
Basic representation theory: homework 7

Due in class on Tuesday, November 27.
Let Pn(R3,C) be the space of all homogeneous degree n polynomials on R3 with complex

coefficients. The representation Tn of SO(3) in the space Pn(R3,C) is defined by the
formula

Tn(A)(p) = p ◦A−1, p ∈ Pn(R3,C), A ∈ SO(3).

Problem 1. Find the dimension of the space Pn(R3,C).

Problem 2. Find the restriction of T1 to the subgroup S1 = SO(2) ⊂ SO(3) generated
by the rotations around the z-axis. (Decompose this restriction into a direct sum of
representations En, see homework assignment 6).

Recall that the following is an invariant Hermitian inner product on Pn(R3,C):

⟨ϕ, ψ⟩ = 1

4π

∫
S2

ϕψω.

(The integration is performed over the surface of the unit sphere S2 in R3).

Problem 3. Find ⟨ϕ, ϕ⟩ for the following polynomials ϕ:

(a) ϕ(x, y, z) = 1, (b) ϕ(x, y, z) = x, (c) ϕ(x, y, z) = x2, (d) ϕ(x, y, z) = xy.

Problem 4. Suppose that, on the sphere S2, we have ϕ(x, y, z) = f(z) and ψ(x, y, z) = g(z)
for some functions f and g of one variable z. Prove the formula

⟨ϕ, ψ⟩ = 1

2

∫ 1

−1
f(z)g(z)dz. (∗)

Let V and W be Hermitian spaces, in which Hermitian inner products are denoted by
⟨·, ·⟩, and L : V → W a linear operator. A linear operator L∗ : W → V is said to be
adjoint to the operator L if

⟨L(v), w⟩ = ⟨v, L∗(w)⟩, ∀ v ∈ V, w ∈W.

Problem 5. Let Pn([−1, 1],C) denote the space of all complex polynomials of one variable
z (not necessarily homogeneous), in which the Hermitian inner product is given by formula
(∗). Find the linear operator that is adjoint to the operator

d

dz
: Pn+1([−1, 1],C) → Pn([−1, 1],C).

Problem 6. Let V be a Hermitian space, and L : V → V a self-adjoint operator on V ,
i.e. L∗ = L. Show that (a) all eigenvalues of L are real, and (b) eigenvectors of L with
different eigenvalues are orthogonal, i.e. L(v) = λv and L(w) = µw imply that ⟨v, w⟩ = 0
provided that λ ̸= µ.
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