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ëÒÁÔËÏÅ ÓÏÄÅÒÖÁÎÉÅ. æÏÒÍÕÌÁ ôÅÊÌÏÒÁ Ó ÏÓÔÁÔÏÞÎÙÍ ÞÌÅÎÏÍ × ÆÏÒÍÅ ìÁÇÒÁÎÖÁ.

ôÅÏÒÅÍÁ 1 (ÆÏÒÍÕÌÁ ôÅÊÌÏÒÁ Ó ÏÓÔÁÔÏÞÎÙÍ ÞÌÅÎÏÍ × ÆÏÒÍÅ ìÁÇÒÁÎÖÁ). ðÕÓÔØ a > 0 É f : (−a; a) → R |
ÆÕÎËÃÉÑ, ÉÍÅÀÝÁÑ ÐÒÏÉÚ×ÏÄÎÙÅ ×Ï ×ÓÅÈ ÔÏÞËÁÈ ÄÏ ÐÏÒÑÄËÁ n+1 ×ËÌÀÞÉÔÅÌØÎÏ. ôÏÇÄÁ ÄÌÑ ÌÀÂÏÇÏ x ∈ (−a; a)
ÓÕÛÅÓÔ×ÕÅÔ ÔÏÞËÁ � ∈ [0; x] (ÉÌÉ [x; 0]) ÔÁËÁÑ, ÞÔÏ f(x) = ∑n−1

k=0
f(k)(0)
k! xk + f(n)(�)

k! xk = f(0) + f ′(0)x +
1
2f ′′(0)x2 + · · ·+ 1

(n−1)!f (n)(0)xn + 1
(n+1)!f (n+1)(�)xn+1.

äÌÑ ÄÏËÁÚÁÔÅÌØÓÔ×Á ÎÁÍ ÐÏÎÁÄÏÂÑÔÓÑ Ä×Å ÌÅÍÍÙ:
ìÅÍÍÁ 1 (ÔÅÏÒÅÍÁ ëÏÛÉ Ï ÐÒÏÍÅÖÕÔÏÞÎÏÊ ÔÏÞËÅ). ðÕÓÔØ a; b ∈ R, É ÆÕÎËÃÉÉ f; g : [a; b] → R ÄÉÆÆÅÒÅÎ-
ÃÉÒÕÅÍÙ ×Ï ×ÓÅÈ ÔÏÞËÁÈ ÏÔÒÅÚËÁ [a; b], ÐÒÉÞÅÍ g(a) 6= g(b). ôÏÇÄÁ ÓÕÝÅÓÔ×ÕÅÔ ÞÉÓÌÏ � ∈ [a; b] ÔÁËÏÅ, ÞÔÏ
f(b)−f(a)
g(b)−g(a) = f ′(�)

g′(�) .

ðÒÉ g ≡ 1 ÐÏÌÕÞÁÅÔÓÑ ÞÁÓÔÎÙÊ ÓÌÕÞÁÊ ÔÅÏÒÅÍÙ ëÏÛÉ | ÔÅÏÒÅÍÁ ìÁÇÒÁÎÖÁ.
çÅÏÍÅÔÒÉÞÅÓËÉÊ ÓÍÙÓÌ ÔÅÏÒÅÍÙ ëÏÛÉ ÔÁËÏÊ: ÒÁÓÓÍÏÔÒÍ ÐÌÏÓËÕÀ ËÒÉ×ÕÀ | ÏÔÏÂÒÁÖÅÎÉÅ  : [a; b] → R2,

ÚÁÄÁÎÎÕÀ ÆÏÒÍÕÌÏÊ (t) = (f(t); g(t)). ôÏÇÄÁ ′(t) = (f ′(t); g′(t)), É ÔÅÏÒÅÍÁ ëÏÛÉ ÏÚÎÁÞÁÅÔ, ÞÔÏÎ ÎÁÊÄÅÔÓÑ
ÔÏÞËÁ � ∈ [a; b] ÔÁËÁÑ, ÞÔÏ ËÁÓÁÔÅÌØÎÁÑ Ë ÏÂÒÁÚÕ ËÒÉ×ÏÊ  × ÔÏÞËÅ (�) ÐÁÒÁÌÌÅÌØÎÁ ÈÏÒÄÅ, ÓÏÅÄÉÎÑÀÝÅÊ
ËÏÎÃÙ ËÒÉ×ÏÊ  | ÔÏÞËÉ (a) É (b).

