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ëÒÁÔËÏÅ ÓÏÄÅÒÖÁÎÉÅ. ó×ÏÊÓÔ×Á ÜÌÅÍÅÎÔÁÒÎÙÈ ÆÕÎËÃÉÊ.

ðÒÅÄÌÏÖÅÎÉÅ 1. äÌÑ ×ÓÑËÏÇÏ n ∈ N ÉÍÅÅÔ ÍÅÓÔÏ ÒÁ×ÅÎÓÔ×Ï limx→0
exp(x)−1

x = 1.

äÏËÁÚÁÔÅÌØÓÔ×Ï. ïÞÅ×ÉÄÎÏ, exp(x)−1
x = ∑∞

k=0
xk

(k+1)!
def= limm→∞Em(x), ÔÏ ÅÓÔØ Em(x) = ∑m

k=0
xk

(k+1)! = 1 +
x
2 + · · · + xm

(m+1)! . äÌÑ ÐÒÏÉÚ×ÏÌØÎÏÇÏ m ÉÍÅÅÍ |Em(x)− 1| =
∣∣∣x2 + · · ·+ xm

(m+1)!

∣∣∣ ≤ |x|
2 + · · · + |x|m

(m+1)! ≤ |x| +
|x|2 + · · ·+ |x|m ≤ |x|

1−|x| ÐÒÉ |x| < 1. óÌÅÄÏ×ÁÔÅÌØÎÏ, ÐÒÉ |x| < 1 ×ÙÐÏÌÎÅÎÏ ÎÅÒÁ×ÅÎÓÔ×Ï | exp(x)−1
x − 1| ≤ |x|

1−|x|
(ÐÏÞÅÍÕ?). ðÏ ÌÅÍÍÅ Ï Ä×ÕÈ ÐÏÌÉÃÅÊÓËÉÈ limx→0

exp(x)−1
x = 1, ËÁË É ÕÔ×ÅÒÖÄÁÅÔ ÐÒÅÄÌÏÖÅÎÉÅ. ¤

óÌÅÄÓÔ×ÉÅ 1. æÕÎËÃÉÑ exp : C→ C ÎÅÐÒÅÒÙ×ÎÁ × ÌÀÂÏÊ ÔÏÞËÅ a ∈ C.

äÏËÁÚÁÔÅÌØÓÔ×Ï. ðÕÓÔØ ×ÎÁÞÁÌÅ a = 0. éÍÅÅÍ limx→0 exp(x) = 1 + limx→0 x · limx→0
exp(x)−1

x = 1 + 0 · 1 (ÐÏ
ÐÒÅÄÌÏÖÅÎÉÀ 1) = 1 = exp(0) | ÎÅÐÒÅÒÙ×ÎÏÓÔØ ÄÏËÁÚÁÎÁ.

äÌÑ ÐÒÏÉÚ×ÏÌØÎÏÇÏ a ÐÏÌÕÞÉÍ limx→a exp(x) = limy→0 exp(a + y) = limy→0 exp(a) exp(x) (ÐÏ ÓÌÅÄÓÔ×ÉÀ 2
ÌÅËÃÉÉ 8) = exp(a) limy→0 exp(x) = exp(a) ÐÏ ÄÏËÁÚÁÎÎÏÍÕ ×ÙÛÅ. ¤

ðÒÅÄÌÏÖÅÎÉÅ 2. æÕÎËÃÉÑ exp(x) ÐÒÉ x ∈ R ÓÔÒÏÇÏ ×ÏÚÒÁÓÔÁÅÔ. åÅ ÍÎÏÖÅÓÔ×Ï ÚÎÁÞÅÎÉÊ ÓÏÓÔÏÉÔ ÉÚ ×ÓÅÈ
ÐÏÌÏÖÉÔÅÌØÎÙÈ ÞÉÓÅÌ.
äÏËÁÚÁÔÅÌØÓÔ×Ï. éÚ ÓÌÅÄÓÔ×ÉÑ 2 ÌÅËÃÉÉ 8 ×ÙÔÅËÁÅÔ, ÞÔÏ 1 = exp(0) = exp(x− x) = exp(x) exp(−x), ÔÏ ÅÓÔØ
exp(−x) = 1= exp(x). éÚ ÜÔÏÇÏ, × ÞÁÓÔÎÏÓÔÉ ÓÌÅÄÕÅÔ, ÞÔÏ exp(x) 6= 0 (É ÄÁÖÅ ÐÒÉ ×ÓÅÈ x ∈ C).

