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ëÒÁÔËÏÅ ÓÏÄÅÒÖÁÎÉÅ. æÏÒÍÕÌÁ ôÅÊÌÏÒÁ Ó ÏÓÔÁÔÏÞÎÙÍ ÞÌÅÎÏÍ × ÆÏÒÍÅ ðÅÁÎÏ.

ðÕÓÔØ f | ÄÉÆÆÅÒÅÎÃÉÒÕÅÍÁÑ ×ÅËÔÏÒ-ÆÕÎËÃÉÑ ÏÄÎÏÊ ÐÅÒÅÍÅÎÎÏÊ. åÅ ÐÒÏÉÚ×ÏÄÎÁÑ f ′(x) ÚÁ×ÉÓÉÔ ÏÔ ÔÏÞËÉ
x, ÔÁË ÞÔÏ ÔÏÖÅ ÐÒÅÄÓÔÁ×ÌÑÅÔ ÓÏÂÏÊ ×ÅËÔÏÒ-ÆÕÎËÃÉÀ ÏÄÎÏÊ ÐÅÒÅÍÅÎÎÏÊ. åÅ ÐÒÏÉÚ×ÏÄÎÁÑ (ÅÓÌÉ ÓÕÝÅÓÔ×ÕÅÔ)
ÎÁÚÙ×ÁÅÔÓÑ ×ÔÏÒÏÊ ÐÒÏÉÚ×ÏÄÎÏÊ ÆÕÎËÃÉÉ f É ÏÂÏÚÎÁÞÁÅÔÓÑ f ′′(x). áÎÁÌÏÇÉÞÎÏ ÏÐÒÅÄÅÌÑÅÔÓÑ ÔÒÅÔØÑ f ′′′(x),
ÞÅÔ×ÅÒÔÁÑ f IV (x) É Ô.Ä. ÐÒÏÉÚ×ÏÄÎÁÑ, É (ÐÏ ÉÎÄÕËÃÉÉ) ÐÒÏÉÚ×ÏÄÎÁÑ n-ÇÏ ÐÏÒÑÄËÁ f (n)(x) ÐÒÉ ÌÀÂÏÍ ÎÁÔÕ-
ÒÁÌØÎÏÍ n. îÕÌÅ×ÏÊ ÐÒÏÉÚ×ÏÄÎÏÊ ÓÞÉÔÁÅÔÓÑ ÓÁÍÁ ÆÕÎËÃÉÑ: f (0)(x) def= f(x).
ïÂÏÚÎÁÞÅÎÉÅ. ðÕÓÔØ X | ÔÏÐÏÌÏÇÉÞÅÓËÏÅ ÐÒÏÓÔÒÁÎÓÔ×Ï, A ⊂ X, f : A→ Rn | ×ÅËÔÏÒ-ÆÕÎËÃÉÑ, g : A→ R
| ÆÕÎËÃÉÑ, a ∈ X. úÁÐÉÓØ f(x) = o(g(x)) ÐÒÉ x→ a ÏÚÎÁÞÁÅÔ limx→a

f(x)
g(x) = 0 (ÉÍÅÅÔÓÑ × ×ÉÄÕ ÎÕÌÅ×ÏÊ ×ÅËÔÏÒ

0 ∈ Rn). ÷ ÞÁÓÔÎÏÓÔÉ, f(x) = o(1) ÐÒÉ x→ a ÏÚÎÁÞÁÅÔ, ÞÔÏ limx→a f(x) = 0. úÁÐÉÓÉ ÔÉÐÁ \ 1
1−x = 1 + x+ o(x)

ÐÒÉ x→ 0" ÉÓÐÏÌØÚÕÀÔÓÑ ËÁË ÓÏËÒÁÝÅÎÉÅ ÏÔ \ 1
1−x = 1 + x+ !(x), ÇÄÅ !(x) = o(x) ÐÒÉ x→ 0".