äÏËÁÚÁÔÅÌØÓÔ×Ï ÔÅÏÒÅÍÙ ëÏÛÉ. òÁÓÓÍÏÔÒÉÍ ×ÓÐÏÍÏÇÁÅÌØÎÕÀ ÆÕÎËÃÉÀ h : [a; b] → R, ÚÁÄÁÎÎÕÀ ÆÏÒÍÕÌÏÊ
h(x) = (f(b) − f(a))g(x) − (g(b) − g(a))f(x). ïÎÁ ÄÉÆÆÅÒÅÎÃÉÒÕÅÍÁ × ËÁÖÄÏÊ ÔÏÞËÅ ÏÔÒÅÚËÁ [a; b] É h(a) =
f(b)g(a) − f(a)g(b) = h(b). ðÏ ÔÅÏÒÅÍÅ òÏÌÌÑ ÓÕÝÅÓÔ×ÕÅÔ ÔÏÞËÁ � ∈ [a; b] ÔÁËÁÑ, ÞÔÏ 0 = h′(�) = (f(b) −
f(a))g′(�)− (g(b)− g(a))f ′(�). ¤

ìÅÍÍÁ 2. ðÕÓÔØ f : (−a; a) → R | ÆÕÎËÃÉÑ, ÉÍÅÀÝÁÑ ×Ï ×ÓÅÈ ÔÏÞËÁÈ ÐÒÏÉÚ×ÏÄÎÙÅ ÄÏ ÐÏÒÑÄËÁ n + 1
×ËÌÀÞÉÔÅÌØÎÏ, ÐÒÉÞÅÍ f(0) = f ′(0) = · · · = f (n)(0) = 0. ôÏÇÄÁ ÄÌÑ ËÁÖÄÏÇÏ x ∈ (−a; a) ÓÕÝÅÓÔ×ÕÅÔ � ∈ [0; x]
(ÉÌÉ [x; 0]) ÔÁËÏÅ, ÞÔÏ f(x) = 1

(n+1)!f (n+1)(�)xn+1.

äÏËÁÚÁÔÅÌØÓÔ×Ï. òÁÓÓÍÏÔÒÉÍ ÆÕÎËÃÉÉ f É g(t) = tn+1. ðÏÓËÏÌØËÕ ÏÎÉ ÏÂÅ ÒÁ×ÎÙ ÎÕÌÀ × ÔÏÞËÅ 0, ÔÅÏÒÅÍÁ
ëÏÛÉ ÎÁ ÏÔÒÅÚËÅ [0; x] ÄÌÑ ÎÉÈ ÄÁÅÔ f(x)

xn = f ′(�1)
n�n−1

1
ÄÌÑ ÎÅËÏÔÏÒÏÇÏ �1 ∈ [0; x] (ÉÌÉ [x; 0]). ôÁ ÖÅ ÆÏÒÍÕÌÁ ëÏÛÉ

ÄÌÑ ÆÕÎËÃÉÊ f ′ É (tn+1)′ = (n + 1)tn (ÏÂÅ ÒÁ×ÎÙ ÎÕÌÀ × ÎÕÌÅ) ÎÁ ÏÔÒÅÚËÅ [0; �1] ⊂ [0; x] (ÉÌÉ [�1; 0] ⊂ [x; 0])
ÄÁÅÔ f(x)

xn = f ′(�1
(n+1)�n1

= f ′′(�2
(n+1)n�n−1

2
ÄÌÑ ÎÅËÏÔÏÒÏÇÏ �2 ∈ [0; �1] ⊂ [0; x]. ðÏ×ÔÏÒÑÑ ÔÕ ÖÅ ÐÒÏÃÅÄÕÒÕ (n + 1) ÒÁÚ,

ÐÏÌÕÞÉÍ ÕÔ×ÅÒÖÄÅÎÉÅ ÔÅÏÒÅÍÙ, ÇÄÅ � = �n+1. ¤

äÏËÁÚÁÔÅÌØÓÔ×Ï ÔÅÏÒÅÍÙ 1. æÕÎËÃÉÑ g(x) def= f(x)− (f(0) + f ′(0)x+ · · ·+ 1
n!f (n)(0)xn) ÕÄÏ×ÌÅÔ×ÏÒÑÅÔ ×ÓÅÍ

