
MATH IN MOSCOW INTRODUCTION TO TOPOLOGY, FALL 2012

5. FUNDAMENTAL GROUP.

Problem 1. (a) Find a fundamental group of the Moebius band M , of its boundary @M , and describe the
homomorphism �∗ : �1(@M) → �1(M), where � : @M → M is the tautological embedding (every point of @M is
mapped to itself as a point of M). Is �∗ an embedding? (b) Prove that there is no retraction of M onto @M , i.e.
no continuous map f : M → @M such that f(x) = x for every x ∈ @M .
Problem 2. A sphere Sn is de�ned as {(x0; x1; : : : ; xn) | x2

0 + x2
1 + · · ·+ x2

n = 1} ⊂ Rn+1. A real projective space
RPn is the sphere Sn where every point x is glued together with its opposite −x. (a) Prove that �1(RPn) = Z=2Z
(a group of 2 elements). (b) Let Y1

def= {(x0; x1; x2) | || |x0| ≤ 1=2}=(x ∼ −x ∀x) ⊂ RP 2 and Y2
def= {(x0; x1; x2) |

|| |x0| ≥ 1=2}=(x ∼ −x∀x) ⊂ RP 2. Prove that Y1 is homeomorphic to the Moebius band, Y2 is homeomorphic
to a disk, and the homeomorphisms send the intersection Y1 ∩ Y2 to the boundary of the band and of the disk.
Describe the homeomorphism �∗ : �1(Y1)→ �1(RP 2) where � : Y1 ⊂ RP 2 is the tautological embedding.
Problem 3. Let Xn be the space of n-tuples of pairwise distinct points a1; : : : ; an ∈ R2, where the tuples made
of the same points with di�erent ordering are identi�ed (e.g., X2 is {(x1; x2) ∈ R2 × R2 | x1 6= x2}= ∼ where
(x1; x2) ∼ (x2; x1) for all x1; x2). (a) Prove that X2 is homotopy equivalent to a circle, hence �1(X2) = Z.
(b) Prove that �1(X3) is in�nite. (c) Prove that �1(X3) is not commutative: there exists loops 
1 and 
2 is X3
such that the products 
1 · 
2 and 
2 · 
1 are not homotopic.
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