HSE, FALL 2016 FOUNDATIONS OF DIFFERENTIAL GEOMETRY

LECTURE 5

ABSTRACT. Phase curves and commutators of vector fields.

1. Phase curves of a vector field. A curve v: R — M on a smooth manifold M is called an phase curve of a
vector field Z if v/(t) = Z(y(t)) for all ¢ € R. One can also consider phase curves defined on open subsets of R,
say, segments (a, b).

Theorem 1. Let M be a manifold and Z, a smooth vector field on it. Then for any a € M there exists an
open subset U C M, a € U, and a number € > 0 such that for any b € U there exists a unique phase curve

v : (—e,e) — M of the vector field Z such that v,(0) = b. The map T : U x (—e,e) — M given by a formula

(b, t) 2 v (t) is smooth.

Uniqueness in this theorem means that if v; : (—e1,e1) — M and 72 : (—&2,62) — M are phase curves with
~1(0) = 72(0) then they coincide where they both are defined, that is, v1 () = 2(t) for any ¢t € (—e1,e1) N (—€2,2).

Proof. Since it is a local statement, one can suppose that M = R". Then the vector field Zis Z(z) = >\ zi(®1,...,Tx)

and the curve y(t) def (71(2),...,va(t)) is its phase curve if the functions ;1 (t), ..., v, (t) are solutions of the system
of ordinary differential equations (ODE) £+;(t) = z;(v1(t), ..., 7a(t)), i = 1,...,n. The theorem follows now from
the existnce and uniqueness theorem for systems of the first-order ODE. 0

If M is compact, the situation becomes global:

Theorem 2. Let M be a compact manifold and Z, a smooth vector field on it. Then there exists a smooth map
:MxR— M (called a phase flow of the vector field Z) such that

(1) ®(a,0) =a for alla € M.
(2) ®(®(a,t1),t2) = P(a,t1 +t2) for alla € M and t1,t; € R.

(3) 2| = Z(@( ).

Taking ¢; = ¢ and ¢ty = —t in Property 2, one obtains ®(®(a,t),—t) = ®(a,0) = a (from Property 1). Thus, for
any fixed ¢t € R the map ®; : M — M defined by ®;(a) = ®(a,t) is a diffeomorphism (it is smooth because @ is
smooth and its inverse is ®_;, which is also smooth). Thus, Properties 1 and 2 (known together as 1-parametric
group property) can be expressed by saying that ¢ — ®; is a homomorphism from the additive group R (the
operation is addition of numbers) to the group of diffeomorphisms of the manifold M (the operation is composition
of maps).

Proof of Theorem 2. Take for every a € M an open set U, C M and a number €, > 0 as in Theorem 1. By the

compactness of M there exist points ay,...,an € M such that M = U,,U- - UM, ; takee def min(ga,,.-«,€ay) > 0.
Then for any point a € M there exists (and is unique) a phase curve v, : (—¢,e) — M with v(0) = a. For any
s € (—¢,¢) the curve v, 4(t) €of Ya(t + 8) is a phase curve of Z defined on an interval (—e + s, — s) and such
that 74,5(0) = 7.(s). Due to uniqueness, v,.5(t) = 7,,(s)(t) for all possible ¢. This allows to extend 7, to the
smooth curve (—e,3e/2) — M (to be called still v, saying that 7, (¢) is defined as it previously was for [¢| < ¢ and
~Ya(t) def Vra(e/2) (t —€/2) if /2 < |t| < 3e/2; the curve obtained is again an phase curve of Z. In a similar manner
one may extend v, to an phase curve (—3¢/2,3¢/2) — M, etc., proving eventually that for any a € M there exists

a unique phase curve v, : R — M of the vector field Z.

Define now ®(a,t) def ~a(t). Property 1 is obvious; Property 3 expresses the fact that v, is a phase curve.

Property 2 follows from uniquenes of the phase curve by the trick already used in the previous paragraph: for any
fixed #; the curve §(t) def ®(a,t; +1t) is a phase curve of Z with 6(0) = ®(a, ¢;). By uniqueness, 6(t) = ®(®(a,t1),t)
for any t; take ¢ = 5. O
Ezxample 1. A phase curve of the vector field % on R™ passing through a point a = (a1,...,a,) is v.(t) =
(a1 + t,a9,...,a,); it is defined for all ¢ € R. An phase curve of the vector field mla% + -4 :L"n% passing
through a point a is v, (t) = ae’, t € R.

Ezample 2. Phase curves of the vector field :1:3% —yZ on R? are (t) = r(cos(t + ¢),sin(t + ¢)) for all 7 > 0 and
@ € R. They are defined for all ¢ € R.




Example 3. A phase curve of the vector field t2% passing through a point a € R is v,(t) = 1=%;. These curves
(except 7o = 0) are defined on infinite segments: ¢ € (—oo,1/a) for a > 0 and t = (1/a,+00) for a < 0. So, there
is no € > 0 such that all v, are defined on (—¢,¢). For any segment (p,q) C R, though, there exists such ¢ that =y,
for all a € (p, q) are defined on (—¢,¢) (this is a particular case of Theorem 1).

