':q_i—.: é. ’

Functorial properties Of [

bi :
Comp 0 dfo‘S ?;zfégﬂwgd fo/b

mor/)hasoug: cont maps.
CUOBA O@'cdi\ . Comm. unitel Ban a/‘?
Vwof])hffms: cont unital homs
2 eontravar funetors:
C : Com/[) — CUBA , X+ CC_X))
(#: X =Y )= (£ CY) - CK),
£°(p) = pof
Max : CUBA — Cowmp A > Max (4)
(p: A —R) > (¢*: Max(B) = Uax(A),
X = xep ).

p* is the restr ojP 9&*: B* > A* (dq(dafnp)
which S Wl(*-COVI'(:U C—T??qttf*r‘MaKB - Meac A




Exer.

(4) fc‘ix: X — Max(C(x)) . X€ Gomp}

is a natwral 1som btw jCD and Max-C
ne

® § A Cliax(A) ; Ae CUBA
is o natwnd fransformation
From lcopy to C- Max.

(3) 3 4 cor‘res/JondemC’e

(4, C(X)) & Homy, (¥, Mach) =

¢ > @&, | =Hom (MaxA,X)
J‘O ’Z\ : | )ﬁ ‘ Cbm[)?

Meup

Hence (Max,C) Is an adjout pair of
ﬂ(,u/LQ\(O{‘S_

Unitization

A= CL{@@GT‘C(
A+"‘ A D @1+ ( vec s/;ace dir. .cum)_

Muetiplication: (a+M)(b+ul,) = ab +%+/4Q+3/u{+,



A.{_ becomes a unctal alﬁdrm_
DﬁF Ay IS the unitization «9fA
Propd. (exer)
A= alg, B-unital elg, @:A>5 alg hou
Define ¢ A—>8 ¢, (@)= e+ 1
Then . (4) @, ic o unital hom.
Q) X a (A correcpondence
HOMAI (A,B) P HOWUn.ﬂlg (A+,5)
Y J—> (ﬂ,_
¢, 1y
&'922 (teer)
(1)1'7[) A e« @an.afa) then A+ IS G Bam'dg
w.rt, fla«M I =lall+IA]

) P!"OP. { holdS if A and B are Ban 4@)
and “"How' = eout howw¢h29ws.

Cor A- Ban.alg. = tach char X:A—>C I
cont, and MYl =<1



Excurple /eser

X = Coc. cowp flausd top space

X 4 = the om-/yo(n:( COM/M{;'%‘CCL{:“QVI

X, = X U {w]

ToPo[ogy 0N )(4_ . {0/72(4 UCK}LI{X \K KCX

coug
Facts () X, IS & cousp. Hausd. fv/b Shace
@) Y- Coutp. Howsd. Space | X = Y\'{ya}
they X is be cowp and 9 a /wm&o

)( >Y xeXl—>>< 0 2> Yo
rove (1) CO() ]’f/ éC(X+) £ (0)- 0;

(Z) ] a ﬁU/>o€ lSomof/’Lzsm

(x),~5 Xy ; S+l > S+ A
CO " ' " (7"0(00) O)

A= andﬁC(, aeh.
,bﬁf‘ The nonuni fed s’/)ecz‘(gm Gfa i<




Observe. ACA, iS G 2-$ided Id eaf
=5 cach a€l 1s not invertibte in Ay

= oce,(a)
Exer (1) A, A wnital algehmas, A-4©A,
= Va-(la,a)eA®A, &0 ;ﬁia,)ugﬂz(az)
@) A=uacta al’g - 4 a unital a]&. /Souq
AOC ~=A (a,A) = o+ A1, )
By A-unitalalg = v aell ¢'(e)=¢, (@i}

D_eff- A=8an-alaebm) ael.
The spectrad cadius tgt”a is
(o) = sup §1A [ Aeey (@]
Thwt 1 (@) = b el - inf el ™

n24

Max anc{ f’;fbr nonam}éa( 2maeh zz/j/

A= COMAW-alg.

Dgf— M idead TCA is modulor (f‘egu[cu*)
«=> A/JT is unital




¢c=> 3 ueh of a-auel Yacl
(modula, fdentity )

Exaumples (1) 0 1S nodular =>4 iS unital
> all ideals ere nodular
@) K:A->C character = Kery ic nedulor
(3) Let A=spanfab :abeA)
If A% A, then each vee subspace I St
AQ‘Q [GA isa non-nwdulor Ideal.
For exawple, A=1CLt], T=tA
Thm. Each proper nedulor ideal @f A
Is contoined in G may. nodular rdeal
Progl . exer

Def The nuax shechum of A s
Max (A) = § maxinal nodular ideals f(f A}_
The charocter Shace 7? A s

\

A :{7(;,4-—>@ :yl'gadaf‘, 9(:490}

Notetion //-\\+ - A U{o: A—>C}J =Jall e/LarS}
Mas,, (4) = Max(A) U{A}




TH—INA
Prop.  Max (A+) g Max (A) Kerx

o e )

A + X=X AJ( §

The diag. i€ conum, and the hor'z. arrows
are btJ ectious.

w ' dxer

Prop. A = conun Ban a,lgebva. Then

(1) All max moduler Ideals 9/ A are closed;
Q) Al arcows in (D) are berWg_
Prost . exer.
pef The Gelfand topology on MaxA =4
and MaXJrA = /2\\+ is the restrietion a/
the weak* top on AT
Prop. MaxA and Max A are HauSdelfF,
) NI
Maxf/l is conpact Max+,4 h;—:mw/uqx (A+))

MaxA is loc ww/baci , and MCL)(;,,A i< the
(~/)oir1/f ww/)aettf/cxﬁ(gm 497P Max A-



D_g;f- The Gelfond fransform ef a€A s
a: MaxA — @, é(\@():?((a)

Prop te C (Maxh).

Proof: continuity: clear (see the Lm.caSe))'
wéMax(A)_,_ = 06,3\1L (zero charactef)
A) -0 = ae ClMaxh) [

b,%ﬁ The Geéﬁamd fransforn .97f A s

M A — CO(MQXA_) aa.

2

A [ > C; O\/laxm
\ ]
A, Thie € (Mash,) CliMax, A)

Tha A= 60mm.Ban.d3ehra. Then
(1> [, 1 an alg. howt

@ Nigl<4

B &l = ry@ ¥aeh

4) €4 la) = & (MaxA)Ufo) vach
(5) Ke//:\ = ﬂ{m&%/j ofA}f—;'quajiniéfn}



