HSE, FALL 2016 FOUNDATIONS OF DIFFERENTIAL GEOMETRY

LECTURE 9

ABSTRACT. Poincaré’s lemma and degree of a smooth map.

A k-form w is called closed if dw = 0. The form is called ezact if there exists a (k — 1)-form v such that w = dv.

Ezample 1. A O-form (i.e. a smooth function) f is closed if and only if it is locally constant, that is, constant on
every connected component of the manifold M. A nonzero 0-form cannot be exact (because there are no —1-forms).

Ezample 2. Any n-form on a n-manifold M is closed (because there are no (n + 1)-forms on M).

An exact form is always closed because d®> = 0. The converse is not always true: let w be a n-form on a compact
n-manifold M; it is closed by Example 2. If w = dv then fM w = 0 by Stokes’ theorem. So if fMo.) # 0 (which is
true, for example, for a volume form on S™) then w is not exact.

Theorem 1 (Poincaré’s lemma). Let w be a closed k-form on R™ with 1 < k <n. Then w is exact.

Proof. Induction by n. For n = 1 one has k = 1 and w = f(z) dz for some smooth function f : R! — R. This form

is closed by Example 2; it is also exact: w = dg where g(x def fo

Let now the theorem be proved for R"~!. Represent R” R x R” 1 and denote the coordinate in R! by ¢ and
the coordinates in R"™!, by x = (x1,...,Zn—1). Then w = wi(t,x) + dt A wa(t,x) where the k-form w; and the
(k — 1)-form wy do not contain dt.

One has dw = dyw; + dt A a"“ — dt N dyws where d, is the exterior derivative with respect to the x variables,
that is, the exterior derivative on the manifold (a hyperplane) M; = {t} x R®~! C R"; once the forms w; and ws
do not contain d¢, they can be considered as forms on M;. (The partial derivative % is meant as usual: w; is a
map from R! to the vector space Q¥(R"~1) of the k-forms in R"~!, so one can take a derivative.) It follows from
dw = 0 that dyw; = 0 and 22 = d,w,.

Let v = vy +dt Avs be a (k — 1)-form where v; and v, do not contain dt. The equation dv = w is equivalent to

dyv1 = wi and dyvs = ‘98’;1 wsy. Since dyw; = 0 the equation d 1y = w; is solvable on any hyperplane M; = R"~!
by the induction hypothesis; take a solution smooth in . Now d, (22 — wy) = 2 d, 1 — dyws = %L — dywy = 0,
dvy _

hence the equation d,vs = wy is also solvable by the induction hypothesis. 0

ot

The situation is somewhat different if we limit our considerations to the forms with the compact support.
Consider only the top degree forms:

Proposition 1. Let w be a n-form on R™ with suppw C (0,1)™. The equality fR" w = 0 takes place if and only if
there exists a (n — 1)-form v such that dv = w and suppv C (0,1)".

Proof. Let the form v exist; then by Stokes’ theorem [p, w = [;. dv = 0.
The converse statement for n = 1 is proved similar to the induction base in the Poincaré’s lemma: if w = f(t) dt

with supp f C (0,1) and fo t) dt = 0 then w = dg where g(x def fo t) dt; if © > 1 then g(x fo t)dt =0,
so suppg C (0,1).

Let now n > 1 and w = f(x,t) dt Adx where © = (x1,...,%,—1) and dx stands for dzq A+ - - Adx,—1; suppose that
fo . /0 z,t)dtdr = 0. Take p = def (jo z,t)dt) dz. Apparently, suppw C (0,1)" ! and [;, , g = 0. Induction
by n shows that there exists a (n — 2)-form ¢ on R*™! such that u = d¢) and supp® C (0,1)" L.

Let ¢ be the function of 1 variable such that supp¢ C (0,1) and fol (1) dr = 1. Take now Consider now the

form
) V:(/()t(f(xs /f.’L’TdT)dS) dx — @(t)dt AN .

It is easy to check that supp v C (0,1)"; one has also dv = f(z,t) dtAdz—¢'(t Uo z,s)ds) dt\dz+¢' (t)dtNdy =
f(x,t)dt A dz = w because dip = u—(fo z,s)ds) dz. O

Let f : M — N be a smooth map between oriented manifolds of the same dimension n. For pe M let U C M
be a chart containing p and W C N, a chart containing f(p); the corresponding coordinates are & and y. Let the
point p be regular, that is, f'(p) : T,M — TN be nondegenerate, so det(y o f o V) (z(p)) #0. If U, W are
other charts containing p and f(p), and Z, § are the corresponding coordinates with the transition maps ¢ and 9,
respectively, then det(jo f o #71)/(Z(p)) = det(poyo fox~t o)) (E(p)) = det ¢’ dety)’ det(y o f ox™1) (x(p)).
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The atlases in M and N are oriented, so det ¢’,det?)’ > 0, and det(j o f o 27 1)(Z(p)) and det(y o f oz~ 1) (z(p))
have the same sign. This sign is called the sign of the regular point p with respect to the map f and is denoted
sign(p, /).

Let M be compact. Take a point a € N and let U C N be an open subset diffeomorphic to (0,1)™ (that
is, to R™) such that a € U. Consider a n-form w on N with the support suppw C U and wa = 1. Denote

deg(f,a,0) & [, frw.

Theorem 2. The number deg(f,a,w) = deg(f,a) does not depend on the choice of a particular form w. The
map a — deg(f,a) is locally constant; hence if N is connected then deg(f,a) = deg(f) does not depend on a
either. If a is a regular value of f (that is, any point p € f~1(a) is regular with respect to f) then deg(f,a) =

Zpef_l(a) Sign(p7 f) 6 Z'

Proof. Let wy be another form on N with the required properties. Then fN(w —wp) = 0. The forms w and w;
are defined on U = R"; thus by Proposition 1 there exists a (n — 1)-form v such that w = w; + dv and supp v is
compact. This implies [,, f*w = [,, ffwi + [, f*dv = [}, ffwr + [, df*v = [,, f*w1 by the Stokes’ theorem.

If a point a; is sufficiently close to a then one can choose a common U such that a,a; € U and one w with
suppw C U. Then deg(f,a) = deg(f,a,w) = deg(f, a1,w) = deg(f, a1), that is, the function deg(f,a) is locally
constant on N. If N is connected then deg(f,a) is constant.

Let now a be a regular value of f. By the inverse function theorem, for every b € f~!(a) there exists a
neighbourhood Uy, 3 b mapped diffeomorphically by f to a neighbourhood of a and therefore containing no points
of f~!(a) other than b. Thus f~!(a) C N is discrete; since N is compact, it means that f~1(a) = {by,...,bn} is

finite. Denote U; &' Up,. The set W ef U, f(U;) > a is open; without loss of generality it is a chart.

Let suppw C W, then f*w = Y1, (fly,)  w, and deg(f) = [, frw =Y, [y (Fly,) w =N, [y frw=
Zé\;1 sign(b;, f) fN W= 2511 sign(b;, f). O
Corollary 1. If M is compact and oriented and N is connected and oriented then the sum Zbeffl(a) sign(b, f) is
the same for any regular value a of f.

If f~1(a) = @ then a is a regular value with deg(f,a) = 0. So, Corollary 1 implies

Corollary 2. If M is compact and oriented and N is connected and oriented and deg(f) # 0 then f(M)=N. In
particular, deg(f) # 0 is possible only if N is compact.