ÕÓÌÏ×ÉÑÍ ÌÅÍÍÙ 2 (ÓÒ. Ó ÄÏËÁÚÁÔÅÌØÓÔ×ÏÍ ÆÏÒÍÕÌÙ ôÅÊÌÏÒÁ Ó ÏÓÔÁÔÏÞÎÙÍ ÞÌÅÎÏÍ × ÆÏÒÍÅ ðÅÁÎÏ). ¤

ðÒÉÍÅÒ 1. ðÕÓÔØ f(x) = exp(x). ôÏÇÄÁ f (n)(x) = exp(x), ÔÁË ÞÔÏ ÔÅÏÒÅÍÁ 1 ÕÔ×ÅÒÖÄÁÅÔ, ÞÔÏ ÄÌÑ ×ÓÑËÏÇÏ
x ∈ R ÎÁÊÄÅÔÓÑ �(x) ∈ [0; x] ÔÁËÏÅ, ÞÔÏ exp(x) = 1 + x+ · · ·+ xn

n! + exp(�(x)) xn+1

(n+1)! ; ÐÏÓÌÅÄÎÉÊ ÞÌÅÎ ÏÂÏÚÎÁÞÉÍ
Rn(x). ðÏÓËÏÌØËÕ exp ÎÁ ÄÅÊÓÔ×ÉÔÅÌØÎÏÊ ÏÓÉ | ×ÏÚÒÁÓÔÁÀÝÁÑ ÆÕÎËÃÉÑ, ÉÍÅÅÍ Rn(x) ≤ exp(x) xn+1

(n+1)! ÐÒÉ
x > 0 É |Rn(x)| ≤ |x|n+1

(n+1)! .

ìÅÍÍÁ 3. limn→∞ an
n! = 0 ÄÌÑ ÌÀÂÏÇÏ a ∈ C.

äÏËÁÚÁÔÅÌØÓÔ×Ï ÌÅÍÍÙ. úÁÆÉËÓÉÒÕÅÍ ÎÁÔÕÒÁÌØÎÏÅ ÞÉÓÌÏ N > 2 |a|. ôÏÇÄÁ ÄÌÑ ×ÓÑËÏÇÏ n > N ÉÍÅÅÍ |a=n| <
1=2, ÏÔËÕÄÁ |ann! | = |aNN ! | · |a=(N + 1)| · · · · · |a=n| < 2NaN

N ! · 1
2n . ðÏÓËÏÌØËÕ limn→∞ 1

2n = 0, ÌÅÍÍÁ ×ÙÔÅËÁÅÔ ÉÚ
ÌÅÍÍÙ Ï Ä×ÕÈ ÐÏÌÉÃÅÊÓËÉÈ. ¤

ôÅÍ ÓÁÍÙÍ ÉÚ ÌÅÍÍÙ Ï Ä×ÕÈ ÐÏÌÉÃÅÊÓËÉÈ ×ÙÔÅËÁÅÔ, ËÁË ÐÒÉ x > 0, ÔÁË É ÐÒÉ x < 0, ÞÔÏ limn→∞Rn(x) = 0,
Ô.Å. exp(x) = ∑∞

k=0
xk
k! . ó ÄÒÕÇÏÊ ÓÔÏÒÏÎÙ, ÜÔÏ É ÒÁÎØÛÅ ÂÙÌÏ ÉÚ×ÅÓÔÎÏ | ÜÔÏ ÏÐÒÅÄÅÌÅÎÉÅ ÜËÓÐÏÎÅÎÔÙ.

áÎÁÌÏÇÉÞÎÏ ÄÏËÁÚÙ×ÁÀÔÓÑ (É ÔÏÖÅ ÎÅ Ñ×ÌÑÀÔÓÑ ÎÏ×ÙÍÉ. . . ) ÕÔ×ÅÒÖÄÅÎÉÑ cosx = ∑∞
k=0(−1)k x2k

(2k)! É sinx =
∑∞
k=0(−1)k x2k+1

(2k+1)! .
1



ðÒÉÍÅÒ 2. ðÕÓÔØ f(x) = (1 + x)�, ÇÄÅ � ∈ C, Á x > −1 (ÄÅÊÓÔ×ÉÔÅÌØÎÏÅ ÞÉÓÌÏ). ôÏÇÄÁ f (n+1)(x) = �(� −
1) : : : (� − n)(1 + x)�−n−1. ôÏÇÄÁ ÔÅÏÒÅÍÁ 1 ÕÔ×ÅÒÖÄÁÅÔ, ÞÔÏ ÓÕÝÅÓÔ×ÕÅÔ ÆÕÎËÃÉÑ � : (−1;+∞) → (−1;+∞)
ÔÁËÁÑ, ÞÔÏ 0 < �(x) ≤ x ÐÒÉ x > 0 É x ≤ �(x) ≤ 0 ÐÒÉ x < 0 É (1 + x)� = 1 + �x + �(�−1)

2 x2 + · · · +
�(�−1):::(�−n+1)

n! xn + �(�−1):::(�−n)
(n+1)! (1 + �(x))�−n−1xn+1; ÐÏÓÌÅÄÎÉÊ (ÏÓÔÁÔÏÞÎÙÊ) ÞÌÅÎ ÏÂÏÚÎÁÞÉÍ Rn(x).