ðÕÓÔØ ÔÅÐÅÒØ x ∈ R. éÚ ÔÏÇÏ ÖÅ ÓÌÅÄÓÔ×ÉÑ 2 ÌÅËÃÉÉ 8 ×ÙÔÅËÁÅÔ, ÞÔÏ exp(x) = exp(x=2+x=2) = exp(x=2)2 > 0
| ÔÏ ÅÓÔØ ÎÁ ×ÅÝÅÓÔ×ÅÎÎÏÊ ÏÓÉ ÆÕÎËÃÉÑ ÐÒÉÎÉÍÁÅÔ ÔÏÌØËÏ ÐÏÌÏÖÉÔÅÌØÎÙÅ ÚÎÁÞÅÎÉÑ.

ïÞÅ×ÉÄÎÏ, ÞÔÏ exp(x) > 1+x ÐÒÉ x > 0 (ÐÏÞÅÍÕ?), ÏÔËÕÄÁ limx→+∞ exp(x) = +∞ ÐÏ ÌÅÍÍÅ Ï Ä×ÕÈ ÐÏÌÉÃÅÊ-
ÓËÉÈ. éÚ ÄÏËÁÚÁÎÎÏÇÏ ÒÁÎÅÅ ÓÌÅÄÕÅÔ, ÞÔÏ limx→−∞ exp(x) = limy→+∞ exp(−y) = limy→+∞ 1= exp(y) = 0. ôÅÍ
ÓÁÍÙÍ ÓÒÅÄÉ ÚÎÁÞÅÎÉÊ exp ÎÁ ÄÅÊÓÔ×ÉÔÅÌØÎÏÊ ÏÓÉ ÅÓÔØ ÓËÏÌØ ÕÇÏÄÎÏ ÂÏÌØÛÉÅ É ÓËÏÌØ ÕÇÏÄÎÏ ÂÌÉÚËÉÅ Ë ÎÕÌÀ
ÐÏÌÏÖÉÔÅÌØÎÙÅ ÞÉÓÌÁ. éÚ ÔÅÏÒÅÍÙ Ï ÐÒÏÍÅÖÕÔÏÞÎÏÍ ÚÎÁÞÅÎÉÉ ×ÙÔÅËÁÅÔ (ËÁË?), ÞÔÏ ÆÕÎËÃÉÑ ÐÒÉÎÉÍÁÅÔ ×ÓÅ
ÚÎÁÞÅÎÉÑ y ∈ (0;+∞).

åÓÌÉ y > x, ÔÏ exp(y) = exp(x) exp(y− x) > exp(x)(1 + y− x) > exp(x), ÏÔËÕÄÁ ×ÙÔÅËÁÅÔ ÓÔÒÏÇÁÑ ÍÏÎÏÔÏÎ-
ÎÏÓÔØ ÆÕÎËÃÉÉ exp ÎÁ ÄÅÊÓÔ×ÉÔÅÌØÎÏÊ ÏÓÉ. ¤

óÌÅÄÓÔ×ÉÅ 2. óÕÝÅÓÔ×ÕÅÔ ÆÕÎËÃÉÑ ln : (0;+∞) → R, ÏÂÒÁÔÎÁÑ Ë exp ÎÁ ÄÅÊÓÔ×ÉÔÅÌØÎÏÊ ÏÓÉ: ln exp(x) = x
É exp(ln y) = y ÄÌÑ ×ÓÅÈ x ∈ R, y ∈ (0;+∞).
äÏËÁÚÁÔÅÌØÓÔ×Ï. óÏÇÌÁÓÎÏ ÐÒÅÄÌÏÖÅÎÉÀ 2, ÄÌÑ ×ÓÑËÏÇÏ y ∈ (0;+∞) ÓÕÝÅÓÔ×ÕÅÔ ÅÄÉÎÓÔ×ÅÎÎÏÅ ÞÉÓÌÏ x ∈ R,
ÄÌÑ ËÏÔÏÒÏÇÏ y = exp(x) (ÓÕÝÅÓÔ×Ï×ÁÎÉÅ ÄÏËÁÚÁÎÏ, Á ÅÄÉÎÓÔ×ÅÎÎÏÓÔØ ÓÌÅÄÕÅÔ ÉÚ ÓÔÒÏÇÏÊ ÍÏÎÏÔÏÎÎÏÓÔÉ).
ðÏÌÏÖÉÍ ln y = x ÐÏ ÏÐÒÅÄÅÌÅÎÉÀ. ¤