ðÒÉÍÅÒ 1. ïÐÒÅÄÅÌÅÎÉÅ f ′(a) = limx→a
f(x)−f(a)

x−a ÜË×É×ÁÌÅÎÔÎÏ f(x) = f(a) + f ′(a)(x−a) + o(x−a) ÐÒÉ x→ a.
ôÅÏÒÅÍÁ 1 (ÆÏÒÍÕÌÁ ôÅÊÌÏÒÁ Ó ÏÓÔÁÔÏÞÎÙÍ ÞÌÅÎÏÍ × ÆÏÒÍÅ ðÅÁÎÏ). ðÕÓÔØ a > 0 É f : (−a; a) → R |
ÆÕÎËÃÉÑ, ÉÍÅÀÝÁÑ ÐÒÏÉÚ×ÏÄÎÙÅ ×Ï ×ÓÅÈ ÔÏÞËÁÈ ÄÏ ÐÏÒÑÄËÁ n ×ËÌÀÞÉÔÅÌØÎÏ. ôÏÇÄÁ f(x) = ∑n

k=0
f(k)(0)
k! xk +

o(xn) = f(0) + f ′(0)x+ 1
2f ′′(0)x2 + · · ·+ 1

n!f (n)(0)xn + o(xn) ÐÒÉ x→ 0. ïÂÒÁÔÎÏ, ÅÓÌÉ f ÉÍÅÅÔ ÐÒÏÉÚ×ÏÄÎÙÅ
ÄÏ ÐÏÒÑÄËÁ n ×ËÌÀÞÉÔÅÌØÎÏ É f(x) = ∑n

k=0 akxk + o(xn) ÐÒÉ x→ 0, ÔÏ ak = 1
k!f (k)(0) ÄÌÑ ×ÓÅÈ k = 0; : : : ; n.

äÏËÁÚÁÔÅÌØÓÔ×Ï. äÌÑ ÄÏËÁÚÁÔÅÌØÓÔ×Á ÐÅÒ×ÏÇÏ ÕÔ×ÅÒÖÄÅÎÉÑ ÎÁÍ ÐÏÎÁÄÏÂÑÔÓÑ Ä×Å ÌÅÍÍÙ:
ìÅÍÍÁ 1. äÌÑ ×ÓÑËÏÇÏ k ∈ R É ÐÒÏÉÚ×ÏÌØÎÏÇÏ m ∈ N ÉÍÅÅÔ ÍÅÓÔÏ ÒÁ×ÅÎÓÔ×Ï (xk)(m) = k(k−1) : : : (k−m+
1)xk−m. åÓÌÉ k ∈ N É m > k, ÔÏ (xk)(m) = 0.

äÏËÁÚÁÔÅÌØÓÔ×Ï ÏÞÅ×ÉÄÎÏ.
ìÅÍÍÁ 2. ðÕÓÔØ a > 0 É f : (−a; a) → R | ÆÕÎËÃÉÑ, ÉÍÅÀÝÁÑ ÐÒÏÉÚ×ÏÄÎÙÅ ×Ï ×ÓÅÈ ÔÏÞËÁÈ ÄÏ ÐÏÒÑÄËÁ n
×ËÌÀÞÉÔÅÌØÎÏ, ÐÒÉÞÅÍ f(0) = f ′(0) = · · · = f (n)(0) = 0. ôÏÇÄÁ f(x) = o(xn) ÐÒÉ x→ 0.
äÏËÁÚÁÔÅÌØÓÔ×Ï ÌÅÍÍÙ 2. éÎÄÕËÃÉÑ ÐÏ n: ÂÁÚÁ n = 1 | ÏÐÒÅÄÅÌÅÎÉÅ ÐÒÏÉÚ×ÏÄÎÏÊ (ÓÒ. ÐÒÉÍÅÒ 1). ðÕÓÔØ
ÔÅÐÅÒØ ÄÌÑ ÐÒÏÉÚ×ÏÄÎÙÈ ÐÏÒÑÄËÁ n−1 ÌÅÍÍÁ ÄÏËÁÚÁÎÁ. æÕÎËÃÉÑ g(x) = f ′(x) ÕÄÏ×ÌÅÔ×ÏÒÑÅÔ ÕÓÌÏ×ÉÑÍ ÌÅÍÍÙ
ÐÏÒÑÄËÁ n−1 | ÓÌÅÄÏ×ÁÔÅÌØÎÏ, g(x) = o(xn−1) ÐÒÉ x→ 0. ðÏ ÔÅÏÒÅÍÅ ìÁÇÒÁÎÖÁ f(x) = g(�)x ÄÌÑ ÎÅËÏÔÏÒÏÇÏ
�(x), 0 ≤ �(x) ≤ x. ôÏÇÄÁ limx→0

