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Èíòåãðàëû, çàâèñÿùèå îò ïàðàìåòðà,
ïðåîáðàçîâàíèå Ôóðüå [ñðîê ñäà÷è 2.03]

×àñòü 1

Çàäà÷à 1. Äîêàæèòå, ÷òî ôîðìóëà

R(x) =
1

n!

∫ x

0

f(t)(x− t)ndt

äà¼ò ðåøåíèå çàäà÷è R(n+1)(x) = f(x), R(0) = R′(0) = · · · = R(n)(0) = 0

Çàäà÷à 2. Âûâåäèòå èç ýòîãî èíòåãðàëüíóþ ôîðìóëó îñòàòî÷íîãî ÷ëåíà â ðÿäó Òåéëîðà.
Çàäà÷à 3∗. Äîêàæèòå, ÷òî èíòåãðàë

f(z) =

∫
γ

eζz−
ζ3

3 dζ

ïî êîíòóðó γ, ñîñòàâëåííîìó R+ è e
2πi
3 R+, äà¼ò ðåøåíèå óðàâíåíèÿ Ýéðè f ′′ − zf = 0.

×àñòü 2

Çàäà÷à 4. Íàéäèòå ïðåîáðàçîâàíèå Ôóðüå ôóíêöèè e−
x2

2 è äîêàæèòå, ÷òî
∫
R e

−x2

2 dx =√
2π.

Çàäà÷à 5. a)Ñ êàêîé ñêîðîñòüþ óáûâàåò ïðåîáðàçîâàíèå Ôóðüå ôóíêöèè

x3|x|
x6 + 1

?

b)Ñêîëüêî ðàç îíî äèôôåðåíöèðóåìî (òðåáóåòñÿ óêàçàòü ÷èñëî ïðîèçâîäíûõ, ïðèíàäëå-
æàùèõ L2(R))?
Çàäà÷à 6∗ (Ôîðìóëà Êîòåëüíèêîâà). Ïóñòü ôóíêöèÿ f ∈ C2 ôèíèòíà, è supp(f) ⊂
[−lπ, lπ]. Ïðîäîëæèì f ïî ïåðèîäè÷íîñòè íà ïðÿìóþ è ðàçëîæèì â ðÿä Ôóðüå ïî ãàðìî-
íèêàì e−αx, α ∈ Z

l
.

a∗)Äîêàæèòå, ÷òî ïîëó÷åííûå êîýôôèöèåíòû Ôóðüå, ñ òî÷íîñòüþ äî ìíîæèòåëÿ, ñîâïà-
äàþò ñî çíà÷åíèÿìè ïðåîáðàçîâàíèÿ Ôóðüå â òî÷êàõ α ∈ Z

l
. Íàéäèòå ýòîò ìíîæèòåëü.

b∗)Äîêàæèòå, ÷òî ôóíêöèÿ f âûðàæàåòñÿ ÷åðåç çíà÷åíèÿ åå ïðåîáðàçîâàíèÿ Ôóðüå f̃(α)
íà ìíîæåñòâå Z

l
ñëåäóþùèì ñïîñîáîì:

f(x) =
1

2πl

∑
α∈ Z

l

f̃(α)eiαxχ[−πl,πl].

c∗)Âûðàçèòå f̃ â ïðîèçâîëüíîé òî÷êå ÷åðåç çíà÷åíèÿ f̃ â òî÷êàõ ìíîæåñòâà Z
l
.
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×àñòü 3

Çàäà÷à 7. ×åìó ðàâíî äâóêðàòíîå ïðåîáðàçîâàíèå Ôóðüå
ˆ̂
f äëÿ ôóíêöèè f?

Çàäà÷à 8. Âûðàçèòå ïðåîáðàçîâàíèå Ôóðüå ôóíêöèé f(x+ a), eiβxf(x), f(λx) ÷åðåç ïðå-
îáðàçîâàíèå Ôóðüå ôóíêöèè f .
Çàäà÷à 9∗. a∗)Äîêàæèòå, ÷òî äëÿ áûñòðî óáûâàþùåé ôóíêöèè f ðÿä

∑
k∈Z

f(x+ 2πk) ñõî-

äèòñÿ â L2.

b∗)Äîêàæèòå ôîðìóëó Ïóàññîíà:

√
2π

∑
k∈Z

f(x+ 2πk) =
∑
n∈Z

f̂(n)einx

äëÿ áûñòðî óáûâàþùåé ôóíêöèè f .
Ïîäñêàçêà: ïåðèîäè÷åñêàÿ ôóíêöèÿ èç L2 îïðåäåëÿåòñÿ ñâîèì ðÿäîì Ôóðüå.

Çàäà÷à 10∗. Äîêàæèòå, ÷òî ðåøåíèå çàäà÷è Êîøè äëÿ óðàâíåíèÿ òåïëîïðîâîäíîñòè ïðè
ñòðåìëåíèè t ê íóëþ ñõîäèòñÿ ê íà÷àëüíîìó óñëîâèþ, åñëè ïîñëåäíåå áûñòðî óáûâàåò.