ðÕÓÔØ ÔÅÐÅÒØ 0 ≤ x < 1 (É, ÓÌÅÄÏ×ÁÔÅÌØÎÏ, 0 ≤ �(x) < 1); ÔÏÇÄÁ ÓÕÝÅÓÔ×ÕÅÔ " > 0 ÔÁËÏÅ, ÞÔÏ 0 ≤ x < 1
1+" .

éÚ ÒÁ×ÅÎÓÔ×Á limn→∞ �−n+1
n = −1 ÓÌÅÄÕÅÔ, ÞÔÏ ÓÕÝÅÓÔ×ÕÅÔ N ÔÁËÏÅ, ÞÔÏ

∣∣�−n+1
n

∣∣ < 1 + "=2 ÐÒÉ ×ÓÅÈ n > N .
ëÒÏÍÅ ÔÏÇÏ, � > 0 ⇒ 1

1+� < 1, Á ÔÁËÖÅ |(1 + �)�| = |exp(� ln(1 + �))| = exp(ln(1+�) Re(�)) (ÓÍ. ÄÏËÁÚÁÔÅÌØÓÔ×Ï
ÐÒÅÄÌÏÖÅÎÉÑ 4 ÌÅËÃÉÉ 9) = (1 + �)Re� < max(2Re�; 1) def= �(�).

óÌÅÄÏ×ÁÔÅÌØÎÏ, ÐÒÉ n > N ×ÅÒÎÏ ÎÅÒÁ×ÅÎÓÔ×Ï 0 < |Rn(x)| =
∣∣∣�(�−1)(�−N)

(N+1)!

∣∣∣ · |(1 + �(x))�| ·
∣∣∣�−N−1
N+2

∣∣∣ ·∣∣∣�−nn+1

∣∣∣ 1
(1+�)n+1xn+1 <

∣∣∣�:::(�−N)
(N+1)!

∣∣∣�(�) 1
(1+")(1+"=2)N ·

(
1+"=2
1+"

)n
. ïÂÏÚÎÁÞÉÍ CN ÐÅÒ×ÙÊ ÓÏÍÎÏÖÉÔÅÌØ (ÏÎ ÏÔ n

ÎÅ ÚÁ×ÉÓÉÔ!), É u def= 1+"=2
1+" ; ÔÏÇÄÁ 0 < u < 1 É, ÓÌÅÄÏ×ÁÔÅÌØÎÏ, CNun → 0 ÐÒÉ n → ∞. ðÏ ÌÅÍÍÅ Ï Ä×ÕÈ

ÐÏÌÉÃÅÊÓËÉÈ ÉÚ ÎÅÒÁ×ÅÎÓÔ×Á 0 < |Rn(x)| < CNun ×ÙÔÅËÁÅÔ, ÞÔÏ limn→∞Rn(x) = 0, ÔÁË ÞÔÏ (1 + x)� =∑∞
k=0

�(�−1):::(�−k+1)
k! xk (ÆÏÒÍÕÌÁ ÂÉÎÏÍÁ îØÀÔÏÎÁ) ÄÌÑ ×ÓÅÈ x ∈ [0; 1) É ÐÒÏÉÚ×ÏÌØÎÏÇÏ � ∈ C.

ðÕÓÔØ ÔÅÐÅÒØ −1=2 < x ≤ 0. ôÏÇÄÁ −1=2 ≤ �(x) ≤ 0, ÏÔËÕÄÁ 1=2 ≤ 1+�(x) ≤ 1 É
∣∣∣ 1

1+�(x)

∣∣∣ ≤ 2. óÌÅÄÏ×ÁÔÅÌØÎÏ,
ÓÕÝÅÓÔ×ÕÅÔ " > 0 ÔÁËÏÅ, ÞÔÏ

∣∣∣ x
1+�(x)

∣∣∣ ≤ 2 |x| < 1 − ". ÷ÙÂÅÒÅÍ, ËÁË ×ÙÛÅ, N ÔÁËÏÅ, ÞÔÏ
∣∣∣�−nn+1

∣∣∣ < 1
1−"=2 ÐÒÉ

n > N . áÎÁÌÏÇÉÞÎÏ ÐÒÅÄÙÄÕÝÅÍÕ ÓÌÕÞÁÀ ÄÏËÁÚÙ×ÁÅÔÓÑ ÎÅÒÁ×ÅÎÓÔ×Ï |(1 + �)�| ≤ max(1; 2−Re�) def= �(�).
ïÔÓÀÄÁ ÐÏÌÕÞÉÍ |Rn(x)| < �(�)CN

(
1−"

1−"=2
)n def= �(�)CNvn. ðÏÓËÏÌØËÕ 0 < v < 1, ÐÏÌÕÞÁÅÍ limn→∞Rn(x) = 0

ÁÎÁÌÏÇÉÞÎÏ ÓÌÕÞÁÀ 0 < x < 1.