óÌÅÄÓÔ×ÉÅ 3. 1) ln(xy) = lnx+ ln y ÄÌÑ ×ÓÅÈ x; y > 0.
2) limx→0

ln(1+x)
x = 1.

ðÕÎËÔ 1 ×ÙÔÅËÁÅÔ ÉÚ ÓÌÅÄÓÔ×ÉÑ 2 ÉÚ ÌÅËÃÉÉ 8, Á ÐÕÎËÔ 2 | ÉÚ ÐÒÅÄÌÏÖÅÎÉÑ 1.
óÌÅÄÓÔ×ÉÅ 4 (ÓÌÅÄÓÔ×ÉÑ 3). æÕÎËÃÉÑ ln ÎÅÐÒÅÒÙ×ÎÁ ×Ï ×ÓÅÈ ÔÏÞËÁÈ a ∈ R.

äÏËÁÚÁÔÅÌØÓÔ×Ï. ðÕÓÔØ ×ÎÁÞÁÌÅ a = 1. ôÏÇÄÁ limx→1 lnx = limy→0 ln(1+y) = limy→0 y ·limy→0
ln(1+y)

y = 0·1 =
0 = ln 1.

äÌÑ ÐÒÏÉÚ×ÏÌØÎÏÇÏ a > 0 ÉÍÅÅÍ: limx→a lnx = limy→1 ln(ay) = limy→1(ln a+ ln y) = ln a+ limy→1 ln y = ln a
ÐÏ ÄÏËÁÚÁÎÎÏÍÕ ×ÙÛÅ. ¤

ðÕÓÔØ a > 0 | ÐÏÌÏÖÉÔÅÌØÎÏÅ ÄÅÊÓÔ×ÉÔÅÌØÎÏ ÞÉÓÌÏ, b ∈ C| ÐÒÏÉÚ×ÏÌØÎÏÅ ËÏÍÐÌÅËÓÎÏÅ ÞÉÓÌÏ. ðÏÌÏÖÉÍ ÐÏ
ÏÐÒÅÄÅÌÅÎÉÀ ab def= exp(b ln a); ×ÙÒÁÖÅÎÉÅ ÎÁÚÙ×ÁÅÔÓÑ ÓÔÅÐÅÎØÀ Ó ÏÓÎÏ×ÁÎÉÅÍ a É ÐÏËÁÚÁÔÅÌÅÍ b. ÷ ÞÁÓÔÎÏÓÔÉ,
ÅÓÌÉ e def= exp(1) (ÜÔÏ ÔÒÁÄÉÃÉÏÎÎÏÅ ÏÂÏÚÎÁÞÅÎÉÅ; ×ÙÞÉÓÌÅÎÉÑ ÐÏËÁÚÙ×ÁÀÔ, ÞÔÏ e ≈ 2:718), ÔÏ exp(x) = ex.
ðÒÅÄÌÏÖÅÎÉÅ 3. óÔÅÐÅÒØ ÏÂÌÁÄÁÅÔ ÓÌÅÄÕÀÝÉÍÉ Ó×ÏÊÓÔ×ÁÍÉ:

1) ab+c = ab · ac.
1



2) (ab)c = abc.
3) åÓÌÉ n | ÃÅÌÏÅ ÐÏÌÏÖÉÔÅÌØÎÏÅ ÞÉÓÌÏ, ÔÏ an = a · · · · · a (n ÓÏÍÎÏÖÉÔÅÌÅÊ), Á a1=n = n

√a.
äÏËÁÚÁÔÅÌØÓÔ×Ï. ab+c = exp((b+ c) ln a) = exp(b ln a) exp(c ln a) = abac.

