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Èíòåãðàëû, çàâèñÿùèå îò ïàðàìåòðà

1 Quiz 1 (20 ìèíóò)

2 Ñîáñòâåííûå èíòåãðàëû, çàâèñÿùèå îò ïàðàìåòðà

Èìååì:

(1) f : K = I × I → R, f ∈ C1(K).

Ðàññìîòðèì

(2) g(y) =

∫ 1

0

f(x, y)dx.

Âåðíî ëè, ÷òî g ∈ C1(K)? ÄÀ!

Òåîðåìà 1 Â óñëîâèÿõ (1), (2), g ∈ C1(K) è g′(y) =
∫ 1

0
∂f
∂y
(x, y)dx.

3 ×òî ëåã÷å, äèôôåðåíöèðîâàòü èëè èíòåãðèðîâàòü?

Òåîðåìà 2 (Èíòåãðèðîâàíèå ïîä çíàêîì èíòåãðàëà) Ðàññìîòðèì ϕ : K → R, ϕ ∈
C0 Ïóñòü

(3)
∂Φ

∂y
= ϕ, ψ(y) =

∫ 1

0

ϕ(x, y)dx Ψ′(y) = ψ.

Òîãäà

(4) Ψ(y) =

∫ 1

0

Φ(x, y)dx

Äîêàçàòåëüñòâî Òåîðåìû 2. Ïîâòîðíûé èíòåãðàë íåïðåðûâíîé ôóíêöèè ïî ïðÿìîóãîëü-
íèêó íå çàâèñèò îò ïîðÿäêà èíòåãðèðîâàíèÿ. �

Áîëåå ïîäðîáíîå äîêàçàòåëüñòâî.
Ïî ôîðìóëå Íüþòîíà-Ëåéáíèöà,

Φ(x, y) =

∫ y

0

ϕ(x, t)dt, Ψ(y) =

∫ y

0

ψ(t)dt.

Òîãäà

Ψ(y) = Ψ(0) +

∫ y

0

dt

∫ 1

0

ϕ(x, t)dx =

∫ 1

0

dx

(
Φ(x, 0) +

∫ y

0

ϕ(x, t)dt

)
=

∫ 1

0

Φ(x, y)dx,

÷.ò.ä.
Íî åñëè ìîæíî èíòåãðèðîâàòü ïîä çíàêîì èíòåãðàëà, çíà÷èò ìîæíî è äèôôåðåíöèðî-

âàòü! Ýòî äîêàçûâàåò Òåîðåìó 1.
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4 Áîëåå ïîäðîáíîå äîêàçàòåëüñòâî Òåîðåìû 1

Äîêàçàòåëüñòâî Ïîëîæèì

∂f

∂y
(x, y) = ϕ(x, y), f(x, y) = Φ(x, y), g(y) = Ψ(y).

Òîãäà:

ψ(y) =

∫ 1

0

ϕ(x, y)dx =

∫ 1

0

∂f

∂y
(x, y)dx, Ψ(y) =

∫ 1

0

f(x, y)dx =

∫ 1

0

Φ(x, y)dx

Â ñèëó Tåîðåìû 2,
Ψ′(y) = ψ(y).

Çíà÷èò,

g′(y) =

∫ 1

0

∂f

∂y
(x, y)dx.

�

Ñëåäñòâèå 1 Ïðè íàëè÷èè íåîáõîäèìûõ ïðîèçâîäíûõ,

∂

∂y

∫ b(y)

a(y)

f(x, y)dx =

∫ b(y)

a(y)

∂

∂y
f(x, y)dx+ b′(y)f(b(y), y)− a′(y)f(a(y), y).

Äîêàçàòåëüñòâî Ïðèìåíèì òåîðåìó î äèôôåðåíöèðîâàíèè ñëîæíîé ôóíêöèè ê F (a, b, y) =∫ b

a
f(x, y)dx è âîñïîëüçóåìñÿ ôîðìóëîé Íüþòîíà-Ëåéáíèöà. �

5 Íåñîáñòâåííûå èíòåãðàëû, çàâèñÿùèå îò ïàðàìåòðà.

Îïðåäåëåíèå 1 Ñêàæåì, ÷òî ôóíêöèÿ F : R+ → R+ ìàæîðèðóåò ñåìåéñòâî {fy :
R+ → R+|, y ∈ A}, åñëè ñóùåñòâóåò òàêîå x0, ÷òî |fy(x)| 6 F(x) ∀x > x0, y ∈ A.

