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1. What for? Examples
Always: G is a graph with loops and multiple edges allowed.

Example 1 (Chromatic polynomial). Ck(G) is the number of ways to color vertices
of G in k colors so that the vertices joined by an edge be colored di�erently. CG(0) =
0 aloways; CG(1) = 0 if the graph has edges, CG(k) ≡ 0 if G has loops. Multiple
edges are inessential.

For vertices a and b joined by an edge e the colors may be di�erent or the same.
So, CG\e(k) = CG(k) +CG=e(k), therefore CG(k) = CG\e(k)−CG=e(k), and CG(k)
is a polynomial in k. The degree is equal to the number of vertices of G and the
highest coe�cient if 1 (induction).
CG(k) = k(k − 1)n−1 for trees; CG(k) = (k− 1)((k− 1)n − (−1)n) for a cycle of

n vertices (induction).
Example 2 (Terminal reliability). The probability RG(p) for a graph to stay con-
nected after every edge is cut with probability 1−p and preserved with probability
p. (All edges independently).

Here RG(p) = (1 − p)RG\e(p) + pRG=e(p). Again, RG(p) is a polynomial; its
degree does not exceed the number of edges of G, with multiplicities, loops excluded.
Example 3 (Acyclic orientations). The number AG of ways to orient edges of the
graph so that no oriented cycles appear. AG = 0 if G contains loops. If e is an
isthmus, then AG = 2AG\e. If e is neither a loop nor an isthmus then AG =
AG\e − AG=e + 2AG=e = AG\e + AG=e. So, AG can be computed. For trees,
AG = 2n−1, for a cycle AG = 2n − 2.
Example 4 (Spanning trees). LG is the number of spanning trees of G. Once again,
LG = LG\e + LG=e, unless e is a loop. In the latter case LG = LG\e.

2. What is it? The definition.
Tutte polynomial TG(x; y) is related to every graph. The collection of Tutte

polynomials should possess the following properties:
(1) If G has no edges then TG(x; y) = 1.
(2) If e is an edge, not a loop and not an isthmus, then TG(x; y) = TG\e(x; y)+

TG=e(x; y).
(3) If e is an isthmus then TG(x; y) = xTG=e(x; y).
(4) If e is a loop then TG(x; y) = yTG\e(x; y).

Example 5. TG(x; y) = xn−1 for trees, TG(x; y) = y + x+ · · ·+ xn−1 for a cycle.
One has CG(s) = (−1)n+kskTG(1−s; 0), where n is the number of vertices, and k

is the number of connected components ofG. Also, RG(p) = (1−p)r−n+kpn−kTG(1; 1=(1−
p)); r is the number of edges. Also: AG = TG(2; 0).
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3. Is it really? The proof of existence.
Let J be the energy of interaction of two equal spines in the neighbouring vertices

of the crystal graph. Unequal spines do not interact, and neither do remote atoms.
q is the number of spine states. Then the total energy of a given con�guration � :
V (G)→ {1; : : : ; q} is equal to �G(�) = J∑e∈E(G) �(�(e+); �(e−)). The statistical
sum ZG(�) = ∑� exp(−��G(�). If v = exp(−�J)− 1 then
exp(−��(�)) = exp(−�J

∑
e
�(�(e+); �(e−)))

=
∏
e

exp(−�J�(�(e+); �(e−))) =

=
∏
e

(1 + v�(�(e+); �(e−))) =
∑

A⊂G

∏

e∈A
v�(�(e+); �(e−)) =

∑

A⊂G
ve(A):

the sum taken over the subgraphs A ⊂ G such that � is constant on their connected
components. Therefore, ZG(�) = ∑A⊂G qk(A)ve(A).

The statistical sum behaviour under contraction/deletion of an edge e: ZG(q; v) =
ZG\e(q; v)+vZG=e(q; v). Therefore, the polynomial TG(x; y) = 1

(x−1)k(y−1)nZG((x−
1)(y − 1); y − 1) possesses the properties of the Tutte polynomial.

4. What else? The list of specializations.
(1) If G is connected then TG(1; 1) is the number of its spanning trees.
(2) TG(2; 1) is the number of forests in G. More generally, if fi(G) is the

number of forests in G with i edges, then∑

i
fi(G)si = sn−1TG(1 + 1=s; 1):

(3) TG(1; 2) is the number of spanning connected subgraphs of G. More gen-
erally, if ci(G) is the number of such subgraphs with i edges then

∑

i
ci(G)si = sr−n+1TG(1; 1 + 1=s):

(4) TG(0; 2) is the number of totally cyclic orientations of G, that is, those in
which every edge of the graph G is contained in some directed cycle.

(5) TG(1; 0) is the number of acyclic orientations of G with exactly one source.
(6) If at every vertex of G there is exactly 4 edges, TG(0;−2)!, is the number

of ice con�gurations of G, that is, of orientations of the edges so that at
each vertex exactly two edges are directed in and two out.

5. Yet more physics?! Kirchhoff matrix and electrical networks.
The matrix LG given by (LG)ij = −the number of edges joining vetrices i and j

and Gii = ∑j 6=i(LG)ij (we suppose that G has no loops) is called Kirchho� matrix
and is degenerate: detLG = 0. Its principal minor mG = det(LG)11 may be
nonzero. It has the following property: mG = mG\e) + mG=e. This implies that
mG is the number of spanning trees in G (provided it is connected).

If G is an electrical network with unit resistances along every edge, and potentials
'i are given in every vertex i. Then the currents Je along edges are Je = 'e+−'ei ,
and currents in vertices Ji satisfy the system of linear equations LG' = J . Since
LG is degenerate, the system is solvable only if ∑i Ji = 0 (the charge conservation
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law), and if ' is a solution then ' + a1 = ('1 + a; : : : ; 'n + a) is also a solution
(only di�erence of potentials are physically meaningful). If we choose the ground
level by adding the equation '1 = 0, the system becomes solvable for any J such
that ∑i Ji = 0 if and only if det(LG)11 6= 0 | that is, if G is connected.
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