(ab)c = exp(c ln(ab)) = exp(c ln exp(b ln a)) = exp(bc ln a) = abc.
an = a1+···+1 (n ÓÌÁÇÁÅÍÙÈ) = a1 · · · · · a1 (n ÓÏÍÎÏÖÉÔÅÌÅÊ) = a · · · · · a.
(a1=n)n = an·1=n = a1 = a, ÏÔËÕÄÁ a1=n = n

√a. ¤

ìÅÍÍÁ 1. äÌÑ ÐÒÏÉÚ×ÏÌØÎÏÇÏ z ∈ C ×ÙÐÏÌÎÅÎÏ ÒÁ×ÅÎÓÔ×Ï exp(�z) = exp(z) (ÞÅÒÔÁ ÏÚÎÁÞÁÅÔ ËÏÍÐÌÅËÓÎÏÅ
ÓÏÐÒÑÖÅÎÉÅ).

äÏËÁÖÁÔÅÌØÓÔ×Ï | ÕÐÒÁÖÎÅÎÉÅ.
ïÐÒÅÄÅÌÉÍ ÆÕÎËÃÉÉ ÓÉÎÕÓ É ËÏÓÉÎÕÓ ÒÁ×ÅÎÓÔ×ÁÍÉ cosx = 1

2 (exp(ix) + exp(−ix)), sinx = 1
2i (exp(ix) −

exp(−ix)). ïÔÓÀÄÁ ÎÅÍÅÄÌÅÎÎÏ ×ÙÔÅËÁÅÔ ÒÁ×ÅÎÓÔ×Ï exp(ix) = cosx+ i sinx.
ðÒÅÄÌÏÖÅÎÉÅ 4. 1) cos2 x+ sin2 x = 1.

2) åÓÌÉ x ∈ R, ÔÏ cosx; sinx ∈ R, ÐÒÉ ÜÔÏÍ cosx | ×ÅÝÅÓÔ×ÅÎÎÁÑ ÞÁÓÔØ exp(ix), Á sinx | ÍÎÉÍÁÑ.
ðÒÉ ÜÔÏÍ −1 ≤ cosx; sinx ≤ 1.

3) äÌÑ ×ÓÅÈ x; y ∈ C ÉÍÅÀÔ ÍÅÓÔÏ ÒÁ×ÅÎÓÔ×Á cos(x+y) = cosx cos y− sinx sin y É sin(x+y) = cosx sin y+
sinx cos y.

4) åÓÌÉ x; y ∈ R, ÔÏ ÍÏÄÕÌØ ËÏÍÐÌÅËÓÎÏÇÏ ÞÉÓÌÁ exp(x+ iy) ÒÁ×ÅÎ exp(x).
5) limx→0

sin x
x = 1, limx→0

1−cos x
x2 = 1

2 .
äÏËÁÚÁÔÅÌØÓÔ×Ï. éÚ ÏÐÒÅÄÅÌÅÎÉÑ ÓÉÎÕÓÁ É ËÏÓÉÎÕÓÁ ÎÅÍÅÄÌÅÎÎÏ ÓÌÅÄÕÅÔ, ÞÔÏ ËÏÓÉÎÕÓ | ÞÅÔÎÁÑ ÆÕÎËÃÉÑ, Á
ÓÉÎÕÓ | ÎÅÞÅÔÎÁÑ: cos(−x) = cosx, sin(−x) = − sinx. ôÅÐÅÒØ 1 = exp(ix) exp(−ix) = (cosx + i sinx)(cosx −
i sinx) = cos2 x + sin2 x. åÓÌÉ x ∈ R, ÔÏ cosx = 1

2 (exp(ix) + exp(ix)) = 1
2 (exp(ix) + exp(−ix)) (ÐÏ ÌÅÍÍÅ 1

= 1
2 (exp(−ix) + exp(ix)) = cosx, ÏÔËÕÄÁ cosx ∈ R; ÄÌÑ ÓÉÎÕÓÁ ÁÎÁÌÏÇÉÞÎÏ. îÏ ÔÏÇÄÁ cos2 x = 1 − sin2 x ≤ 1,

ÔÁË ÞÔÏ −1 ≤ cosx ≤ 1, É, ÏÐÑÔØ-ÔÁËÉ, ÁÎÁÌÏÇÉÞÎÏ ÄÌÑ ÓÉÎÕÓÁ. ôÅÐÅÒØ ÉÚ ÒÁ×ÅÎÓÔ×Á exp(ix) = cosx + i sinx
×ÙÔÅËÁÅÔ, ÞÔÏ cosx = Re exp(ix) É sinx = Im exp(ix).