2. Commutator of vector fields.

Theorem 3. Let A, B : X — X be derivations of an associative commutative algebra X. Then the commutator

o [4, B] Y Ao B— Bo A is also a derivation (o meaning composition of maps).

Proof. The map C is apparently linear; take now f,g € X,s0 C(fg) = A(B(fg9))—B(A(fg)) = A(fB(g9)+B(f)g)—
?é{fl)(g)géc({)g) = A(f)B(g9)+fA(B(9))+A(B(f))g+B(f)A(g)—B(f)A(g)—f(B(A(g9)) —B(A(f))g—A(f)B(g) E
g) + g-

Corollary 1. A commutator of two vector fields on a manifold M is a vector field.

Here vector fields are considered as derivations of the algebra C°° (M) of smooth functions on M. In coordinates
= (v1,...,3p) fA=3"0 ai(x)a%i and B=3) 1, bi(x)é% then for any function f € C°°(M) one has

(A B = A b)) = B w55 = 3 0 BT - ) B
i=1 v i=1 v =1 v

0% f
(%i@xj

ij=1

+ terms containing that have to cancel by Corollary 1.

So, in coordinates [4,B] =Y, (2?21 aj(x)%w(f) — bj(:r)&gfiﬁ)) .

We are going now to give a geometric description of the commutator of vector fields. Take a point a € M and
let v, : (—e,6) — M be an phase curve of the field A with ,(0) = a; take P f 7o (t) for any t € (—¢,¢€). Let
0p, : (—e,€) — M be an phase curve of the vector field B with dp, (0) = P;; take Q¢ 5 def dp, (s) for any s € (—¢,¢).

Then let vq,, : (—€,6) — M be an phase curve of A with g, ,(0) = Q¢s; take Ry, € YQ... (—t) (the same ¢

as before!). Finally, let g, , : (—¢,) — M be an phase curve of the vector field B with dg, ,(0) = Ry ,; take

Ut,s) < 6p, . (—s).

Now U : (—¢,€)? — M is a smooth map; by uniqueness of an phase curve one has U(t,0) = U(0,s) = a for all

t,s € (—e,€). Fix s € (—¢,¢); then the formula A,(t) def U(t,s) defines a smooth curve A; : (—e,6) — M with

As(0) = a. The equivalence class of the curve A; at a is a vector £(s) € T,M; so £ : (—¢,e) — T, M is a smooth
map.

Theorem 4. ¢(0) = [4, B](a).

Proof. To compute #'(0) it is enough to operate with £(s) for s € (—e,¢) with & > 0 arbitrarily small; to define
such £(s) one has to know U(t, s) for ¢,s € (—¢,€). So, the statement has local nature, and it is enough to prove it
for M =R"™ and a = 0.

Consider the Taylor’s formula for the map U: U (¢, s) = ugo+uiot+uoers+uiits+o(t)+o(s), t,s — 0 (pay attention
that the last two terms depend on both ¢ and s!). Since U(¢,0) = U(0,s) = 0, one has ugp = w19 = up1 = 0, and the
last two terms are divisible by ts. Thus the curve As(f) = u11ts + so(t) + to(s), hence £(s) = N,(0) = uz1s + o(s),
and #(0) = uy1. So, to prove the theorem it suffices to compute ;.

Remember that A(z) = (a1(x),...,an(z)) and B(z) = (bi(z),...,bn(x)). So, P = (a1(0)t,...,a,(0)t) + o(?).
The term o(t) cannot contribute to the term w;;ts in the formula for U(t, s) (explain why!), so we will write simply



P, = (a1(0)t,...,a,(0)t) + ..., and will be using ... to denote all such “uninteresting” terms. Now
Qts =P+ (b1(Pr),...,0n(Fy))s + ...

= (a1 (0)t + b1 (0)s + %bl(m Ots+...,...,an(0)t+bn(0)s+ %bn(PT) 0ts+...)

:(al(O)t—l-b1(0)5+tsZaj(0)T§wb;(O)+...,...,an(O)t+bn(O)s+tsZaj(TO)gZ(0)—I—...),
Buv = Qo (@ Qe)r - an(Quslt . ~

:Qt,s_(al(o)t,...,an(O)t)—(jilbj(())g;;(())ts-l-...,...,jilbj(())g;:(())+...)

0o o)y o0
= (105 b9 + 53 (6050 = BOFE0) .3 (60520 - OGO )+
U(t,S) = Rt,s — S(bl(Rt’s), . ..,bn(Rt,s)) 4+ = Rt,s — S(bl(O), . ,bn(O)) + ...

R~ by day - by, day,
=503 (4O O - OTE®) Y (OO - 50520 + ...
Jj=1 j=1
so the theorem is proved. |

Example 4. A commutator of the vector fields Z = m% + ya% and W = ma% — y% on R? is 0. The corresponding

phase flows are ¥((z,y),t) = (ze!,ye!) and ¥((z,y),s) = (zcoss+ysins, —zsin s+y cos s) according to Examples
1 and 4. The flows ® and ¥ commute: ®(¥((z,y),s),t) = e'(zcoss+ysins, —zsins+ycoss) = ¥(®((z,y),t),s).
Using the notation from the theorem, the map U(t,s) = (z,y) (a constant map), so £(s) = 0, confirming the
theorem.