Òåîðåìà 3 Ïóñòü F ìàæîðèðóåò ñåìåéñòâî {fy ∈ C(R+)|y ∈ [a, b]}, è èíòåãðàë
∫∞
0

F(x)dx
ñõîäèòñÿ. Òîãäà âîçìîæíî èíòåãðèðîâàíèå ïîä çíàêîì èíòåãðàëà. À èìåííî, ïóñòü

(5) g(y) =

∫ ∞

0

fy(x)dx, fy(x) = f(x, y)

(6)
∂F

∂y
(x, y) = fy(x),

(7) G′(y) = g(y), G(0) =

∫ ∞

0

F (x, 0)dx.

Òîãäà

(8) G(y) =

∫ ∞

0

F (x, y)dx
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Äîêàçàòåëüñòâî Ïóñòü äëÿ ïðîñòîòû a = 0, b > 0. Èíòåãðàëû â ïðàâîé ÷àñòè (5)
ñõîäÿòñÿ ïî ïðèçíàêó ñðàâíåíèÿ. Ðàññìîòðèì

gN(y) =

∫ N

0

f(x, y)dx

G′
N(y) = gN(y), GN(0) =

∫ N

0

F (x, 0)dx.

Ïî òåîðåìå 1,

GN(y) =

∫ N

0

F (x, y)dx

Äàëåå, âûáåðåì N òàê, ÷òî ∫ ∞

N

F(x)dx < ε.

Òîãäà ∣∣∣∣∫ ∞

N

f(x, y)dx

∣∣∣∣ < ε∣∣∣∣∫ y

0

dt

∫ ∞

N

f(x, t)dx

∣∣∣∣ < εy

Çíà÷èò,
|gN(y)− g(y)| < εy

|GN(y)−G(y)| < εy.∫ y

0

gN(t)dt−GN(y) = 0

ïî òåîðåìå 1. Ñëåäîâàòåëüíî, ∣∣∣∣∫ y

0

g(t)dt−G(y)

∣∣∣∣ < 2εy ∀ε.

Ïîýòîìó ìîäóëü â ëåâîé ÷àñòè ðàâåí íóëþ. �

6 Äèôôåðåíöèîâàíèå ïîä çíàêîì íåñîáñòâåííîãî èíòåãðàëà.

Òåîðåìà 4 Ïóñòü F ìàæîðèðóåò äâà ñåìåéñòâà {fy ∈ C(R+)|y ∈ [a, b]} è {∂fy
∂y

∈
C(R+)|y ∈ [a, b]}, è èíòåãðàë

∫∞
0

F(x)dx ñõîäèòñÿ. Òîãäà âîçìîæíî äèôôåðåíöèðîâàíèå

ïîä çíàêîì èíòåãðàëà. À èìåííî, ïóñòü

G(y) =

∫ ∞

0

fy(x)dx.

Òîãäà

G′(y) =

∫ ∞

0

∂fy
∂y

(x)dx.

Ýòà òåîðåìà âûâîäèòñÿ èç òåîðåìû 3 òî÷íî òàê æå, êàê òåîðåìà 1 èç òåîðåìû 2.
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7 Ðåøåíèå ëèíåéíûõ óðàâíåíèé â âèäå èíòåãðàëîâ, çàâèñÿùèõ îò
ïàðàìåòðà

Òåîðåìà 5 Ïóñòü ôóíêöèÿ K äèôôåðåíöèðóåìà ïî x, y, Ly � ëèíåéíûé äèôôåðåíöèàëü-

íûé îïåðàòîð, íàïðèìåð

Ly = A(y)D2
y +B(y)Dy + C(y) : g 7→ Ag′′ +Bg′ + Cg;

K � äâàæäû ãëàäêàÿ ôóíêöèÿ. Ïóñòü I(y) =
∫ b

a
K(x, y)dx. Òîãäà

LyI(y) =

∫ b

a

LyK(x, y)dx.

Íà ýòîì ïóòè ïîëó÷àþòñÿ èíòåãðàëüíûå ïðåäñòàâëåíèÿ äëÿ ðåøåíèé óðàâíåíèÿ Lyf =
0. À èìåííî, ïóñòü ôóíêöèÿ K òàêîâà, ÷òî óäàåòñÿ íàéòè ôóíêöèþ G è ÷èñëà a è b òàê,
÷òî

∂G

∂x
(x, y) ≡ LyK(x, y)

è
G(a, y) ≡ G(b, y) ≡ 0.

Òîãäà ôóíêöèÿ

I(y) =

∫ b

a

K(x, y)dx

óäîâëåòâîðÿåò óðàâíåíèþ LyI = 0.