äÌÑ ÐÒÏÉÚ×ÏÌØÎÙÈ x; y ∈ C ÐÏÌÕÞÉÍ cos(x + y) + i sin(x + y) = exp(i(x + y)) = exp(ix) exp(iy) = (cosx +
i sinx)(cos y+i sin y) = (cosx cos y−sinx sin y)+i(cosx sin y+sinx cos y) É, ÁÎÁÌÏÇÉÞÎÏ, cos(x+y)−i sin(x+y) =
exp(−i(x+ y)) = (cosx cos y− sinx sin y)− i(cosx sin y+ sinx cos y). ïÔÓÀÄÁ ×ÙÔÅËÁÀÔ ÆÏÒÍÕÌÙ ÓÌÏÖÅÎÉÑ ÄÌÑ
ÓÉÎÕÓÁ É ËÏÓÉÎÕÓÁ.

ðÒÉ x; y ∈ R ÐÏÌÕÞÁÅÍ exp(x+iy) = exp(x) exp(iy) É exp(x+ iy) = exp(x+ iy) = exp(x−iy) = exp(x) exp(−iy),
ÏÔËÕÄÁ |exp(x+ iy)|2 = exp(x + iy)exp(x+ iy) = exp(x)2 exp(iy) exp(−iy) = exp(x)2, ÏÔËÕÄÁ |exp(x+ iy)| =
exp(x) (ÏÂÁ ÞÉÓÌÁ ÐÏÌÏÖÉÔÅÌØÎÙÅ).

lim
x→0

sinx
x = 1

2i lim
x→0

exp(ix)− exp(−ix)
x = 1

2i

(
lim
x→0

exp(ix)− 1
x − lim

x→0
exp(−ix)− 1

x

)
=

1
2i

(
lim
y→0

exp(y)− 1
−iy − lim

y→0
exp(y)− 1

iy

)
= 1

2i · 2i · lim
y→0

exp(y)− 1
y = 1:

1−cosx = 1−cos(x=2+x=2) = cos2(x=2)+sin2(x=2)−cos2(x=2)+sin2(x=2) = 2 sin2(x=2), ÏÔËÕÄÁ limx→0
1−cos x
x2 =

1
2

(
limx→0

sin x=2
x=2

)2
= 1

2 . ¤

ðÒÅÄÌÏÖÅÎÉÅ 5. 1) íÎÏÖÅÓÔ×ÏÍ ÚÎÁÞÅÎÉÊ {exp(ix) | x ∈ R} ÆÕÎËÃÉÉ exp ÎÁ ÍÎÉÍÏÊ ÏÓÉ Ñ×ÌÑÅÔÓÑ
ÏËÒÕÖÎÏÓÔØ {z ∈ C | |z| = 1}.

2) óÕÝÅÓÔ×ÕÅÔ ÞÉÓÌÏ � > 0 ÔÁËÏÅ, ÞÔÏ sin�n = 0 É cos�(n + 1=2) = 0 ÐÒÉ ×ÓÅÈ ÃÅÌÙÈ n. þÉÓÌÏ 2�
Ñ×ÌÑÅÔÓÑ ÐÅÒÉÏÄÏÍ ÓÉÎÕÓÁ É ËÏÓÉÎÕÓÁ, Á ÞÉÓÌÏ 2�i | ÐÅÒÉÏÄÏÍ ÜËÓÐÏÎÅÎÔÙ.

