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9. ÍÀÊ�ÛÒÈß.

Çàäà÷à 1. Äîêàæèòå, ÷òî ñëåäóþùèå îòîáðàæåíèÿ p : E ! B � íàêðûòèÿ, è îïèøèòå ñîîòâåòñòâåòñòâóþùèå
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(B) �óíäàìåíòàëüíûõ ãðóïï: à) E = B
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= fz 2 C j jzj = 1g, à p(z)
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ãäå n 2 Zn f0g. á) E = B = C
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def

= C n f0g, à p çàäàíî òîé æå �îðìóëîé, ÷òî è â ïóíêòå 1à. â) E = C , B = C
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,

p(z) = exp z. ã) Ïîêàæèòå, ÷òî îòîáðàæåíèå p : C ! C , çàäàííîå �îðìóëîé ïóíêòà 1à, ãäå n � 0, íàêðûòèåì

ïðè n 6= 1 íå ÿâëÿåòñÿ.

Çàäà÷à 2. à) Ïóñòü p : E ! B � íàêðûòèå; åãî ñå÷åíèåì íàçûâàåòñÿ íåïðåðûâíîå îòîáðàæåíèå s : B ! E

òàêîå, ÷òî pÆs = id

B

(èíûìè ñëîâàìè, s(b) 2 p
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(b) äëÿ âñåõ b 2 B). Äîêàæèòå, ÷òî åñëè E ëèíåéíî ñâÿçíî, à

íàêðûòèå íåòðèâèàëüíî (íå ÿâëÿåòñÿ ãîìåîìîð�ìçìîì), òî ñå÷åíèÿ íå ñóùåñòâóåò. á) Äîêàæèòå, ÷òî íå ñóùå-

ñòâóåò �êîìïëåêñíîãî àðè�ìåòè÷åñêîãî êîðíÿ� � íåïðåðûâíîãî îòîáðàæåíèÿ

p

: C ! C , óäîâëåòâîðÿþùåãî

ïðè âñåõ z 2 C ðàâåíñòâó
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= z. â) Äîêàæèòå, ÷òî íå ñóùåñòâóåò (îäíîçíà÷íîãî) êîìïëåêñíîãî ëîãàðè�ìà

� íåïðåðûâíîãî îòîáðàæåíèÿ log : C
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! C , óäîâëåòâîðÿþùåãî ïðè âñåõ z 2 C
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ðàâåíñòâó exp(log z) = z.

Óêàçàíèå (ê çàäà÷å 2à). Ïóñòü ñóùåñòâóåò; ðàññìîòðèòå îòîáðàæåíèÿ �óíäàìåíòàëüíûõ ãðóïï p
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Çàäà÷à 3. Äîêàæèòå, ÷òî îòîáðàæåíèå p : E ! B ÿâëÿåòñÿ íàêðûòèåì. Âû÷èñëèòå �óíäàìåíòàëüíûå
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îòîáðàæåíèÿ èç ïóíêòà 3à (ïðè n = 2), B = p(E) � RP
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Ñâîáîäíîé ãðóïïîé ñ k îáðàçóþùèìè a
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íàçûâàåòñÿ ìíîæåñòâî êîíå÷íûõ ïîñëåäîâàòåëüíîñòåé
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, ïðî�àêòîðèçîâàííîå ïî ñëåäóþùåìó îòíîøåíèþ ýêâèâà-

ëåíòíîñòè: ñëîâî u ýêâèâàëåíòíî ñëîâó v, åñëè îäíî èç äðóãîãî ìîæíî ïîëó÷èòü, âïèñûâàÿ â ïðîèçâîëüíûå

ìåñòà ïàðû ñèìâîëîâ a
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(äëÿ âñåõ i = 1; : : : ; k) è âû÷åðêèâàÿ òàêèå ïàðû. Íà ìíîæåñòâå êëàññîâ

ýêâèâàëåíòíîñòè çàäàåòñÿ óìíîæåíèå: åñëè p è q � äâà êëàññà, à u
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Óïðàæíåíèå (äëÿ òåõ, êòî ðàíüøå íå èìåë äåëà ñî ñâîáîäíîé ãðóïïîé; ìîæíî ïðè íåäîñòàòêå âðåìåíè

èñïîëüçîâàòü äàííûå óòâåðæäåíèÿ êàê �àêòû áåç äîêàçàòåëüñòâà). à) Äîêàæèòå, ÷òî ââåäåííîå îòíîøåíèå

� äåéñòâèòåëüíî îòíîøåíèå ýêâèâàëåíòíîñòè. á) Äîêàæèòå, ÷òî îïðåäåëåíèå óìíîæåíèÿ êîððåêòíî: êëàññ pq

íå çàâèñèò îò âûáîðà ñëîâ � ïðåäñòàâèòåëåé êëàññîâ p è q. â) Äîêàæèòå, ÷òî ñâîáîäíàÿ ãðóïïà äåéñòâèòåëüíî

ÿâëÿåòñÿ ãðóïïîé. ã) Äîêàæèòå, ÷òî ñâîáîäíàÿ ãðóïïà ñ îäíîé îáðàçóþùåé èçîìîð�íà ãðóïïå Z öåëûõ ÷èñåë

ïî ñëîæåíèþ. ä) Ïóñòü G � ïðîèçâîëüíàÿ ãðóïïà, è g
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1; : : : ; n. å) Äîêàæèòå, ÷òî ñâîáîäíàÿ ãðóïïà ñ k � 2 îáðàçóþùèìè íåêîììóòàòèâíà: a
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Íàïîìíèì, ÷òî ãðà�îì íàçûâàåòñÿ òîïîëîãè÷åñêîå ïðîñòðàíñòâî, ïîëó÷åííîå èç äèçúþíêòíîãî îáúåäè-

íåíèÿ îòðåçêîâ (ðåáåð) ñêëåèâàíèåì èõ êîíöîâ; êîëè÷åñòâî ðåáåð ìîæåò áûòü áåñêîíå÷íûì (êàê â çàäà÷å

íèæå).

Çàäà÷à 4. à) Ïóñòü �

a
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�èñ. 1. Íàêðûòèÿ íàä áóêåòîì äâóõ îêðóæíîñòåé
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Óêàçàíèå. Ïðåæäå âñåãî íóæíî �îðìàëüíî îïèñàòü ãðà�û �

a

, �

b

è �



; òàê, â ãðà�å �

a

âåðøèíû � ýëåìåíòû
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