HSE, FALL 2016 . FOUNDATIONS OF DIFFERENTIAL GEOMETRY

1. TOPOLOGICAL SPACES AND SMOOTH MANIFOLDS

Problem 1. Let M = S' = {(z,y) | 2* + y* = 1} be covered by two charts: U; = S'\ {(0,1)} and U, =
ST\ {(0,-1)}. Coordinate maps: 2z; : Uy — V; = R and 23 : Uy — V5 = R are projections from the points
(0,1) and (0,—1), resp., to the z-axis. Prove that the coordinate systems (Uy, V1, 21) and (Us, Vs, 22) define an
1-dimensional atlas on S! (after adding all “subsystems”). Prove that the topology on S! defined by this atlas
conicides with the standard topology of the circle.

Problem 2. Let ~ be an equivalence relation on a topological space X, and Y df x / ~ is the set of equivalence
classes. Call a subset U C Y open if the union (J 4. A C X is open (in the topology of X). (a) Prove that the
collection of open sets so defined makes Y a topological space; it is called the quotient topology. (b) Prove that
the natural map p: X — X/ ~ sending each point to its class of equivalence is continuous, and also that any map
f: X/ ~—Y (where Y is another topological space) is continuous if and only if the composition fop: X — Y is
continuous. (c) Let X = S! and a ~ b if and only if a and b are the two endpoints of a diameter of X. Prove that
X/ ~ is homeomotphic to S!. (d) Describe the quotient topology if X = R and a ~ b if either a =b=0or a # 0
and b # 0.

Problem 3. The projective space RP" is defined as the quotient R"*! \ {(0,...,0)}/ ~ where (ug,...,u,) ~
(vo, - ..,vy) if and only if there exists a ¢t # 0 such that vg = tug,...,v, = tu,. An equivalence class of the point

(uoy ..., up) is denoted [ug : - - : up]. The standard topology on RP™ is the quotient topology of Problem 2. An

n-dimensional atlas on RP™ has n + 1 charts Uy, ..., U, where U; def {Juop : -+ : uy] | u; # 0}. The coordinate

map z; : U; — V; = R™ is defined as z;([ug : -+ : uy]) = (wo/t, ..., un/u;) (the term w;/u; is skipped). (a) Prove
that the coordinate systems (U;, V;,2;), 1 = 0,...,n, define a n-dimensional smooth structure on RP™. (b) Prove
that the topology on RP"™ defined by this smooth structure is the same as the quotient topology. (c) The map
F:S" = RP" where S™ % {(ug, ... un) | u2 + -+ +u2 = 1} C R is defined as f(uo, ..., un) = [ug : -+ : up]-
Prove that this map is smooth. (d) Prove that for any point a € RP" there exists an open set U 3 a such that
f~Y(U) € 8™ is homeomorphic to a disjoint union of two copies of U.

Recall that a topological space X is called connected if an open subset U C X such that X \ U is also open is
empty or equal to X.

Problem 4. (a) Prove that the topological space [0, 1] is connected. (b) Suppose that the topological space X has
the following property (called arcwise connectedness): if a,b € X then there exists a continuous map 7 : [0,1] — X
such that v(0) = a, v(1) = b (that is, a curve joining a and b). Prove that X is connected. The converse is false:
invent a counterexample or look for it in any topology textbook. (c¢) Let M be a smooth manifold and a € M.
Prove that the set U, of all points b € M such that there exists a curve in M joining a with b is open. (d) Prove
that the set M \ U, is also open. Derive from it that a smooth manifold is connected if and only if it is arcwise
connected.

Problem 5*. (a) Prove that if a 1-dimensional manifold is homeomorphic to S! then it is diffeomorphic to S?.
(b) The same question for R!. (c*) Prove that a connected smooth 1-dimensional manifold is diffeomorphic to
either R or S'.



