
Ñåìèíàð 5. Íà÷àëà òåîðèè ïðåäñòàâëåíèé.

Çàäà÷à 1. Çàôèêñèðóåì ïîëîæèòåëüíûå âåùåñòâåííûå ÷èñëà a, b, α. Êàêèå èç ñëåäóþùèõ
îòîáðàæåíèé ρ : Z → M2(C) îïðåäåëÿþò ïðåäñòàâëåíèå?

(a) ρ(n) := ( an 0
0 bn ) ; (b) ρ(n) := ( an 0

0 bn ) ; (c) ρ(n) := ( 1 an
0 1 ) ; (d) ρ(n) := ( 1 an

0 1 ) ;

(e) ρ(n) :=
(

cos(nα) − sin(nα)
sin(nα) cos(nα)

)
.

Äëÿ âñåõ ïðåäñòàâëåíèé íàéäèòå îäíîìåðíîå èíâàðèàíòíîå ïîäïðåäñòàâëåíèå è îïèøèòå ñîîò-
âåòñòâóþùåå ôàêòîðïðåäñòàâëåíèå.

Çàäà÷à 2. Çàôèêñèðóåì íåâûðîæäåííóþ ìàòðèöó A ∈ Mn(k). Ïîêàæèòå, ÷òî
(a) ñîîòâåòñòâèå ρA(k) = Ak çàäàåò ïðåäñòàâëåíèå ãðóïïû (Z,+) ðàçìåðíîñòè n íàä ïî-

ëåì k;
(b) åñëè ïîëå k àëãåáðàè÷åñêè çàìêíóòî, òî ïðåäñòàâëåíèå ρA èìååò èíâàðèàíòíîå îäíî-

ìåðíîå ïîäïðåäñòàâëåíèå;

(c) äëÿ k = R è A =
(

cos(α) − sin(α)
sin(α) cos(α)

)
ïðåäñòàâëåíèå ρA íåïðèâîäèìî;

(d) ïðåäñòàâëåíèÿ ρA è ρB ýêâèâàëåíòíû òîãäà è òîëüêî òîãäà, êîãäà ìàòðèöû A è B
èìåþò îäèíàêîâóþ ôðîáåíèóñîâó ôîðìó, (æîðäàíîâó íîðìàëüíóþ ôîðìó, åñëè k = C).

Çàäà÷à 3. Íàéäèòå âñå îäíîìåðíûå ïðåäñòàâëåíèÿ öèêëè÷åñêîé ãðóïïû Z/(nZ)
(a) íàä C, (b) íàä R, (c) íàä Q, (d) íàä F2.

Çàäà÷à 4. Ïóñòü G � ãðóïïà, ρ : G → EndC(V ) � å¼ êîìïëåêñíîå ïðåäñòàâëåíèå. Ïîêàæèòå,
÷òî

(a) åñëè g ∈ G � ýëåìåíò êîíå÷íîãî ïîðÿäêà, òî ρ(g) � äèàãîíàëèçóåìûé îïåðàòîð; (ïðè-
âåäèòå ïðèìåð, êîãäà ýòî íå òàê äëÿ ýëåìåíòîâ áåñêîíå÷íîãî ïîðÿäêà;)

(b) åñëè g1, g2 ∈ G � äâà êîììóòèðóþùèõ ýëåìåíòà êîíå÷íîãî ïîðÿäêà, òî ρ(g1), ρ(g2)
äèàãîíàëèçóåìû îäíîâðåìåííî;

(c) åñëè G � êîíå÷íàÿ àáåëåâà ãðóïïà, òî ëþáîå å¼ íåïðèâîäèìîå êîìïëåêñíîå ïðåäñòàâ-
ëåíèå îäíîìåðíî;

(d) åñëè g ∈ G′ è dim(V ) = 1, òî ρ(g) = 1.

Çàäà÷à 5. Ïóñòü V ≃ Cn. Îïðåäåëèì ïåðåñòàíîâî÷íîå ïðåäñòàâëåíèå ρ : Sn → GL(V ) ïî
ñëåäóþùåìó ïðàâèëó:

ρ(σ)((x1, . . . , xn)) = (xσ−1(1), . . . , xσ−1(n)), σ ∈ Sn.

(a) Ïîêàæèòå, ÷òî ýòî ïðåäñòàâëåíèå. Â ÷àñòíîñòè, ïî÷åìó íàïèñàíî σ−1?
(b) Ïîêàæèòå, ÷òî ïðÿìàÿ l = (x, . . . , x) ÿâëÿåòñÿ èíâàðèàíòíûì ïîäïðîñòðàíñòâîì â V .
(c) Íàéäèòå èíâàðèàíòíîå ïîäïðîñòðàíñòâî U ⊂ V òàêîå, ÷òî V = l ⊕ U .
(d) Ïîêàæèòå, ÷òî òàêîå U åäèíñòâåííî.
(e) Ïîêàæèòå, ÷òî ïðåäñòàâëåíèå ãðóïïû Sn â U íåïðèâîäèìî.

Çàäà÷à 6. Ïîêàæèòå, ÷òî ïðåäñòàâëåíèå V ãðóïïû G íå ìîæåò áûòü íåïðèâîäèìûì, åñëè
(a) |G| < dimV ;
(b) ñóùåñòâóåò ïîäãðóïïà H ⊂ G è å¼ ïîäïðåäñòàâëåíèå U ⊂ V òàêèå, ÷òî

dimV > [G : H] dimU.

Çàäà÷à 7. Îïèøèòå âñå êîíå÷íîìåðíûå ïðåäñòàâëåíèÿ ãðóïïû Z/(2Z)
(a) íàä C, (b) íàä àëãåáðàè÷åñêè çàìêíóòûì ïîëåì õàðàêòåðèñòèêè 2.

Çàäà÷à 8∗. Îïèøèòå âñå êîíå÷íîìåðíûå ïðåäñòàâëåíèÿ ãðóïïû Z/(3Z)
(c) íàä C, (d) íàä àëãåáðàè÷åñêè çàìêíóòûì ïîëåì õàðàêòåðèñòèêè p.