÷ÙÒÁÖÅÎÉÅ ∑∞
n=0

f(n)(0)
n! xn ÎÁÚÙ×ÁÀÔ ÒÑÄÏÍ ôÅÊÌÏÒÁ ÆÕÎËÃÉÉ f ; ÒÁÚÕÍÅÅÔÓÑ, ÒÑÄ ôÅÊÌÏÒÁ ÓÕÝÅÓÔ×ÕÅÔ

ÔÏÌØËÏ Õ ÆÕÎËÃÉÊ, ÉÍÅÀÝÉÈ (ÐÏ ËÒÁÊÎÅÊ ÍÅÒÅ, × ÔÏÞËÅ 0) ÐÒÏÉÚ×ÏÄÎÙÅ ×ÓÅÈ ÐÏÒÑÄËÏ× | ÉÈ ÎÁÚÙ×ÁÀÔ
ÂÅÓËÏÎÅÞÎÏ ÄÉÆÆÅÒÅÎÃÉÒÕÅÍÙÍÉ. ôÁË, × ÐÒÉÍÅÒÅ 1 ÄÏËÁÚÁÎÏ, ÞÔÏ ÒÑÄ ôÅÊÌÏÒÁ ÜËÓÐÏÎÅÎÔÙ ÓÏ×ÐÁÄÁÅÔ Ó ÒÑÄÏÍ,
ÏÐÒÅÄÅÌÑÀÝÉÍ ÜËÓÐÏÎÅÎÔÕ É ÓÈÏÄÉÔÓÑ ÐÒÉ ×ÓÅÈ z ∈ R (ÎÁ ÓÁÍÏÍ ÄÅÌÅ ÏÎ ÓÈÏÄÉÔÓÑ ÐÒÉ ×ÓÅÈ z ∈ C), ÐÒÉÞÅÍ
ÓÕÍÍÁ ÒÁ×ÎÁ ÜËÓÐÏÎÅÎÔÅ. ÷ ÐÒÉÍÅÒÅ 2 ÄÏËÁÚÁÎÏ, ÞÔÏ ÐÒÉ −1=2 < x < 1 ÒÑÄ ôÅÊÌÏÒÁ ÆÕÎËÃÉÉ (1+x)� ÓÈÏÄÉÔÓÑ
Ë ÜÔÏÊ ÆÕÎËÃÉÉ. îÁ ÓÁÍÏÍ ÄÅÌÅ ÜÔÏ ×ÅÒÎÏ ÄÌÑ ×ÓÅÈ −1 < x < 1, ÎÏ ÆÏÒÍÕÌÁ ôÅÊÌÏÒÁ Ó ÏÓÔÁÔÏÞÎÙÍ ÞÌÅÎÏÍ
× ÆÏÒÍÅ ìÁÇÒÁÎÖÁ (ÔÅÏÒÅÍÁ 1) ÎÅ ÐÏÚ×ÏÌÑÅÔ ÜÔÏÇÏ ÄÏËÁÚÁÔØ. üÔÏÔ ÎÅÄÏÓÔÁÔÏË ÍÏÖÎÏ ÂÙÌÏ ÂÙ ÉÓÐÒÁ×ÉÔØ,
ÄÏËÁÚÁ× ÆÏÒÍÕÌÙ ôÅÊÌÏÒÁ Ó ÄÒÕÇÉÍÉ ÆÏÒÍÁÍÉ ÏÓÔÁÔÏÞÎÏÇÏ ÞÌÅÎÁ (ëÏÛÉ, ûÌÅÍÉÌØÈÁ{òÏÛÁ, ÉÎÔÅÇÒÁÌØÎÙÍ),
ÎÏ ÍÙ ÐÒÅÄÐÏÞÔÅÍ ÏÔÌÏÖÉÔØ ÜÔÏÔ ×ÏÐÒÏÓ ÄÏ ËÕÒÓÁ ËÏÍÐÌÅËÓÎÏÇÏ ÁÎÁÌÉÚÁ, ÇÄÅ ÓÈÏÄÉÍÏÓÔØ ÂÕÄÅÔ ÄÏËÁÚÁÎÁ
ÎÁÍÎÏÇÏ ÐÒÏÝÅ.


