
Ñåìèíàð 3. Ðàçðåøèìûå ãðóïïû.

Çàäà÷à 1. Íàéäèòå êîììóòàíò G′ ãðóïïû G è ïîðÿäîê ôàêòîðãðóïïû G/G′:
(a) G = S3; (b) G = A4; (c) G = S4; (d) G = Dn; (e) G = Sn; (f) G = An.

Çàäà÷à 2. Äîêàæèòå ñëåäóþùèå ñâîéñòâà êîììóòàíòà G′ ãðóïïû G:
(a) G′ � íîðìàëüíàÿ ïîäãðóïïà â G;
(b) ôàêòîðãðóïïà G/G′ � êîììóòàòèâíà;
(c) åñëè N � íîðìàëüíàÿ ïîäãðóïïà â G è G/N êîììóòàòèâíà, òî G′ ⊂ N ;
(d) ÿäðî ãîìîìîðôèçìà ãðóïïû G â êîììóòàòèâíóþ ãðóïïó ñîäåðæèò êîììóòàíò.

Çàäà÷à 3. Äîêàæèòå, ÷òî ãðóïïà âåðõíåòðåóãîëüíûõ óíèòðåãîëüíûõ ìàòðèö ðàçðåøèìà.

Çàäà÷à 4. Äîêàæèòå, ÷òî ëþáàÿ p-ãðóïïà ðàçðåøèìà è âñå å¼ ïðîñòûå ïîäôàêòîðû èçî-
ìîðôíû Zp.

Çàäà÷à 5. Äîêàæèòå, ÷òî
(a) âñÿêàÿ ïîäãðóïïà ðàçðåøèìîé ãðóïïû ðàçðåøèìà;
(b) âñÿêàÿ ôàêòîðãðóïïà ðàçðåøèìîé ãðóïïû ðàçðåøèìà;
(c) ïðÿìîå ïðîèçâåäåíèå ðàçðåøèìûõ ãðóïï ðàçðåøèìî;
(d) åñëè G/A ≃ B è A,B � ðàçðåøèìûå ãðóïïû, òî G ðàçðåøèìà.

Çàäà÷à 6. Äîêàæèòå ðàçðåøèìîñòü ãðóïï (a) S4, (b) Q8.

Çàäà÷à 7. Äîêàæèòå, ÷òî ãðóïïû ïîðÿäêîâ (a) p; (b) pq; (c)∗ pqr ðàçðåøèìû, ãäå
p, q, r � ðàçëè÷íûå ïðîñòûå ÷èñëà.

Çàäà÷à 8. Íàéäèòå êîììóòàíòû ãðóïï GLn(F) è SLn(F) äëÿ n > 3 è ïðîèçâîëüíîãî ïîëÿ F.

Ñåìèíàð 4. Ñèëîâñêèå ïîäãðóïïû.

Çàäà÷à 1. Îïèøèòå ñèëîâñêèå 2- è 3-ïîäãðóïïû â ãðóïïàõ: (a) S3, (b) A4.

Çàäà÷à 2. Ñêîëüêî ðàçëè÷íûõ ñèëîâñêèõ p ïîäãðóïï â Sp äëÿ ïðîñòîãî p?

Çàäà÷à 3. Ïóñòü G � êîíå÷íàÿ ãðóïïà, à H � å¼ íîðìàëüíàÿ ïîäãðóïïà. Äîêàæèòå èëè
îïðîâåðãíèòå óòâåðæäåíèÿ:

(a) ñèëîâñêàÿ p-ïîäãðóïïà â G íîðìàëüíà òîãäà è òîëüêî òîãäà, êîãäà îíà åäèíñòâåííà;
(b) ïðîåêöèÿ G � G/H ïåðåâîäèò ñèëîâñêóþ ïîäãðóïïó â ñèëîâñêóþ;
(c) ïåðåñå÷åíèå H c ñèëîâñêîé p-ïîäãðóïïîé P â G ÿâëÿåòñÿ ñèëîâñêîé p-ïîäãðóïïîé â H.

Çàäà÷à 4. Ñêîëüêî ðàçëè÷íûõ ñèëîâñêèõ 2-ïîäãðóïï è ñèëîâñêèõ 5-ïîäãðóïï â íåêîììóòà-
òèâíîé ãðóïïå ïîðÿäêà 20.

Çàäà÷à 5. Äîêàæèòå, ÷òî ãðóïïà ïîðÿäêà 255 � öèêëè÷åñêàÿ.

Çàäà÷à 6. Äîêàæèòå, ÷òî íå ñóùåñòâóåò ïðîñòûõ ãðóïï ïîðÿäêà:
(a) pq (p, q � ïðîñòûå ÷èñëà); (b) 36; (c) 80; (d) 56; (e) 196; (f) 200.

Çàäà÷à 7. Ïóñòü H � íàèáîëüøàÿ ïîäãðóïïà â G, ñîäåðæàùàÿ ñèëîâñêóþ p-ïîäãðóïïó P ,
êàê íîðìàëüíóþ. Äîêàæèòå, ÷òî |G|/|H| ≡ 1(mod p).

Çàäà÷à 8. Çàïèøåì êîëè÷åñòâî ñèëîâñêèõ p-ãðóïï âG â p-àäè÷åñêîé ôîðìå 1+k1p+k2p
2+. . ..

Äîêàæèòå, ÷òî krp
r ðàâíî êîëè÷åñòâó òàêèõ ñèëîâñêèõ p-ãðóïï S, ÷òî èíäåêñ ãðóïïû S ∩ P â

P ðàâåí pr.

Çàäà÷à 9. Äîêàæèòå, ÷òî ïîäãðóïïà âåðõíèõ óíèòðåóãîëüíûõ ìàòðèö ÿâëÿåòñÿ ñèëîâñêîé
p-ïîäãðóïïîé â GLn(Fp). Ñêîëüêî ñèëîâñêèõ p-ïîäãðóïï â GLn(Fp)?