f(x)
xn = limx→0

g(�(x)
xn−1 = limx→0

(
g(�(x)
�(x)n−1 ·

( �(x)
x

)n−1). ðÅÒ×ÙÊ ÓÏÍÎÏÖÉÔÅÌØ
ÚÄÅÓØ ÓÔÒÅÍÉÔÓÑ Ë ÎÕÌÀ ÐÏ ÐÒÅÄÐÏÌÏÖÅÎÉÀ ÉÎÄÕËÃÉÉ, ×ÔÏÒÏÊ ÎÅ ÐÒÅ×ÏÓÈÏÄÉÔ 1 ÐÏ ÍÏÄÕÌÀ. óÌÅÄÏ×ÁÔÅÌØÎÏ,
ÐÒÅÄÅÌ ÒÁ×ÅÎ 0 É ÛÁÇ ÉÎÄÕËÃÉÉ ×ÙÐÏÌÎÅÎ. ¤

ðÕÓÔØ ÔÅÐÅÒØ f | ÆÕÎËÃÉÑ, ÉÍÅÀÝÁÑ n ÐÒÏÉÚ×ÏÄÎÙÈ ÎÁ ÉÎÔÅÒ×ÁÌÅ (−"; "). ôÏÇÄÁ ÄÌÑ ÆÕÎËÃÉÉ g(x) =
f(x)−∑n

k=0
f(k)(0)
k! xk ÉÍÅÅÍ g(m)(x) = f (m)(x)−∑n

k=m
1

(n−m)!f (k+m)(0)xn−m. ðÒÉ ÐÏÄÓÔÁÎÏ×ËÅ x = 0 ÎÅ ÏÂÒÁ-
ÝÁÅÔÓÑ × ÎÕÌØ ÔÏÌØËÏ ÐÅÒ×ÙÊ ÞÌÅÎ ÓÕÍÍÙ (ÐÒÉ k = m), ÏÔËÕÄÁ g(m)(0) = f (m)(0)−f (m)(0) = 0. óÌÅÄÏ×ÁÔÅÌØÎÏ,
g ÕÄÏ×ÌÅÔ×ÏÒÑÅÔ ÕÓÌÏ×ÉÑÍ ÌÅÍÍÙ 2, ÔÁË ÞÔÏ g(x) = o(xn) ÐÒÉ x→ 0 | ÐÅÒ×ÏÅ ÕÔ×ÅÒÖÄÅÎÉÅ ÄÏËÁÚÁÎÏ.

÷ÔÏÒÏÅ ÕÔ×ÅÒÖÄÅÎÉÅ ÔÅÏÒÅÍÙ ×ÙÔÅËÁÅÔ ÉÚ ÌÅÍÍÙ:
ìÅÍÍÁ 3. åÓÌÉ P | ÍÎÏÇÏÞÌÅÎ ÓÔÅÐÅÎÉ ÎÅ ×ÙÛÅ n É P (x) = o(xn) ÐÒÉ x → 0, ÔÏ ×ÓÅ ËÏÜÆÆÉÃÉÅÎÔÙ
ÍÎÏÇÏÞÌÅÎÁ P ÒÁ×ÎÙ ÎÕÌÀ.
äÏËÁÚÁÔÅÌØÓÔ×Ï ÌÅÍÍÙ 3. ðÕÓÔØ P (x) = p0 + p1x + · · · + pnxn, É ÐÕÓÔØ k ≤ n | ÎÁÉÍÅÎØÛÅÅ ÞÉÓÌÏ, ÄÌÑ
ËÏÔÏÒÏÇÏ pk 6= 0. åÓÌÉ k = n, ÔÏ limx→0 P (x)=xn = pn 6= 0. åÓÌÉ k < n, ÔÏ limx→0 P (x)=xk = pk 6= 0, ÏÔËÕÄÁ
limx→0 P (x)=xn = limx→0