äÏËÁÚÁÔÅÌØÓÔ×Ï. ÷ÏÚØÍÅÍ x ∈ R ÔÁËÏÊ, ÞÔÏ sinx def= y > 0 (ÐÏÞÅÍÕ ÔÁËÏÊ ÓÕÝÅÓÔ×ÕÅÔ?); ÔÏÇÄÁ sin(−x) = −y.
ðÏ ÔÅÏÒÅÍÅ Ï ÐÒÏÍÅÖÕÔÏÞÎÏÍ ÚÎÁÞÅÎÉÉ (Á ÓÉÎÕÓ | ÆÕÎËÃÉÑ, ÎÅÐÒÅÒÙ×ÎÁÑ ×Ï ×ÓÅÈ ÔÏÞËÁÈ, ÐÏÓËÏÌØËÕ exp(x)
ÎÅÐÒÅÒÙ×ÎÁ) ÎÁ ÏÔÒÅÚËÅ [−x; x] ÓÉÎÕÓ ÐÒÉÎÉÍÁÅÔ ×ÓÅ ÚÎÁÞÅÎÉÑ ÉÚ ÏÔÒÅÚËÁ [−y; y]. ðÏÓËÏÌØËÕ |exp(it)| = 1 ×
ÓÉÌÕ ÐÕÎËÔÁ 4 ÐÒÅÄÌÏÖÅÎÉÑ 4, ÄÌÑ ËÁÖÄÏÊ ÔÏÞËÉ z ∈ A, ÇÄÅ A | ÄÕÇÁ ÏËÒÕÖÎÏÓÔÉ, ËÏÎÃÙ ËÏÔÏÒÏÊ ÉÍÅÀÔ
ÏÒÄÉÎÁÔÕ y É −y, ÓÕÝÅÓÔ×ÕÅÔ t ∈ [−x; x] ÔÁËÏÅ, ÞÔÏ exp(it) = z.

õÍÎÏÖÅÎÉÅ ÎÁ z ÐÒÅÄÓÔÁ×ÌÑÅÔ ÓÏÂÏÊ ÐÏ×ÏÒÏÔ ÎÁ ÕÇÏÌ, ÒÁ×ÎÙÊ ÁÒÇÕÍÅÎÔÕ z. ó ÄÒÕÇÏÊ ÓÔÏÒÏÎÙ, ÅÓÌÉ w =
exp(is), ÔÏ wz = exp(is) exp(it) = exp(i(s + t)). ïÔÓÀÄÁ ÓÌÅÄÕÅÔ, ÞÔÏ ÅÓÌÉ ÔÏÞËÁ ÏËÒÕÖÎÏÓÔÉ ÍÏÖÅÔ ÐÏÐÁÓÔØ
ÎÁ ÄÕÇÕ A, ÓÄÅÌÁ× ÎÅÓËÏÌØËÏ ÐÏ×ÏÒÏÔÏ× ÎÁ ÕÇÏÌ arg z, ÔÏ ÏÎÁ ÔÁËÖÅ ÐÒÉÎÁÄÌÅÖÉÔ ÏÂÒÁÚÕ {exp(ix) | x ∈ R}.
îÏ ÔÁËÉÍ Ó×ÏÊÓÔ×ÏÍ ÏÂÌÁÄÁÀÔ ×ÓÅ ÔÏÞËÉ ÏËÒÕÖÎÏÓÔÉ.

ôÅÍ ÓÁÍÙÍ ÕÔ×ÅÒÖÄÅÎÉÅ ÐÒÏ ÏÂÒÁÚ ÄÏËÁÚÁÎÏ É, ÓÌÅÄÏ×ÁÔÅÌØÎÏ, ÓÕÝÅÓÔ×ÕÅÔ ÞÉÓÌÏ � > 0 ÔÁËÏÅ, ÞÔÏ sin� = 0
É cos� = −1. ïÔÓÀÄÁ ×ÙÔÅËÁÅÔ, ÞÔÏ sin(x + �) = sinx cos� + cosx sin� = − sinx É, × ÞÁÓÔÎÏÓÔÉ, sinn� = 0
ÐÒÉ ×ÓÑËÏÍ n ∈ Z. ëÒÏÍÅ ÔÏÇÏ, sin(x + 2�) = − sin(x + �) = sinx, ÔÁË ÞÔÏ 2� Ñ×ÌÑÅÔÓÑ ÐÅÒÉÏÄÏÍ ÓÉÎÕÓÁ;



ÄÌÑ ËÏÓÉÎÕÓÁ ÁÎÁÌÏÇÉÞÎÏ. ïÔÓÀÄÁ ×ÙÔÅËÁÅÔ, ÞÔÏ exp(2�i) = cos(2�) + i sin(2�) = 1, ÏÔËÕÄÁ exp(x + 2�i) =
exp(x) exp(2�i) = exp(x), ÔÏ ÅÓÔØ 2�i | ÐÅÒÉÏÄ ÜËÓÐÏÎÅÎÔÙ. ¤


