
MATH IN MOSCOW COMBINATORICS, SPRING 2012

3. CATALAN NUMBERS

Problem 1. Denote by dn;k the number of continuous piecewise linear functions f : [0; n] → [0;+∞) such that
f(0) = k, f(n) = 0, and on each segment (s; s + 1), s = 0; : : : ; n − 1, it is linear with the slope 1 or −1.
Apparently, dn;k = 0 for n < k, dn;n = 1 and dn;k = 0 if n and k have di�erent parity. (a) Prove the equation
c(n+k)=2 = ∑min(k;n)

m=0 dk;mdn;m for all n and k of the same parity (so that (n + k)=2 is an integer); here c means
the Catalan number. (b) Let D(s; t) def= ∑∞

n;k=0 dn;ksntk. Convert the equality of 1(a) into an equation for D(s; t),
and solve this equation. (c) Find the expected number of steps before the fall in Problem 2.1.
Problem 2. An ordered tree is a graph with n vertices, the vertices are split into groups called levels. The level
0 contains only one vertex (a root); every vertex is joined by an edge with exactly one vertex of the previous level
(a parent) and with arbitrarily many vertices of the next level (children). Children of every vertex are ordered on
the plane left to right. Prove that the number of ordered trees with n+ 1 vertices is cn.
Example. There are c3 = 5 trees with four vertices:

(1) Level 0: a root. Level 1: three remaining vertices.
(2) Level 0: a root. Level 1: two vertices, a and b, a is to the left from b. Level 2: a child of a.
(3) The same as above at the levels 0 and 1; level 2: a child of b.
(4) Level 0: a root. Level 1: a vertex a. Level 2: two children of a.
(5) Every level from 0 to 3 contains one vertex.

Problem 3. Prove that the number of permutations of the numbers 1; 2; : : : ; n containing no three-term increasing
subsequence is cn.
Example. For n = 3 all the permutations except 123 are as required; so their number is 3!− 1 = 5 = c3. For n = 4
there are c4 = 14 permutations: 1432, 2143, 2413, 2431, 3142, 3214, 3241, 3412, 3421, 4132, 4213, 4231, 4312, 4321.
Problem 4. The number of ways to split the vertices of a convex 2n-gon into pairs so that the segments joining
the paired vertices would not intersect, is cn.
Problem 5. A Motzkin path is a continuous function f : [0; n] → [0;+∞) linear with the slope 1, 0 or −1 at every
interval (k; k+ 1) for k = 0; : : : ; n− 1, and such that f(0) = f(n) = 0. Denote by mn the number of Motzkin paths
of the length n. (a) Find a recursion for the Motzkin numbers similar to Theorem 2 of the lecture. (b) Prove that
the number of ways to join n numbered points on a circle with non-intersecting chords (the number of chords is
not �xed, even zero chords are possible) is mn.
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