P (x)
xk

1
xn−k = ∞. ÷ ÏÂÏÉÈ ÓÌÕÞÁÑÈ ÐÒÅÄÅÌ ÎÅ ÒÁ×ÅÎ ÎÕÌÀ, ÞÔÏ ÐÒÏÔÉ×ÏÒÅÞÉÔ ÕÓÌÏ×ÉÑÍ

ÌÅÍÍÙ. ¤
óÌÅÄÓÔ×ÉÅ 1 (ÌÅÍÍÙ 3). åÓÌÉ ÍÎÏÇÏÞÌÅÎ (Ó ÄÅÊÓÔ×ÉÔÅÌØÎÙÍÉ ÉÌÉ ËÏÍÐÌÅËÓÎÙÍÉ ËÏÜÆÆÉÃÉÅÎÔÁÍÉ) ÒÁ×ÅÎ
ÎÕÌÀ ÐÒÉ ×ÓÅÈ ÄÅÊÓÔ×ÉÔÅÌØÎÙÈ ÚÎÁÞÅÎÉÑÈ ÐÅÒÅÍÅÎÎÏÊ, ÔÏ ×ÓÅ ÅÇÏ ËÏÜÆÆÉÃÉÅÎÔÙ ÒÁ×ÎÙ ÎÕÌÀ.

äÅÊÓÔ×ÉÔÅÌØÎÏ, × ÜÔÏÍ ÓÌÕÞÁÅ P (x) = o(xn) ÐÒÉ x→ 0 ÄÌÑ ÌÀÂÏÇÏ n.
ðÕÓÔØ ÔÅÐÅÒØ f ÉÍÅÅÔ ÐÒÏÉÚ×ÏÄÎÙÅ ÄÏ ÐÏÒÑÄËÁ n ×ËÌÀÞÉÔÅÌØÎÏ É f(x) = ∑n

k=0 akxk + o(xn) ÐÒÉ x → 0.
óÏÇÌÁÓÎÏ ÄÏËÁÚÁÎÎÏÍÕ ×ÙÛÅ ÐÅÒ×ÏÍÕ ÕÔ×ÅÒÖÄÅÎÉÀ ÔÅÏÒÅÍÙ, f(x) = ∑n

k=0
f(k)(0)
k! xk+o(xn) ÐÒÉ x→ 0, ÏÔËÕÄÁ

∑n
k=0

(
f(k)(0)
k! − ak

)
xk = o(xn). éÚ ÌÅÍÍÙ 3 ×ÙÔÅËÁÅÔ ÔÅÐÅÒØ, ÞÔÏ ak = f(k)(0)

k! ÄÌÑ ×ÓÅÈ k = 0; : : : ; n. ¤
1



ðÒÉÍÅÒ 2. ëÁË ÉÚ×ÅÓÔÎÏ, exp′(x) = exp(x), ÏÔËÕÄÁ exp(n)(x) = exp(x) ÄÌÑ ÌÀÂÏÇÏ n, É exp(n)(0) = exp(0) = 1.
óÌÅÄÏ×ÁÔÅÌØÎÏ, exp(x) = ∑n

k=0
xk
k! + o(xn) = 1 + x + x2=2 + x3=6 + · · · + xn=n! + o(xn) ÐÒÉ x → 0 ÄÌÑ ÌÀÂÏÇÏ

n. ïÔÓÀÄÁ cosx = 1
2 (exp(ix) + exp(−ix)) = 1

2
∑n
k=0

1
k! (ik + (−i)k)xk + o(xn). ïÞÅ×ÉÄÎÏ, ik + (−i)k = 0 ÐÒÉ

ÎÅÞÅÔÎÏÍ k É i2m + (−i)2m = 2(−1)m ÐÒÉ ÞÅÔÎÏÍ k = 2m. ïÔÓÀÄÁ ÐÏÌÕÞÁÅÔÓÑ cosx = ∑n
m=0(−1)m x2m

(2m)! +
o(x2n+1) = 1 − x2=2 + x4=24 − · · · + (−1)nx2n=(2n)! + o(x2n+1) ÐÒÉ x → 0 ÄÌÑ ÌÀÂÏÇÏ n. áÎÁÌÏÇÉÞÎÏ, sinx =∑n
m=0(−1)m x2m+1

(2m+1)! + o(x2n+2) = x − x3=6 + x5=120 − · · · + (−1)nx2n+1=(2n + 1)! + o(x2n+2) ÐÒÉ x → 0 ÄÌÑ
ÌÀÂÏÇÏ n.
ðÒÉÍÅÒ 3. ðÕÓÔØ u(x) = xk ÐÒÉ k ∈ Z (×ËÌÀÞÁÑ ÓÌÕÞÁÊ k < 0!). ôÏÇÄÁ u(x) = exp(k lnx), ÏÔËÕÄÁ u′(x) =
exp(k lnx) · k ln′ x = kxk=x = kxk−1. ðÏ ÉÎÄÕËÃÉÉ ÐÏÌÕÞÁÅÍ (xk)(n) = k(k − 1) : : : (k − n + 1)xk−n ÄÌÑ ×ÓÅÈ
ÃÅÌÙÈ k É ÃÅÌÙÈ ÎÅÏÔÒÉÃÁÔÅÌØÎÙÈ n.

1
1+x = (1 + x)−1, ÏÔËÕÄÁ

(
1

1+x

)(n)
= (−1) · · · · · (−n)(1 + x)−(n+1) = (−1)nn!(1 + x)−(n+1). óÌÅÄÏ×ÁÔÅÌØÎÏ,

(
1

1+x

)(n)
(0) = (−1)nn!, ÏÔËÕÄÁ 1

1+x = ∑n
k=0(−1)kxk+o(xn) = 1−x+x2−x3 + · · ·+(−1)nxn+o(xn) ÐÒÉ x→ 0

ÄÌÑ ÌÀÂÏÇÏ n.
ðÒÉÍÅÒ 4. ðÕÓÔØ f ÉÍÅÅÔ ÐÒÏÉÚ×ÏÄÎÙÅ ÄÏ n-ÇÏ ÐÏÒÑÄËÁ ×ËÌÀÞÉÔÅÌØÎÏ, É f(x) = a0 + a1x+ · · ·+ anxn + o(xn)
ÐÒÉ x→ 0. óÏÇÌÁÓÎÏ ÔÅÏÒÅÍÅ 1 (×ÔÏÒÏÅ ÕÔ×ÅÒÖÄÅÎÉÅ), ak = f (k)(0)k!. ôÏÇÄÁ g(k)(0) = f (k+1)(0) = (k+ 1)ak+1.
ïÔÓÀÄÁ É ÉÚ ÐÅÒ×ÏÇÏ ÕÔ×ÅÒÖÄÅÎÉÑ ÔÅÏÒÅÍÙ 1 ÐÏÌÕÞÁÅÍ g′(x) = ∑n−1

k=0 g(k)(0)=k!xk + o(xn−1) = ∑n−1
k=0(k +

1)ak+1xk + o(xn−1) = a1 + 2a2x+ 3a3x2 + · · ·+ nanxn−1 + o(xn−1) ÄÌÑ ÐÒÏÉÚ×ÏÌØÎÏÇÏ n ÐÒÉ x→ 0.
ðÕÓÔØ f(x) = arctg x, ÔÏÇÄÁ g(x) = f ′(x) = 1

1+x2 . óÏÇÌÁÓÎÏ ÐÒÉÍÅÒÕ 3, g(x) = 1− x2 + x4 + · · ·+ (−1)nx2n +
o(x2n+1) ÄÌÑ ×ÓÅÈ n ÐÒÉ x→ 0. ôÏÇÄÁ arctg x = x−x3=3 +x5=5− · · ·+ (−1)nx2n+1=(2n+ 1) + o(x2n+2) ÄÌÑ ×ÓÅÈ
n ÐÒÉ x→ 0.
ðÒÉÍÅÒ 5. ÷ ÜÔÏÍ ÐÒÉÍÅÒÅ ×ÓÅ ÐÒÅÄÅÌÙ ÂÅÒÕÔÓÑ ÐÒÉ x→ 0. óÏÇÌÁÓÎÏ ÐÒÉÍÅÒÕ 2, exp(x) = 1+x+x2=2+o(x2) =
1+x+o(x) É cosx = 1−x2=2+o(x3). ôÏÇÄÁ cos(exp(x)−1) = cos(x+x2=2+o(x2)) = 1− (x+x2=2+o(x2))2=2+
o((x + x2=2 + o(x2))3) = 1 − x2=2 − x3=2 + o(x3), Á exp(cos(x) − 1) = exp(−x2=2 + o(x3)) = 1 − x2=2 + o(x3) +
o(−x2=2 + o(x3)) = 1− x2=2 + o(x3). ïÔÓÀÄÁ ×ÙÔÅËÁÅÔ, ÞÔÏ cos(exp(x)− 1)− exp(cos(x)− 1) = −x3=2 + o(x3),
ÔÏ ÅÓÔØ limx→0

cos(exp(x)−1)−exp(cos(x)−1)
x3 = −1=2.


